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Abstract

wExplicit formulae are given for the saddle connection of an integrable family of standard maps studied by Y. Suris Func.
Ž . xAnal. Appl. 23 1989 74–76 . When the map is perturbed this connection is destroyed, and we use a discrete version of

Melnikov’s method to give an explicit formula for the first order approximation of the area of the lobes of the resultant
turnstile. These results are compared with computations of the lobe area. q 2000 Elsevier Science B.V. All rights reserved.

PACS: 34C35; 34C37; 58F05; 70H15; 70K99
Keywords: Integrable maps; Melnikov method; Transport; Twist maps

1. Introduction

Standard maps are area-preserving diffeomor-
phisms of T=R given by

u
X ,rX s f u ,r s uqrqV X

u ,rqV X
u ,Ž . Ž . Ž . Ž .Ž .

1Ž .

Ž . Ž .where the potential, V, is periodic, V uq1 sV u .

q A longer version of this Letter was originally written in 1996,
but never published. Subsequently, the methods of this Letter have
been used and extended, for example by Delshams and Ramırez-´

w xRos 1 .
) Corresponding author. Fax: q1-303-492-4066.

Ž .E-mail addresses: lomeli@gauss.rhon.itam.mx H.E. Lomelı ,´
Ž .jdm@boulder.colorado.edu J.D. Meiss .
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In this Letter we study the standard map f given byd

Ž . 21 with the potential

2 d sin 2p tŽ .u y1V u sy dt tan . 2Ž . Ž .Hd ž /p 1qdcos 2p tŽ .0

w xSuris 2,3 showed that f is integrable with integrald

I u ,r scosp rqdcosp 2uyr ,Ž . Ž .d

i.e., I ( f s I . Contours of I are shown in Fig. 1.d d d d

The map is integrable for any d ; however, we will
consider the case 0-d-1, as the topology of the
saddle connections changes at ds1. For 0-d-1
the map f has hyperbolic fixed points at z sd a

2 The potential can also be written
1

2p iuV u s R dilog 1qd ydilog 1qde .w xŽ . Ž . Ž .2p
Ž .log zxŽ .where the dilogarithm is defined by dilog x 'H dz.1

1y z

0375-9601r00r$ - see front matter q 2000 Elsevier Science B.V. All rights reserved.
Ž .PII: S0375-9601 00 00264-4
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Fig. 1. Some contours of I , for d s1r3.d

1 1Ž . Ž .y ,0 and z s ,0 , that are connected by twob2 2

saddle connections, forming the upper and lower
separatrices of the fixed point resonance.

Standard maps are examples of monotone twist
Ž w x.maps for a review, see Ref. 3 defined by the

geometrical twist condition that vertical lines tilt to
the right upon iteration, Eu

XrE r)0. Such maps have
Ž X.Lagrangian generating functions, S u ,u , which

generate the map implicitly through the equation
Ž X. X XdS u ,u sr du yrdu , or equivalently

rsyE S u ,u X , rX sE S u ,u X , 3Ž . Ž . Ž .1 2

where the subscripts indicate derivatives with respect
the first and second arguments of S. The twist
condition implies that E E S-0. We assume that1 2

our twist map has zero net flux, which is equivalent
Ž X . Ž X.to S uq1,u q1 sS u ,u . For maps of the stan-

Ž .dard form, 1 , the generating function is

1 2X XS u ,u s u yu qV u . 4Ž . Ž . Ž . Ž .
2

We will let S denote the generating function for thed

Suris map f .d

Since the Suris map is integrable and has twist,
w xBirkhoff’s theorem 3 implies that the saddle con-

nection between the equivalent points z and z isa b
Ž .the graph of a function rsx u , for ugUUs

1 1w x Ž .y , . The dynamics 1 restricted to the saddle2 2

connection defines a circle diffeomorphism

u¨h u suqx u qV X
u .Ž . Ž . Ž .

Our goal is to show that, when the Suris map is
perturbed, the stable and unstable manifolds of the
continuation of the fixed points intersect trans-

w xversely. We use a version of Melnikov’s method 4
w xfor twist maps 5–12 . The system is perturbed by

adding to the original generating function any C 2

Ž X.periodic function P u ,u . We will assume for sim-
plicity that P does not move the fixed points. Then
for small enough e , S qeP is a twist generatingd

function, and the corresponding map f has hyper-d ,e

bolic fixed points at z and z . As was shown ina b
w xRef. 10 , if the Melnikov potential, given by

`

t tq1L u s P h u ,h u , 5Ž . Ž . Ž . Ž .Ž .Ý
tsy`

has a nondegenerate critical point in UU, then the
uŽ . sŽ .manifolds W z , f and W z , f intersecta d ,e b d ,e

Žtransversely for e small enough the same conclu-
sŽ . uŽ ..sion is valid for W z , f and W z , f . It isa d ,e b d ,e

known that the series for L converges absolutely and
uniformly to a C 2 function on compact subsets of
UU. As an example below, we consider the case
Ž X. 2P u ,u scos pu .

Thus the potential L provides sufficient condi-
tions for the transversal destruction of the saddle
connection, just as in the classic applications of the
Melnikov integral. In Section 2 we formulate a

Žslightly stronger version of the previous result The-
.orem 2 .

The Melnikov potential also has a physical inter-
pretation: the difference between values of L at
neighboring critical points is the area of the turnstile
lobe that they delineate. The area of the lobe gives a
coordinate independent measure of the separation of
the perturbed stable and unstable manifolds as well

Ž w x.as the flux from one region to another cf. 3 . The
flux can be used directly to give estimates for the
escape time from the resonance zone – that is the
region ‘enclosed’ by the stable and unstable mani-
folds. For example, it can be shown that the average
exit time from a region is equal to the ratio of

Žaccessible area of the region the fraction of the area
.that can be reached by orbits from the outside to the

w xflux 13 . The accessible area is difficult to compute,
but it is certainly bounded by the total area of the
region, so we have an upper bound on the average
exit time. Moreover, if the flux goes to zero, but the
accessible area does not, then the average exit time
must go to infinity.
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The sum for the order e approximation for the
lobe area is calculated explicitly in Section 3 and
compared with numerical results in Section 4. We
summarize our results, as

Ž . ( )Theorem 1 Main Theorem . Let S , giÕen by 4d

( )with potential V 2 , be the generating function ford

the integrable Suris map f . Thend

S sS qecos2pud ,e d

generates a twist map f . For all 0-d-1 and ed ,e

small enough there are two neighboring, primary
1 1( ) ( )heteroclinic orbits from z s y ,0 to z s ,0 .a b2 2

The lobe defined by these two orbits has an area
giÕen by

A d ,e seG n qO e 2 6Ž . Ž . Ž . Ž .

' '( ) ( )where n' 1y d r 1q d and

k k` y1 knŽ .
4G n '1q8 sq 0,n , 7Ž . Ž . Ž .Ý 4k1qnks1

( )where q z,q is the Jacobi theta function.4

Note that the multipliers of the hyperbolic fixed
point of f are n and 1rn , so that n is a naturald

Ž w x.parameter to use see e.g., 12 .
Ž .The series G n is rather intriguing. It is an

� 4analytic function of n on the interval 0-n-1 ,
and approaches zero rapidly as n increases. In fact,

Ž . Ž .though 7 implies that G n is strictly positive, it
approaches zero exponentially fast:

2 24p yp
G n ; expŽ . ž / ž /log 1rn log 1rnŽ . Ž .

as n™1y, or equivalently d™0q. However, note
Ž .that 6 is only valid for fixed d as e™0. If these

parameters both approach zero, for example accord-
Ž .ing to some relation dsd e , then the analysis

becomes much more difficult. In particular when
Ž . Ž .O e term in 6 is exponentially small in d , it could

easily be dominated by terms that are formally higher
order in e .

2. Melnikov potential for twist maps

In this section we review the derivation of the
w xMelnikov potential for twist maps 10 . We begin

2 ˜ XŽ .with a C Lagrangian generating function S u ,u
that satisfies the twist condition and has zero net
flux. It gives a map of the annulus implicitly through
Ž .3 . Alternatively, let the action W of a sequence
w x � i iq1 j4u s u ,u , . . . ,u , be

j
t tq1˜w xW u s S u ,u .Ž .Ý

tsi

Then, an orbit of the map that begins at u i and ends
at u j corresponds to a critical point of W under

w xvariation with respect to the interior points 3 . The
Ž .corresponding momenta are then defined through 3

t ˜ t tq1Ž .as r syE S u ,u . Thus, for example, a point1
Ž .u ,r is a fixed point of the map if and only if u isa a a

Ž̃ .a critical point of S u ,u , and r is defined througha
Ž .3 .

The distance between the perturbed stable and
unstable manifolds of any twist map with a saddle
connection can be computed using the variational

˜w xprinciple 14,15 . We begin with a map f generated
˜ ˜by S. Suppose that f has two hyperbolic fixed points
Ž . Ž .z s u ,r and z s u ,r , and there is a saddlea a a b b b

Ž .connection defined by the graph of a function x u

Ž .on the interval UUs u ,u between these points. Aa b

diffeomorphism h:UU™UU is induced by the restric-
tion of the map to the saddle connection:

f̃ u ,x u s h u ,x h u . 8Ž . Ž . Ž . Ž .Ž . Ž .Ž .

Let P be a C 2 function with zero net flux. Then
the function

˜ X ˜ X ˜ XS u ,u sS u ,u qeP u ,uŽ . Ž . Ž .e

generates a twist map f for small enough e . Sincee

hyperbolic points are nondegenerate critical points of
w xthe action 16 , the perturbed map will have nearby

hyperbolic fixed points for small enough e . A simple
˜Ž .case occurs when u is a critical point of P u ,u asa

Ž̃ .well as of S u ,u since it is then a critical point of
˜ ˜Ž .S u ,u as well. Thus the fixed points of S wille e

have unchanged configurations, but their momenta
Ž .will be modified according to 3 .



( )H.E. Lomelı, J.D. Meiss rPhysics Letters A 269 2000 309–318´312

The action gives useful formulae for the areas of
w xregions for twist maps 17 . We will use one such

relation to obtain the Melnikov potential: a relation
between the graph x and the action of orbits on the
stable and unstable manifolds of a hyperbolic fixed

w x 0point 18 . Let z be a point on the unstable mani-
fold of a fixed point z that is close enough to z soa a

uŽ . 0that the segment of W z containing z is givena
Ž Ž .. Ž t Ž t..by a graph u ,x u . Let u ,x u ,tF0, be the

preorbit of this z 0. Defining the backward action
difference as

y1
B 0 t tq1˜ ˜DW u s S u ,u yS u ,u ,Ž . Ž . Ž .Ý a a

tsy`

then the unstable manifold is defined by the graph of
the function

E
u Bx u s DW .Ž .

Eu

A corresponding formula for the forward action of
an orbit on the stable manifold yields a formula for
the graph of an initial segment of the stable mani-
fold, x s, of z :b

`

F 0 t tq1˜ ˜DW u sy S u ,u yS u ,u ,Ž . Ž . Ž .Ý b b
ts0

E
s Fx u s DW . 9Ž . Ž .

Eu

The difference between these two actions leads to
the Melnikov-like formula for the transversal inter-
section of these manifolds. To summarize:

˜Theorem 2. Let S be the generating function for a
˜twist map f that has two hyperbolic fixed points za

( )and z with a saddle connection giÕen by rsx ub
˜( )for ugUUs u ,u . Let f induce a diffeomorphisma b

˜ ˜ ˜( )h u on the connection. Let S sSqeP generate thee

˜ ˜twist map f , such that the perturbation P has thee

following properties:

( )a ˜ ˜( ) ( )P u ,u sP u ,u s0a a b b
( )b d d˜ ˜( ) ( )P u ,u s P u ,u s0du duu s u u s ua b

Then for e)0 small enough:

Ž .i the perturbed map has two hyperbolic fixed
points near z and z ;a b

Ž .ii the MelnikoÕ potential
`

t tq1˜L u s P h u ,h u 10Ž . Ž . Ž . Ž .Ž .Ý
tsy`

conÕerges absolutely and uniformly
to a C 2 function on UU; and

Ž .iii if L has a nondegenerate critical point on
UU , then the unstable and stable manifolds of
the two fixed points intersect transÕersely.

We can relate the Melnikov potential to the area
of a lobe in the stable and unstable manifolds using

w xthe action formula of Ref. 19 . Suppose p and q are
two neighboring heteroclinic orbits, for example as
shown in Fig. 2. Then the area lobe is determined by
the difference in action between the orbits of p and

w xof q 19
`

t tq1 t tq1˜ ˜As S u ,u yS u ,u . 11Ž .Ž . Ž .Ý q q p p
tsy`

The area A is the signed area below the segment of
W s between q and p and above that of W u.

Fig. 2. Resonance for the perturbed Suris map with d s0.5 and
e s0.05. A pair of principal homoclinic points are labeled p and
q, and the exit and incoming sets are labeled EE and II.
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Since the action is stationary on an orbit and since
the actions of p and q are equal when there is a
saddle connection, it is easy to see that the area of
the lobe is determined, to lowest order, by the differ-
ence between two critical values of the Melnikov

Ž w x.potential L cf. 14,15 . To summarize:

˜ ˜Theorem 3. Let S , f , UU , h and L be defined as ine e

Theorem 2. Assume that u and u are two points inp q

UU such that

Ž .a XŽ . XŽ .L u sL u s0,q p
Ž .b XXŽ . XXŽ .L u )0, L u -0,p q
Ž .c XŽ .L u /0 for u -u-u .q p

Then the heteroclinic points p and q continue to
heteroclinic points of f , and the stable and unstablee

manifolds of f enclose a lobe with areae

A e se L u yL u qO e 2 .Ž . Ž .Ž . Ž .Ž .q p

3. The Suris map

We will use the results of the previous section
˜ ˜ ˜ ˜with fs f , SsS , S sS , f s f and the par-d d e d ,e e d ,e

˜ X 2Ž .ticular perturbation P u ,u scos pu . We give for-
mulas for the lobe area of the perturbed Suris map.
To find the saddle connection, we must find the
diffeomorphism h induced by the dynamics of the

Ž .Suris map f on the connection 8 . We will considerd
1 1� 4h defined only on the set UUs y -u- .2 2

We first give some properties of h.

Lemma 1. Let h be the diffeomorphism of UU giÕen
by

h uŽ .n

p
nq1 tan u q ny1Ž . Ž .2 ž /2s arctan ,pp � 0ny1 tan u q nq1Ž . Ž .ž /2

12Ž .

' 'Ž . Ž .where ns 1y d r 1q d and 0-d-1. Then
h satisfiesn

Ž .a ht sh t , for all tgZ.n n

Ž .b Ž . Ž .y1h yu syh u .n n

Ž .c 1 1y is a stable fixed point and is an2 2

unstable fixed point of h .n

Ž .d X y1Ž . Ž . Ž .V u sh u y2uqh u , for ugUU,d n n

( )for V giÕen by 2 .d

Ž . Ž .Proof. A direct computation proves a , b and
X 1Ž . Ž .c . This stability properties are implied by h yn 2

X 1 1Ž . Ž .sn and h s . Since ng 0,1 this implies thatn 2 n

Ž .the former is stable and the latter is unstable. For d ,
we will first show that when ugUU,

'2 " d cospu
"1uyh u s arctan , 13Ž . Ž .n ž /'p 1. d sinpu

To see this, notice on one hand that if ugUU, then
Ž . Ž .h u gUU. Therefore y1-uyh u -1. On then

other hand,

'p d cospu
tan uyh u s . 14Ž . Ž .nž / '2 1y d sinpu

Ž .This implies 13 for the upper signs. The substitu-
Ž .tion u¨yu in equation 14 gives the lower signs.

Ž .It is easy to see that if ugUU, then 14 is positive
Ž .and therefore 0-uyh u -1. We conclude thatn

Ž . Ž .y1for all ugUU, y1-2uyh u yh u -1. Ton n

finish the proof we take tangent of the second differ-
ence and use the sum formula for tangent to obtain

p
y1tan 2uyh u yh uŽ . Ž .n nž /2

2dcospu sinpu d sin 2puŽ .
s s .2 2 1qdcos 2pu1yd sin puqdcos pu Ž .

p XŽ Ž ..Since this last expression is ytan V u , thisd2

completes the proof. I

With the help of Lemma 1, we can give a descrip-
tion of the intersection of the saddle connection

1 1Ž . Ž .between y ,0 and ,0 . This connection is given2 2

by the functions x ", and is shown as the heavy
curves in Fig. 1.
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Lemma 2. Let f be the twist map generated by S .d d
1 1( ) ( )Then y ,0 and ,0 are hyperbolic fixed points2 2

for f and there are two saddle connections betweend
q( ) ( )them giÕen by the graphs rsx u suyh u ,n

y( ) ( )y 1and rsx u suyh u .n

Proof. Using Lemma 1, the map can be written in
the form

f u ,r s rqh u yuqh y1 u ,rqh uŽ . Ž . Ž . Ž .Žd n n n

y2uqh y1 u .Ž . .n

yŽ . Ž .y1Therefore, if rsx u suyh u thenn

f u ,xy u s h u ,h u yuŽ . Ž . Ž .Ž . Ž .d n n

s h u ,xy h u .Ž Ž . Ž .Ž .n n

1Now since usy is a stable fixed point for h ,n2

this graph gives the left going saddle connection. In
qŽ . Ž .the same way setting rsx u suyh u givesn

f u ,xq u s h y1 u ,h y1 u yuŽ . Ž . Ž .Ž . Ž .d n n

s h y1 u ,xq h y1 u .Ž Ž . Ž .Ž .n n

Since the map conjugates to h y1 on this graph, thisn

is clearly the right going saddle connection. I

3.1. Proof of the Main Theorem

We now can sketch the proof of the main theo-
rem. The analysis of the infinite series for the Mel-
nikov potential relies on some summation formulae
for elliptic integrals.

Ž X. 2Proof. Let P u ,u scos pu . It is clear that P
satisfies the conditions of Theorem 2. Let L be the

Ž .Melnikov potential 5 . According to Theorem 2 a
sufficient condition for transversal intersection of the
perturbed manifolds is that L has a nondegenerate

1 1� 4critical point on the interval UUs y -u- . The2 2

Ž .graph of L u over UU is shown in Fig. 3.
2Ž . Ž Ž ..To proceed, we define L z sL arctan z . A
p

`Ž . Ž .little algebra gives L z sÝ a z wheretsy` t

22 t 24n 1yzŽ .
a z s .Ž .t 22 22 t1yz qn 1qzŽ . Ž .Ž .

Fig. 3. Melnikov potential, L for d s1r2.

pŽ .Since zs tan u is monotone increasing, we need2

only show that there is a nondegenerate critical point
of L. We are going to show that z s0 is a localq' 'Ž . Ž .maximum of L and z s 1y n r 1q n is ap

local minimum.
First, we write L as

`

L z sa z q a z qa z . 15� 4Ž . Ž . Ž . Ž . Ž .Ý0 t yt
ts1

Ž . Ž .Now, since a yz sa z , this implies that L ist yt
XŽ .even, and so L 0 s0. Differentiation gives

` 2 t 4 t 2 t128 1y4n qn nŽ .
XXL 0 sy8qŽ . Ý 42 t1qnŽ .ts1

'y8G n 2 .Ž .0

This expression defines a function G , which can be0

rewritten by expanding the denominator and rear-
ranging the sums as

k 3 k` y1 k qŽ .
G q s1q16 .Ž . Ý0 k1yqks0

This sum can be obtained from Fourier expansions
of Jacobi elliptic functions which are written in

Ž . Xterms of the nome, q k sexp yp K rK , whereŽ .
Ž . X Ž X.K k is the complete elliptic integral, K sK k

X 2 2 w xand k s1yk 20 . Recall that q is a monotone
Ž .increasing diffeomorphism of k on 0,1 . A Fourier

Žw x .expansion for elliptic functions 20 , formula 912.01
can be differentiated to show that

42
X 8G q s k K sq 0,q ,Ž . Ž .0 4ž /p
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Ž . Žw xwhere q z,q is a Jacobi theta function 20 , for-4
XX. Ž .mula 1051.01 . Therefore L 0 -0, for all 0-n-

1. This shows that u s0 is a nondegenerate localq

maximum of L for all 0-n-1.
We now wish to show that z is the local mini-p

mum. Rewrite L as
`

L z s a z qa z . 16� 4Ž . Ž . Ž . Ž .Ý tq1 yt
ts0

Ž . Ž .Since a z qz sa z yz , L is even aroundtq1 p yt p
XŽ .z , and so L z s0. After some algebra, the sec-p p

ond derivative is

` 1q2 t 2q4 t 1q2 t1y4n qn nŽ .
XXL z s .Ž . Ýp 41q2 t1qnŽ .ts0

XX 2Ž . Ž . Ž .Notice that L z sG n yG n . Once again,p 0 0

using Fourier series for elliptic functions, we find

42
X 22G q sk K ,Ž .0 ž /p

so that

42 2XX XL z s K kk ,Ž . Ž .p ž /p

XXŽ .and therefore L z )0, for all 0-n-1. Thisp

shows that u is a nondegenerate local minimum ofp

L, for all 0-n-1.
Using Theorem 3, we conclude that a lobe of area

A d ,e se L u yL u qO e 2Ž . Ž .Ž . Ž .Ž .q p

is enclosed by the stable and unstable manifolds,
where u and u are given above. Finally, we usep q
Ž .15,16 to obtain

` 2 tn
L u sL 0 s1q8 ,Ž .Ž . Ýq 22 t1qnŽ .ts1

` 2 tq1n
L u sL z s8 .Ž .Ž . Ýp p 22 tq11qnŽ .ts0

Subtracting these two, and expanding the series we
obtain

k k` y1 knŽ .
L u yL u s1q8 sG n ,Ž .Ž . Ž . Ýq p k1qnks1

Ž . Ž .where G n was defined in 7 . Finally, this result
can be explicitly written as

22
X 4G q s Kk sq 0,q , 17Ž . Ž . Ž .4ž /p

w xupon differentiating the Fourier series 20 , 908.51
Ž .once. We have therefore obtained 6 . I

The explicit formula for the first order approxima-
tion of the area is compared with numerical compu-
tations in Section 4.

3.2. Exponentially small behaÕior

In this subsection we investigate the asymptotics
Ž .of the sum, 7 , as d™0. Our result is summarized

as:

( ) ( )Lemma 3. Let G n be defined by 7 , then

24p
G n ;Ž . ž /log 1rnŽ .

=
yp 2

yexp as n™1 . 18Ž .ž /log 1rnŽ .

Ž .Proof. We use the expression 17 in terms of the
elliptic integral K and the nome q. Recall that
q™1y as k™1y and kX

™0q. The needed asymp-
Žw x .totic forms are 20 , formulae 112.01 and 112.04

4
K k ;log ,Ž . Xž /k

p 2
Xk ;4exp y ,ž /2log 1rqŽ .

y Ž .as k™1 . Putting these into 17 gives the promised
result. I

Ž .We again note that 18 does not imply that the
Ž .area itself is necessarily exponentially small: 6 is

only valid for fixed d as e™0. Nevertheless we
Ž .will see in Section 4 that 18 agrees remarkably

well with our numerical calculations of the lobe area.
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3.3. Anti-integrable limit

Ž .While the expression 6 for small e involves a
delicate limit, it is much easier to obtain the lobe
area for large e . This expression is of interest since
the flux can still be used to determine the average
exit time even when e™`. Moreover, numerical
calculations are difficult in this limit, since the orbits
are highly unstable, so it is useful to have an analytic
expression.

The large e expression is easy to obtain using the
w x‘‘anti-integrable limit’’ 21 . For simplicity, in this

section we assume that P depends only upon u . In
this case the anti-integrable limit is obtained by
scaling the action by ey1, to get

ˆ X y1SsS u ,u resP u qe S ,Ž . Ž . d

and then setting ey1 s0. The point is that when
e41)d the points on the two heteroclinic orbits
are all found in a neighborhood of the critical points

2Ž .of the potential Pscos pu , i.e., at usmr2. In
the anti-integrable limit, an orbit consists solely of a
sequence of configuration points sitting at these criti-
cal points. Thus the two heteroclinic orbits are given
by the sequences

1 1 1 1tu s ...,y ,y , , ,... ,� 4� 4p 2 2 2 2

1 1 1 1tu s ...,y ,y ,0, , ,...� 4� 4q 2 2 2 2

The action is stationary on an orbit, thus to first
order in the small parameter ey1, the change in the
orbit with e can be ignored in the action difference
to give

`1
t tq1 t tq1ˆ ˆAs S u ,u yS u ,uŽ . Ž .Ý ž /q q p p

e tsy`

qO ey2 .Ž .

For the Suris map, this yields

1
1A d ,e sey y dilog 1qdŽ . Ž .4 2p

y1ydilog 1yd qO e 19Ž . Ž . Ž .

We compare this result with the numerical calcula-
tions in Section 4.

4. Numerical comparison

In this section, we compare the theoretical results
with numerical computations of the lobe area. The
task is to find the actions of the two homoclinic
points p and q. For this task we use the symmetry of
the Suris map. The action difference between the

Ž .orbits of q and p gives the lobe area, 11 .
The Suris map is reversible: it is conjugate to its

inverse by an involution R: R2 s I and Rf Rs fy1,d d

where the reversor is

R : u ,r ™ yu ,r qV X
u . 20Ž . Ž . Ž .Ž .

Ž . �Ž . 4 Ž .Fixed sets, Fix R s u ,r :us0 and Fix f R sd

�Ž . 4u ,r :rs2u of the reversor are important because
uŽ . Ž . uŽ .points q g W z l Fix R or q g W z la a

Ž . w xFix f R are heteroclinic from z to z 22 . Thus tod a b

find a heteroclinic orbit it is sufficient to do a one
dimensional search for points on the unstable mani-
fold that intersect one of these fixed sets.

To find these orbits numerically we move along
uŽ . Ž .W z to the first points that intersect Fix R anda
Ž . Ž .Fix fR , respectively see Figure 4 . For example, to

0 Ž 0 0. ufind qgFix R, let z s u ,r sz qhE wherea

E u is the unstable eigenvector, and h is a small
parameter to be chosen below. Let t q1 be the firstc

0 Ž .time for which the iterate of z is beyond Fix R .
Ž . 0Now choose a point z u on the line from z to

1 Ž 0.z s f z , parameterized by the initial angle u . Byd

construction we are guaranteed that the function
Ž . tcŽ Ž .. w 0 1 xZ u sp f z u has a zero for ug u ,u . We1 d

Ž .use a root finding method Brent’s method to deter-

Fig. 4. Finding some heteroclinic orbits using symmetry. Shown
Ž t .are the fixed sets Fix f R , for ts0,1,2 and a rough example of

initial guess z , leading to t s1.0 c
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mine this zero to some precision, say r. The choice
of precision influences the original value for h, as
well as the number of iterates until a crossing.
Assuming W u is smooth, the point z 0 will be
Ž 2 . uO h away from W . After t iterates, however,c

this error will decrease by the factor lyt c where l is
roughly the unstable multiplier of the fixed point.
There is no sense in having this error smaller or
larger than the precision of our root finder, so we set
r;lyt ch 2. On the other hand, since we start a
distance h from the fixed point, and wish to go a

Ž .distance O 1 to find the first crossing of the symme-
tc Ž .try line, we have hl sO 1 . Thus, it is appropriate

to set h;r1r3. To find the second homoclinic point,
Ž .pgFix f R , we repeat the above analysis, usingd

Ž .crossing of Fix f R to determine t , etc. The lobed c

area is given by the difference in action between
Ž .these two orbits, from 11 .

For our computations, using IEEE double preci-
sion arithmetic, we set rs10y19. These computa-
tions give apparently accurate results providing A
410y14. Subsequent to our obtaining these results,
Delshams and Ramırez-Ros used extended precision´
arithmetic to obtain lobe areas as small as 10y4200

w x1 .

Fig. 5. Log-Linear plot of Are as a function of d for various
Ž .values of e . The numerical results dashed are compared with the

Ž . Ž .theoretical expression 7 thick line and the small d expression
Ž . Ž .18 thin line

Fig. 6. Linear plot of Are as a function of d for various values
Ž .of e . The thick line is the anti-integrable limit 19 for e s1.

Ž .In Fig. 5 we show a comparison of the result 6
Ž .and 7 with the numerical results on a log scale. We

Ž .plot the sum 7 only for d)0.15, since it is indis-
Ž .tinguishable from asymptotic formula 18 for smaller

values. These analytical results agree well with the
numerical results when es10y5; however, the nu-
merical results fail to converge when d-0.08. The
numerical results for es10y3, 10y2 and 10y1 fall
uniformly above the analytical result, showing the
effect of the higher order terms in e that were

Ž .neglected in the derivation of 6 . We can compute
the area with these values of e with reasonable
accuracy down to smaller values of d since the value
of l is larger.

We show the same data on a linear scale in Fig. 6
for values of d up to 1. Even for these larger values

Ž .of d , the asymptotic formula 18 is remarkably
good: it agrees with the es10y5 computation within
1% up to ds0.8. We also show the anti-integrable
results evaluated at es1 in Fig. 6. We are unable to
obtain numerical results for such a large e , as the
multiplier of the fixed points is too large.

5. Conclusion

The perturbed Suris map studied here depends on
two parameters, the Suris parameter d and the per-
turbation strength e . We obtained the lobe area for
the fixed point resonance of this map for small e to
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Ž . Ž y1 .O e and for large e to O e . In the small epsilon
case, the numerical computations indicate that the

Ž .asymptotic formula 18 for d™0 is a good approxi-
mation even up to ds0.8.

A similar Melnikov analysis is possible for other
w x w xstandard maps 8,12 . In particular 10 showed that

there exists a large class of standard maps with
saddle connections. Interestingly these maps are not
all integrable. The use of the Melnikov potential is
not restricted to twist maps; in fact, it can be applied

w xto any exact symplectic map 15 .
The method can also be applied to any higher

dimensional twist map that has a saddle connection
Žof the type described in this Letter see Refs.

w x.7,11,15 . Integrable examples of such maps have
w xbeen found in Refs. 23–25 , and the Melnikov

method has been applied to applied to the four
w xdimensional McLachlan map 7,15 . Similar tech-

niques are also applicable to volume preserving maps
w x26 . The study of perturbations of twist maps with
saddle connections in higher dimensions is important
because it could help in the development of a higher
dimensional theory of transport.
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