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Abstract

We introduce new families of Gaussian-type quadratures for weighted integrals of ex-
ponential functions and consider their applications to integration and interpolation of
bandlimited functions.

We use a generalization of a representation theorem due to Carathéodory to derive
these quadratures. For each positive measure, the quadratures are parameterized by
eigenvalues of the Toeplitz matrix constructed from the trigonometric moments of the
measure. For a given accuracy ¢, selecting an eigenvalue close to € yields an approximate
quadrature with that accuracy. To compute its weights and nodes, we present a new fast
algorithm.

These new quadratures can be used to approximate and integrate other essentially
bandlimited functions, such as Bessel functions and prolate spheroidal wave functions.
We also develop, for a given precision, an interpolating basis for bandlimited functions
on an interval.
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I Introduction

In this paper we relate the Carathéodory representation of finite sequences in terms of
exponential sums with the computation of generalized Gaussian quadratures for expo-
nentials. Generalized Gaussian quadratures were investigated by Markov [16, 17], Krein
[12], Karlin [11] and, more recently, by Yarvin and Rokhlin [29]. In [29] the authors intro-
duce practical algorithms for computing the nodes and weights of generalized Gaussian
quadratures. The resulting approximations have a number of important applications in
a variety of fast algorithms [30], [3].

The Carathéodory representation theorem asserts existence and uniqueness of the

representation of a finite sequence of complex numbers ¢ = (¢y, ¢o, ..., cn), € # 0, in the
form
M
cp = Z pe ™k (1.1)
j=1

for k=1,2,...,N and M < N, where —1 < 6; <1 and p; > 0. Carathéodory represen-
tation (1.1) has been the foundation for a number of algorithms for spectral estimation,
in particular [19] is known in electrical engineering literature as the Pisarenko method.
In this paper we develop a fast algorithm for finding M, the phases @ = (01, - - -, 0,,) with
16;] < 1, and the weights p = (p1,-- -, pam). Our algorithm differs from that described
in [19], although the basic approach is similar. We achieve finite but arbitrary accuracy
and our algorithm requires O(N (log N)?) operations (O(N?) in a simpler version).

One can view finding M, the phases 8, and the weights p as a nonlinear inverse
problem for the unequally spaced discrete Fourier transform [4], [1]. It is interesting to
note that the associated linear problem, namely the problem where M and |#;| < 1 in
(1.1) are given, can be arbitrarily ill conditioned. In other words, the condition number
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of the Vandermonde matrix {€!"%*}, ._; 5/ can be arbitrarily large. On the other hand,
the nonlinear problem is well posed and we will show the {2—norm estimate

lpllz < V2 el (1.2)

The main goal of this paper is to extend Carathéodory representation and use
it to compute quadratures for integrals involving exponentials, as well as the Bessel
and the prolate spheroidal wave functions (PSWF). These bandlimited or essentially
bandlimited functions play a central role in many problems of signal processing and
numerical analysis. We also consider the associated interpolation problem involving these
functions. Specifically, we develop methodology to represent bandlimited functions on an
interval using exponentials {e“*"}M where the bandlimit ¢ is a positive real constant
and t;, |t;| < 1, are phases computed for a given ¢ and accuracy e. With this approach,
we are no longer limited to representing periodic functions as is the case with Fourier
series.

In order to consider bandlimited functions on an interval, the PSWF were intro-
duced in [23] and [14]. Recently, a method for computing generalized Gaussian quadra-
tures for PSWF and, as a consequence, for bandlimited exponentials, was introduced in
[28]. In [28] the authors first construct quadratures for the PSWF using the fact that the
first n of these functions form a Chebyshev system, for any n. The approach for com-
puting generalized Gaussian quadratures in [29] relies on a variant of Newton’s method
in conjunction with a continuation procedure. As a method it is quite general but is
computationally intensive, although in many applications speed is not a limitation.

Our approach differs from that in [28]. We first develop a method for construct-
ing optimal nodes and weights for integrals involving exponentials and then show that
the same nodes and weights also provide quadratures for other essentially bandlimited
functions, e. g. the PSWF.

The reader familiar with Gaussian quadratures should be warned that our method-
ology for generating quadratures is substantially different from the existing methods. The
resulting quadrature formulas do not coincide with any other existing quadrature but,
numerically, they are close to those in [28].

As a method for constructing generalized Gaussian quadratures, our results are
limited to integrals (with a fairly arbitrary measure) involving exponentials. Our al-
gorithm involves finding eigenvalues and eigenvectors of a Toeplitz matrix constructed
from trigonometric moments of the measure and then computing the roots on the unit
circle for appropriate eigenpolynomials. In particular, each eigenpolynomial with distinct
roots gives rise to an identity which, for small eigenvalues, provides us with a Gaussian-
type quadrature and also with a representation of positive definite Hermitian Toeplitz
matrices. In these identities the size of the eigenvalue determines the accuracy of the
quadrature formula.

It turns out that in the case of the weight leading to PSWF, the nodes of the cor-
responding Gaussian quadratures are zeros (appropriately scaled to the interval [—1,1])
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of discrete PSWF corresponding to small eigenvalues.

As an application, we use the new quadratures to obtain efficient approximations
of nonperiodic bandlimited functions in terms of linear combinations of exponentials. In
fact, we consider integrals of the form

1
u(w) = [ e ), (1)
-1
where dyu(t) is a measure, typically du(t) = w(t)dt, with w a weight function (w is a real,
non-negative, integrable function with f_ll w(7)dr > 0). For a given bandlimit ¢ > 0 and
accuracy € > 0, our goal is to approximate u(z) on the interval [—1, 1] using the sum

M
a(r) = Z wye ©0 (1.4)
k=1

where wy, > 0 and M = M(c,¢€), so that
lu(z) —a(z)| <e for xe[-1,1]. (1.5)

Since it is appropriate to view (1.4) as a quadrature, we will refer to 6, as nodes and wy,
as weights.

In order to find @ as in (1.4)—(1.5), we sample the function u in (1.3) at equally
spaced points so that we satisfy or exceed the sampling rate dictated by the Nyquist
criterion. The equally spaced samples of u can be viewed as the trigonometric moments
of the (rescaled) measure in (1.3). We extend Carathéodory representation to find M, the
nodes {0 }+2,, and the weights {wy }4L,. We then use the same M, nodes, and weights to
define @ in (1.4) for all x € (—1, 1) and show that (1.5) holds if u in (1.3) was sufficiently
oversampled.

For the interpolation problem for bandlimited functions, we consider the linear
space of functions & = {f € Loo[—1,1] : f(x) = Y peqanc®™ ™ : {ar} €', |by] < ¢, Vk.}.
These functions are not necessarily periodic in [—1, 1]. The interpolation problem amounts
to representing, with accuracy e, the functions in £. by a fixed set of exponentials
{ei””}i/[:l, where M is as small as possible. We show that by finding quadrature
nodes {t; }2L, for exponentials with bandlimit 2¢ and accuracy €2, we in fact obtain, with
accuracy €, a basis for bandlimited functions with bandlimit ¢. The connection between
the generalized Gaussian quadratures for exponentials and the interpolation problem was
first described in [28]. We use similar results to construct interpolatory bases for arbitrary
accuracy e.

The paper is organized as follows. We present a brief description of the Pis-
arenko method to obtain the classical Carathéodory representation and we derive the
estimate (1.2) in Section II. In Section III we discuss generalized Gaussian quadra-
tures for weighted integrals and prove some of their properties for weights supported



Gaussian quadratures for exponentials 4

inside [—%, %] In Section IV we introduce new families of Gaussian-type quadratures.
We develop a fast algorithm in Section V to compute the nodes and weights of these
quadratures. We solve the approximation problem (1.3)—(1.5) in Section VI and use it in
the next two sections to obtain quadratures and interpolating bases for bandlimited func-
tions. We also discuss various examples to illustrate these results. Finally, conclusions

are presented in Section IX and auxiliary material in the Appendix.
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II Caratheodory representation

Carathéodory representation solves the trigonometric moments problem and can be
stated as follows (see [7, Chapter 4]),

Theorem I1.1 Given N complex numbers ¢ = (c1,¢a,...,cn), not all zero, there ex-
ist unique M < N, positive numbers p = (p1,pa,...,pn) and distinct real numbers
01,02,...,00, —1 < 0; <1, such that

M
Cp = Z p;e™*  for k=1,2,..., N. (2.1)
j=1

Although the theorem applies to all finite sequences ¢ of complex numbers, it is
useful in practical applications if there is a reason to seek representations of the form
(2.1) with positive weights p;. For example, if the sequence ¢ are the values of a covari-
ance function, then this theorem provides the foundation for several spectral estimation
algorithms in signal processing, e.g. the so-called Pisarenko method (see [19] for more
details). In this paper, we are interested in the case where the sequence ¢ contains the
trigonometric moments of a positive weight.

Given ¢, finding M, the phases 6 = (04, ---,60x), |6;] < 1 and the positive weights
p can be viewed as a nonlinear inverse problem for the unequally spaced discrete Fourier
transform [4], [1].

As discussed in the introduction, the problem of finding p where ¢, M, and |6,| < 1
are given, can be arbitrarily ill conditioned. In contrast, the phases ¢, in Carathéodory
representation are related to the vector ¢ and we have a stability estimate:

Theorem I1.2 Vectors ¢ and p as in Theorem 11.1 satisfy
el < v2]ells.

For the proof see Appendix A.

Grenander and Szegd’s proof of Carathéodory representation [7] provides a method
to obtain M, the phases @, and the weights p. It is also the foundation for Pisarenko’s
method for spectral estimation [19]. We now outline its main points.

II.1 Algorithm I: Method to obtain M, 6, and p.

1) Given ¢ = (cq,¢9,...,cn), we extend the definition of ¢, to negative k as c_p = ¢
and we define ¢ so that the (N + 1) x (N + 1) Toeplitz matrix Ty of elements
(T'~)kj = ¢j—k, has nonnegative eigenvalues and at least one eigenvalue is equal to
Zero.
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2) Define M as the rank of T'y. By construction, we have M < N. We also say that M
is the rank of the representation (2.1).

3) Let Ty be the top left principal submatrix of order M + 1 of T' . That is, the matrix
Ty has elements (cj_i)q<, i< Find the eigenvector g corresponding to the zero
eigenvalue of T'y,. -

4) Construct the polynomial (eigenpolynomial) whose coefficients are the entries of the
eigenvector q. As shown in [7, p. 58|, the M roots of this eigenpolynomial are
distinct and have absolute value one. The phases of these roots are the numbers
0;.

5) Find the weights p by solving the Vandermonde system (2.1) for k = 1,---, M. They
will, in addition, satisfy >, pr = co.

Remark II.1 With the extension of the sequence ¢, (2.1) is valid for [k| < N. If ¢ =
(qo, - -+, qur) is the eigenvector obtained in Part 3) of Algorithm II.1, then
M
> Chpsqe =0, (2.2)
k=0
for all s, —N < s < 0. In other words, we have found an order M recurrence relation for
the original sequence {cg}o_;.

Remark I1.2 In practice, we are interested in using Carathéodory representation if M is
small compared with N, or more generally, if most weights are smaller than the accuracy
sought. However, in such cases, Ty has a large (numerical) null subspace that causes
severe numerical problems in determining ¢y, the rank M, and the eigenvector q.

Nevertheless, if the sequence ¢ are the trigonometric moments of an appropriate
weight, we will be able to modify the previous method in order to obtain the phases 0,
in an efficient manner. In this setting, the phases and weights in Carathéodory repre-
sentation can be thought of as the nodes and weights of a Gaussian-type quadrature for
weighted integrals. Once the phases are obtained, Theorem I1.2 assures that the compu-
tation of the weights is a well-posed problem. In Section V.2 we present a fast algorithm
to obtain the weights by evaluating certain polynomials at the nodes e'™% .

Remark I1.3 Given any Hermitian Toeplitz matrix T, let us consider its smallest eigen-
value A\V). Tt is easy to see that Carathéodory representation implies the following rep-
resentation of T' as a sum of rank one Hermitian Toeplitz matrices,

M
(T =AM =) pyel™sth), (2.3)
=1

where p; are positive and €% are the zeros of the eigenpolynomial corresponding to the
eigenvalue \(V).
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III Generalized Gaussian Quadratures for Exponen-
tials

III.1 Preliminaries: Chebyshev Systems

In this section we collect some definitions and results related to Chebyshev systems. We
follow mostly Karlin and Studden [11] (see also [12]). Readers familiar with this topic
may skip this section.

A family of n + 1 real-valued functions uy, . . ., u, defined on an interval I = [a, b|
is a Chebyshev system (T-system) if any nontrivial linear combination

u(t) = > aguy(0), (3.1)

has at most n zeros on the interval I. This property of a T-system can be viewed as a
generalization of the same property for polynomials. Indeed, the family {1,¢,¢2 ... t"}
provides the simplest example of a Chebyshev system.

Alternatively, a T-system over [a, b] may be defined by the condition that the n+1
order determinant is non-vanishing,

UO(to) UO(tl) s Uo(tn)
de | o) )t o 52
un(to) un(ty) -+ un(tn)

whenever a <ty <t; <--- <t, <b Without loss of generality, the determinant can be
assumed positive.

Let ug,...,u, be a T-system on the interval I. The moment space M, ; with
respect to ug, ..., u, is defined as the set
Myar = {e = (co,..., ) € R | ¢; = /uj(t) du(t), j=0,...n},  (3.3)
I

where the measure p(t) ranges over the family of nondecreasing right-continuous functions
of bounded variation on the interval I. It can be shown that the moment space is a closed
convex cone. We will denote the interior of the moment space Int(M,,11).

Let us consider a representation of a point ¢ = (co, ..., ¢,) € My
¢ :Zpkuj(tk), j=0,....n, (3.4)
k=1

where pp >0, a <t <b k=1,...,m. The index Z(c) of a point ¢ € M, is defined
as the minimum number of points ¢, that are used in the representation (3.4), where the
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boundary points t; = a and t;, = b are counted as 1/2 and the points in the interior of
the interval a < t;, < b are counted as 1.

The representation (3.4) induces a generalized Gaussian quadrature for the in-
tegral with the measure that defines the point ¢ in the moment space while the index
describes the number of nodes necessary for the quadrature. The following theorems
(see [11] and [12]) generalize to any T-system the usual Gaussian quadratures for the
polynomials {1,¢,---,t"}.

Theorem III.1 A point c € M, 1, ¢ # 0, is a boundary point of M, 1 if and only if
I(c) < (n+1)/2.

Theorem II1.2 Let uy,. .., usy, be a T-system on [a,b] and ¢ be a boundary point of
Mopi1. Then there exist a unique representations with the index less than m + 1 which
1mwvolves no more than m + 1 nodes.

Theorem II1.3 Let uy,...,us, be a T-system on [a,b] and ¢ be an interior point of
Moy 1. Then there exist at least two representations with the index m+1/2 (with m+1
terms). Both of them have m + 1 nodes one of which is the end point of the interval.

If the functions wg, ..., u, are periodic on the interval I and satisfy (3.2), then
they define a periodic T-system. A periodic T-system always involves an odd number
of functions. Indeed, since the system is defined on a circle, the equally spaced values
(to, -, t,) can be continuously rotated into (¢,,---,tg). If the number of functions were
even, such rotation would change the sign of the determinant in (3.2) and, due to the
continuous dependence on (tg,---,t,), would force the determinant to vanish at some
intermediate point.

For periodic systems holds ([11], [12]):

Theorem I11.4 Let uy, ..., us, be a periodic T-system on [—1,1] and ¢ be an interior
point of Moy,.1. Then for each point ty, —1 < tq < 1, there exist a unique representation
with the index Z(¢) = m + 1 (with m + 1 terms) involving ty as a node.

II1.2 Generalized Gaussian Quadratures for Exponentials

Let us consider a family of real periodic functions
1, cos(mt), sin(7t), . .., cos(mmt), sin(mmt) (3.5)

on the interval [—1, 1]. We treat the boundary points —1 and 1 as identical so that (3.5)
is defined on the circle. The system of functions in (3.5) is a periodic Chebyshev system
(T-system) in [—1, 1] (see [11], [12] and Section III.1 for a brief summary).

We also consider this family on a proper subinterval of [—1, 1]. On any subinterval
la,b] C [—1,1] the family in (3.5) is a T-system.
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Let us consider the moments of the measure w(7)dr, where w(7) is a weight
function,

1
ap = / w(r) cos(mkT)dr, k=0,1,...,m, (3.6)
-1

and

1
By = / w(r)sin(rkr)dr, k=1,...,m. (3.7)

1

We also consider complex-valued moments,

1

Ve = o + 10k = / w(T)e™ dr, k=1,...,m. (3.8)

-1

Let Moy, 11 be the moment space and Int(Ms,,.1) its interior, as defined in Sec-
tion III.1. We have

Theorem II1.5 ([11], VI, Sec.4) For the periodic T-system (3.5) a point
c = {ap,a1, b1, ...,am, B} is a point of the moment space Moy 1 if and only if the
Toeplitz matriz {yi—_k kw0, .m 15 non-negative definite.

Furthermore, ¢ € Int(Map,11) if and only if the Toeplitz matriz {Vi—i }kr=o...m
is positive definite.

We also have

Theorem II1.6 ([11], VI, Sec.2) A point ¢ = {a, a1, 51, .., Qm, B} is a boundary
point of the moment space Moy, 11 if and only if there is a unique representation

Vi = ijeiwjk> (3.9)
j=1

where m" <m and -1 <6§; <1.
If ¢ € Int(Map 1), then for each 19 € [—1,1] there exists a unique representation
with m 4+ 1 nodes including 7y as a node, that is

Ve = Z w;e ™k 4 eel ™k (3.10)
j=1

where —1 < 0; < 1.

Let us consider weights w supported in a subinterval of [—1,1]. We then prove
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Theorem II1.7 Let w be a weight supported in some interval I = [a,b], I C [—1,1].
Then, there exists a unique representation

1
/ t)e ™ dt = Zw e™F g (1% for k| < m, (3.11)
-1
where a < 0; < b andw; >0 for j =0,...,m.
Moreover, if I = [—a,a], where 0 < a <1/2, then

402, w(t)dt

wo < . 3.12
P2 243+ (2 VB)m (312
Proof
Let us start by considering the periodic T-system (3.5) and
c ={ag, 1,01, .,Qn, Bn} the point in the moment space obtained from the measure

du(t) = w(t)dt. It is easy to show that the Toeplitz matrix {7,_x}, obtained for the
moments in (3.8), is positive definite (see (4.7)). Thus, Theorem IIL.5 and (3.10) with
7o = 1 imply a unique representation (3.11) with —1 < §; < 1 and k = 0,---, m. Since
the weights are real, (3.11) also holds for k = —m,---, —1. We want to show that, in
fact, a < 0; <b.

Since the weight w is supported in [a,b] C [—1,1], we can also consider |[a, 1] as
its interval of definition. We note that the functions in (3.5) form a Chebyshev system
on this interval (in fact, on any subinterval of [—1, 1]). Using Theorem II1.3 we construct
a representation which includes the boundary point 1 of the interval [a, 1] as a node.
However, this representation also holds on [—1, 1] where (3.11) guarantees uniqueness.
Thus, to avoid a contradiction, we conclude that a < 6; <1 in (3.11). Similarly, let us
consider the weight w in [—1, b]. By the same argument we obtain that —1 < §; < b (the
points —1 and 1 are identical on [—1,1]). Therefore, we conclude that a < #; < b and
(3.11) is established.

Let us now consider a periodic trigonometric polynomial
U (t) = Trn(1 — cos(mt)), (3.13)

where T, is the Chebyshev polynomial of degree m. Since the degree of v,,(t) does not
exceed m, we have from (3.11)

[

where —1/2 < 6, < 1/2.

N

t)dt = Z%um ) 4 wWovm(1), (3.14)

w\»-‘
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Let us compute v,,,(1) = T,,,(2). Using the three-term recursion for the Chebyshev
polynomials, we obtain

Um(1) = (2+V3)™ + (2 = V3)™) /2. (3.15)
Since in the interval [—1/2,1/2] the absolute value of v, does not exceed one,

< /2 w(t) dt—l-zm:wj- (3.16)

1
2

(1) = ‘ [ om0yt =3 w6

1
2

Setting £ = 0 in (3.11), we obtain

er;wj = /_5 w(t) dt — wy (3.17)

and, combining with (3.16), we arrive at (3.12). O

=

Remark III.1 Since the numerator in (3.12) remains bounded and the denominator
grows exponentially fast with m, the coefficient wy is very small even for m of moderate
size.
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IV A new family of Gaussian-type quadratures

Let us consider the trigonometric moments of a weight w(7),

ty = /_ 1 ™ (T) dr. (4.1)

1

In our approach, it is essential to consider only weights supported inside [—5, 5] Only

then can the moments t; be viewed as values of a properly sampled bandlimited function
(see (6.2) and (6.3)).

In this section we start by using Carathéodory representation and Theorem II1.7
from the previous section, to construct two different Gaussian quadratures for integrals
with weight w. These quadratures are exact for trigonometric polynomials of appropriate
degree.

We then generalize these types of quadratures further and develop a new family
of Gaussian-type quadratures. This family of quadrature formulas is parameterized by
the eigenvalues of the Toeplitz matrix

T={ti_k}o<ki<n- (4.2)

Among these new quadrature formulas, only those corresponding to eigenvalues of
small size are of practical interest. In fact, the size of the eigenvalue determines the error
of the quadrature formula. To compute the weights and nodes of these quadratures, we
develop a new algorithm which may be viewed as a (major) modification of Algorithm
II.1. The new algorithm is described in Section V. The main results of this section are
gathered in Theorem IV.1.

We start by using Theorem III.7 to write

N
ty = ijeimjk +wo(=1)* for |k| <N, (4.3)
j=1
for unique positive weights w; and phases ¢; in (—1,1). Then, for any A(z) = >, -y apz”
in Ay, the space of Laurent polynomials of degree at most N, we have

/ 1 A w(r)dr = ) agty = Z% (&™) 4+ woA(—1), (4.4)

1 k| <N

for unique positive weights w; and nodes ™.
Alternatively, using Carathéodory representation (2.1) applied to the sequence
Ck:tk,lgk‘SN,

1t
/ A 17r7' Zp] 17r6 tO _00)5/_ A(e”")dT

1
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M . 1
= A A5 [ ar, (4.5
j=1 -

where ¢y = Z]Ai1 p; and {e™%} are the roots of the eigenpolynomial corresponding to

the smallest eigenvalue AY) of T.
Note that (4.5) is again valid for all A(z) in Ay and that the positive weights p;
and phases 6; in (—1, 1] are unique.
Thus, we have two different quadratures that may not coincide. However, by
11

considering w(7) supported inside (—3,3), (3.12) implies that wy in (4.4) decreases ex-

ponentially fast with N and, since minw(7) = 0 for |7| < 1, we have

lim AN =0 (4.6)
N—oo
as shown in [7, page 65]. In consequence, for large N, the difference between these two
quadratures can be made smaller than the accuracy sought.
A similar reasoning could be applied to other small eigenvalues of T' provided we
can generalize (4.5) to other eigenvalues and roots of the corresponding eigenpolynomials.
For that purpose, we first describe some properties of these eigenpolynomials.

IV.1 Toeplitz matrices for trigonometric moments

We summarize in this section properties of eigenpolynomials of the Toeplitz matrix T'
with entries {¢;_j}x =0, n. The matrix T is self-adjoint and positive definite since, for

all z € CN+L,
1

(Tx,z)= 3ty = / | Py () 2w (7)dr (@7)

k,1=0,...,N -1

where (z,y) = >, 2 Ur is the usual inner product of two vectors and Py (z) = Y, xp 2"
More generally, for all .,y € C¥*' T induces a weighted inner product for
trigonometric polynomials,

(Ta,y) /_ Py(e™) By (@ () dr. (4.8)

1

Since T is positive definite, there exist an orthonormal basis {'v(k)}kzov.% ~ of eigenvectors
of T corresponding to eigenvalues A(@ > X1 > ... > X > (. The corresponding
eigenpolynomials V®)(z) = 37 'u§-k)zj satisfy

1
/ V) (@™ VD (@) d t = 26 (4.9)

1
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and, because of (4.8),

1 e —
/ VO (@™ V0 (e (£)d t = o A, (4.10)
-1
For a vector @ = (¢, -+, zy), let us define the reciprocal vector of  as
Ty = (m77x_0)

and, similarly, for a trigonometric polynomial P(z), the reciprocal polynomial of P as
P(z) = P(z"") = P(z"). (4.11)
Since T is Toeplitz Hermitian, we have
Tx, = \x,, if Tx = \x.

In particular, if A is a simple eigenvalue, its corresponding eigenspace can be gener-
ated by a self-reciprocal eigenvector «, i. e., , = @ and the associated (self-reciprocal)
eigenpolynomial will have roots in pairs {v,7 '}.

IV.2 Gaussian-type quadratures on the unit circle

In this section we present the main results of the paper. We derive new Gaussian-
type quadratures valid for any eigenvalue of the matrix T' rather than just the smallest
eigenvalue \y. These quadratures allow us to select the desired accuracy and thus, to
construct accuracy dependent families of quadratures.

The nodes of the quadrature in (4.5) are the roots of the eigenpolynomial corre-
sponding to the least eigenvalue of T' and, because of Carathéodory representation, we
know that these roots are on the unit circle and that the weights are positive numbers. In
our generalization, this standard property for the nodes and weights is no longer inforced.
However, we will show that for nodes on the unit circle, the corresponding weights are
real. Moreover, in all examples we have examined, for all small eigenvalues \ of T', their
negative weights are associated with the nodes outside the support of the weight and are
comparable in size with A. We believe this property to hold for a wide variety of weights.

We prove the following

Theorem IV.1 Assume that the eigenpolynomial V' ®)(2) corresponding to the eigen-
value \*) of T has distinct, nonzero roots {v;}X_,. Then, there exist numbers {w;}}_,
such that

i) For all Laurent polynomials P(z) of degree at most N,

1

/_ Py w(t)dt = 3wy Plr;) + A0 / P(e™) dt. (4.12)

1 = -1
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ii) For each root v with |yx| = 1, the corresponding weight wy, is a real number and

1 _ 1 /1 _
= / L) () di— X / Ly (@) dt, (4.13)
—1 —1

where
sry V) (2)

1s the Lagrange polynomial associated with the root .

iii) If \®) is a simple eigenvalue, then for k =1,--- N the weight wy is nonzero and
! VO () Vi ()
we Z OO (4.15)
0<I<N
l#s

where V*(l)(z) — VO (271 is the reciprocal polynomial of V¥ (z).

In particular, for each vy with || = 1,

1 VO ()
we Z A — £\ (4.16)

0<I<N
l#s

iv) If \®) is a simple eigenvalue and all roots 7y are on the unit circle, then the set
{wi}_, contains exactly s positive numbers and N — s negative numbers.

In particular, if s =0 or s = N then all wy are negative or positive, respectively.

Remark IV.1 Our approach to obtain Gaussian quadratures does not use Szeg6 poly-
nomials and is therefore substantially different than the one in [10]. We briefly explain
the approach in [10]. Note that (4.9) and (4.10) show that the polynomials {V*)(2)} are
orthogonal with respect to both the usual inner product for trigonometric polynomials
and the weighted inner product with weight w(t). We can also construct Szegé polynomi-
als {px(2)} orthogonal with respect to w(t) and such that each py(z) has precise degree
k [25]. For any k, the roots of pi(z) are all in |z| < 1 [7].

Szegd polynomials and their reciprocals induce para-orthogonal polynomials [10],

Bn(z) = pn(Z) + & 2" (pn)*(z)>

where &, are complex constants, |£,| = 1. The roots of B, (z) are on the unit circle and
can be used as the nodes for Gaussian quadratures with respect to the weight w(t).

Under appropriate assumptions to guarantee uniqueness, the quadratures in [10]
should coincide with those obtained in Theorem III.7.
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In contrast to these exact quadratures, in Theorem IV.1 we derive a new family
of Gaussian-type quadratures where for each eigenvalue of the Toeplitz matrix (4.2)
there is a corresponding quadrature formula. Even for the smallest eigenvalue A, the
quadratures in (4.12) and in I11.7 are different because of the extra integral term in (4.12).
The size of this extra term is controlled by the size of the corresponding eigenvalue and,
thus, it is never exactly zero. However, in applications, this extra term can be made as
small as desired via oversampling (see (6.1)—(6.3) and note that (4.6) is valid for all small
eigenvalues, not just the smallest [7, page 65]).

Remark IV.2 For an eigenvalue A of small size, the integral term on the right hand
side of (4.12) can be neglected. This is the case of practical interest.

Remark IV.3 Even though the weights w; could be complex valued, an important
consequence of Theorem IV.1 is that in many important cases w;, are, in fact, real.

Remark IV.4 We have observed (see Table 1) that the weights wy corresponding to
nodes outside the support of the weight w(t) are small, negative, and roughly of the size
of the eigenvalue \(®). Although we now present a heuristic explanation of this behavior,
we do not know if a proof can be obtained along this path.

Let us split the sum in (4.16),

1 VO ()2 VO (y,) 2
1_ v VP g VOOE (417)
Wy, AD — \G) A —\O)

EAD >A() A > AD)

If A®) is in the range of the exponential decay of the eigenvalues, the first term in
(4.17) turns out to be much smaller than the second term which is approximately

1
5 Y VOGP

LA SO

For 7 outside the support of the measure we have observed (Figures 2, 3, and

5-8) that
Z \V(l) (%)\2
EAG)>AD

is a constant of moderate size.

Thus, the second term in (4.17) is O(1/A®)) and the weight is indeed negative
and roughly of the size of the eigenvalue.
Remark IV.5 For the weight with value 1 in (—3,%) and 0 otherwise, the eigenpoly-
nomials are the Discrete PSWF. For these functions we know that all eigenvalues are
simple and that all eigenpolynomial roots are on the unit circle [22].
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Corollary IV.1 Under the assumptions of Theorem IV.1, it follows that the Toeplitz
matriz T in (4.2) has the following representation as a sum of rank one Toeplitz matrices,

N
(T — )\(S)I)kl = Z wﬂé_k,
j=1

where X&), w;, and 7; are as in (4.12).

This corollary should be compared with Remark I1.3 noting that, in the corollary,
) is not necessarily the least eigenvalue of T
Proof of Theorem 1IV.1

1. For & = (29, --,xy) € C¥*! let us define

S if N=2L
Ag(2) =

S g i N=20-1.

The values of A, on the unit circle have a phase shift respect of those for P,. In fact,
depending on the parity of N, Az(e'™) is either Py (e'™)e ™ or Py(ei™)e (1),
Hence, (4.8) holds replacing P, by A and then (4.9)—(4.10) also hold for the shifted
eigenpolynomials.

We prove the Theorem for the case N = 2L. (The case N = 2L — 1 is similar.) For
this case, using the same notation V* for the shifted eigenpolynomials, we have

V(k Z 'Uz+LZ

l=—L

2. Since {v;} are distinct, we define {w;}}_, as the unique solution of the Vandermonde

system
1

Z% w;j = / e ™k w(t)dt for k=1,---,N. (4.18)

1

3. Let P € Ay, then 2V P(z) it is a polynomial of at most degree 2NN, and since 2=V (¥)(z2)
it is a polynomial of degree N, by Euclidean division, there exist polynomials ¢(z)
and r(z) of degrees at most N and N — 1 such that,

NP(2) = 2LV (2)q(2) + 7(2).
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Thus,
P(z) = V®(2)Q(2) + R(z), (4.19)
where Q(z) € A and R(z) has the form R(z) = Z]kvzl rez~* and hence
1

/ R(e™)dt = 0.
-1

Using the fact that {VO}Y is a basis of Ay, we write

Q) = D VO,

where d; are some complex coefficients.

Using (4.10) and (4.18), we multiply both sides of (4.19) by w(t) and integrate to
obtain

1

/_l P™w(t)dt = ZE/_II V(S)(ei”t)V(l)(ei”)w(t)dt+/_ R(e™)w(t)dt

1 1
. N
= d A+ wiR(y;).

Jj=1

Now, (4.19) implies that the last sum equals Z] L w;jP(v;). To find the constant
ds, we integrate both sides of (4.19) and use (4.9) to obtain

/ o) dt—Zdl / VO (VD (i) dt = 24,
-1

and thus (4.12).

4. Let us assume that the node 7 has unit norm, || = 1, and let P(z) = L;(2) (L})«(2).
We have P(7,) = 0, and since P € Ay_1, (4.12) implies

/ |L8 17rt )dt )\(s / ‘LS 17rt)‘2 dt + Wy

Clearly wy, is real.

5. We now show that for 1 < k,j7 < N,

7 y vl

0<I<N
l#s
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and thus, considering k = j, (4.15) follows. Note that we need A®) to be simple to
guarantee A\ — X\ =£ 0,1+ s in (4.20).

If we view the left hand side of (4.20) as the entries A, of a matrix A and let B
be the matrix of entries

By =V9Y(y) where 0<I<N,l#s and 1<k<N, (4.21)

we can prove (4.20) by showing that B A = B and that B is non-singular.

For the latter claim, we simply check that the columns of B are linearly indepen-
dent. Indeed, let a;,l # s, be constants such that

Zalv“)(%) =0 for k=1,...,N.
l#s

It follows that the polynomial P(z) = Z aV(2) € A has the N = 2 distinct
l#s

roots . Since P and V) have the same degree and the same N distinct roots,

P(z) = ¢ V¥ (2), for some constant ¢. By (4.9), V®)(2) is orthogonal to all the

other eigenpolynomials and so a; = 0.

To show that BA = B, we first substitute P(z) = VO(2)Vi™(2) in (4.12) to
obtain

/ VO (V) (eint)p(t) dt = A 5 / VO (™) (m) (eint) dt
- ~1

1
+ ij 'Y] V(m (75)-
Using (4.9)—(4.10), we rewrite the previous equation as
Oim (A Z w; VO () VI () (4.22)

and thus,

l 0]
(BA)n = Zv(m)(%)wjzwwn)_% (%)
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6. To prove the last assertion of the theorem, we consider (4.20) when all v, have unit
norm and thus all w, are real. In this case,

VO () = VO ((3).) = VO (),

and we can rewrite (4.20) as a matrix identity
BTB =W, (4.23)

where B is the invertible matrix defined in (4.21), B* is its adjoint and " and

1 1
W are diagonal matrices with real entries { ——— and { — ,
2D — \() 0<I<N Wy ) 1<«
l#s =

respectively.

Using Sylvester’s law of inertia [9, Theorem 4.5.8], (4.23) implies that I' and W
have the same inertia, that is, the same number of positive, negative, and zero

eigenvalues. The result follows because we assumed A\ to be simple and then
MO > > A\GTD S G S A\GHD > o > A O

Techniques similar to those used in the proof of Theorem IV.1 allow us to derive
several results for eigenpolynomials corresponding to multiple eigenvalues or for the case
where their roots lie outside the unit circle. Here we limit our attention to the case of
simple eigenvalues or eigenpolynomials with all roots on the unit circle.

W. Trench [26] has shown that both the multiplicity of the eigenvalues and the
number of the eigenpolynomial zeros outside of the unit circle depend on the oscillations
of the weight function w(7). We state two of the results in [26] for T as in (4.2),

Theorem IV.2 ([26], Theorem 2.1) If A is an eigenvalue of T with multiplicity m,
then w(T) — A changes sign at least 2m — 1 times in (—1,1).

Theorem IV.3 ([26], Theorem 3.1) Let u(z) be a self-reciprocal eigenpolynomial cor-
responding to the eigenvalue A of T'. If u(z) has 2m (m > 1) zeros that are not on the
unit circle, then w(t) — X changes sign at least 2m + 1 times in (—1,1).

IV.3 Examples

We consider three examples with different weights and construct the appropriate quadra-
tures.
Example 1. First we consider the weight

[ 1 te[-aa],a<i
w(t) = { 0 elsewhere. (4.24)
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For this weight the eigenpolynomials V®(el™) of the N + 1 x N + 1 Toeplitz matrix
T are the discrete PSWF [22]. Thus the eigenpolynomial V' (e™) has all of its zeros
on the unit circle. Moreover, it has exactly [ zeros for ¢ in the interval (—a,a) and N
zeros for ¢ in [—1,1]. In this example we have selected N = 97, a = 1/6, ¢ = 157.
We then construct the matrix T' and compute the eigenpolynomial corresponding to the
eigenvalue

2B = 9.77306136381891632828 - 10716, (4.25)

The eigenpolynomial V3% (e™) is shown in Figures 2 and 3. Locations of the zeros on the
unit circle are displayed in Figure 4. We then use the quadrature formula corresponding
to this eigenvalue and tabulate the weights in Table 1. Note that the weights for nodes
inside the interval [—1/6,1/6] are positive and those for nodes outside this interval are
negative and roughly of the size of (30,

Example 2. We consider the weight

Ut e[—a,a], a <
— a ) ’ - 42
w(t) { 0 elsewhere. (4.26)

In this example we have selected N = 61, a = 1/4, ¢ = 157. We then construct the
matrix 7" and compute the eigenpolynomial corresponding to the eigenvalue

A2 = 1.11598931688523706280 - 10714, (4.27)

N[

The eigenpolynomial V¥ (e™) is shown in Figures 5 and 6 .

Example 3. We consider a non-symmetric weight

[ 1+L tel-a,a,a<]
w(t) = { 0 elsewhere. (4.28)

In this example we have selected N = 61, a = 1/4, ¢ = 15m. We then construct the
matrix 7" and compute the eigenpolynomial corresponding to the eigenvalue

) — 4.68165338379692121389 - 10715 (4.29)

The eigenpolynomial V (?®(ei™) is shown in Figures 7 and 8. Although we do not have a
proof at the moment, it appears that there is a class of weights for which eigenpolynomials
corresponding to small eigenvalues mimic the behavior of the discrete PSWF with respect
to locations of zeros. In Example 3 we know that all zeros are on the unit circle due to
Theorems IV.2 and IV.3.

In Table 2 we illustrate the performance of quadratures for different bandlimits
c. This table should be compared with Table 1 in [28]. The performance of both sets
of quadratures is very similar. Yet these quadratures are quite different as can be seen
by comparing Table 3 with Table 5 in [28]. Although the accuracy is almost identical,
approximately 1077, the positions of nodes and weights differ by approximately 1073 —
—107%.
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Exanmpl e 1 Exanpl e 2
_50 40 60 80 100 é) 10 30 40 50 60
-10 -10
-15 -15
-20 -20
-25 -25
-30 -30
-35 -35
Exanpl e 3
QT 0 30 40 50 60
-10
-15
-20
-25
-30
-35

Figure 1: Decay of the eigenvalues of the matrix T in Examples 1-3. The scale of
the vertical axes is logarithmic (log,,), whereas the horizontal axes displays indices of
eigenvalues. We note the exponential rate of decay. The flat portion of the graph for
large indices is due to the limited precision of our computations. Thus, these graphs
also illustrate the practical difficulty of finding the eigenpolynomial corresponding to the
smallest eigenvalue.
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R N W A

Figure 2:  Modified eigenpolynomial e ™= V30 (ei™) on the interval [—1,1], where
N = 97 and VB9 (e'™) is the eigenpolynomial corresponding to the eigenvalue A% in
Example 1. The phase factor e /2 is introduced to make this function real.

N
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MAA AT AN ANAND
Bi1e 19 wm@ /0,05 181/ 0

-5.107°
-1-10°'

UI

Figure 3: The same function as in Figure 2 on the interval [—1/6, 1/6].
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Figure 4:  Location of the zeros on the unit circle for the eigenpolynomial V3% in

Example 1.
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I
1 1

-2

Figure 5: Modified eigenpolynomial (see Figure 2) on the interval [—1, 1] corresponding
to the eigenvalue A*® in Example 2.
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Figure 6: The same function of Figure 5 on the interval [—1/4,1/4].
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Figure 7: Modified eigenpolynomial (see Figure 2) on the interval [—1, 1] corresponding

to the eigenvalue A(?® in Example 3.

-2.10°%
-4-10°%
-6-10°%

-8-10°%]

Figure 8: The same function of Figure 7 on the interval [—1/4,1/4].
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weights

33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49

—1.0328 - 10~17
—1.0328 - 10~17
—1.0329 - 10~17

—1.3518 - 1017
—1.6030 - 10~17
0.00580295532842819966
0.01310603337477264417
0.01959211245475268191
0.02506789313597245367
0.02954323947353217723
0.03313334531810570720
0.03598544514201341779
0.03823923547752508920
0.04001188663952018400
0.04139574827622469674
0.04246105337417774134
0.04325984471286061543
0.04382960375644760677
0.04419611220330997984
0.04437549133235668283

#

weights

50
ol
52
93
o4
95
o6
o7
o8
99
60
61
62
63
64
65
66

96
97

0.04437549133235668283
0.04419611220330997984
0.04382960375644760677
0.04325984471286061543
0.04246105337417774134
0.04139574827622469674
0.04001188663952018400
0.03823923547752508920
0.03598544514201341779
0.03313334531810570720
0.02954323947353217723
0.02506789313597245367
0.01959211245475268191
0.01310603337477264417
0.00580295532842819966
—1.6030 - 10~17
—1.3518 - 10717

—1.0329 - 10~17
—1.0328 - 10~17

27

Table 1: Table of weights for the quadrature formula with A% in Example 1. The weight
#1 corresponds to the node 7, = —1 (see Figure 4).

¢ # of nodes | Maximum Errors
20 13 1.2-1077

50 24 1.1-107"
100 41 1.6-107"
200 74 1.8-1077
500 171 1.4-1077
1000 331 2.4-1077
2000 651 1.2-1077
4000 1288 3.7-1077

Table 2: Quadrature performance for varying band limits.
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Node

Weight

—0.99041609489889
—0.95238829377394
—0.89243677566550
—0.81807124037876
—0.73438712699465
—0.64454148960251
—0.55050369342444
—0.45355265507507
—0.35456254990620
—0.25416536256280
—0.15284664158549
—0.05100535080412
0.05100535080412
0.15284664158549
0.25416536256280
0.35456254990620
0.45355265507507
0.55050369342444
0.64454148960251
0.73438712699465
0.81807124037876
0.89243677566550
0.95238829377394
0.99041609489889

2.42209284787E—02
5.04152570050E—-02
6.82109308489E—02
7.96841731718E—02
8.71710040243E—02
9.22000859355E—02
9.56668891250E—-02
9.80920675810E—-02
9.97843340729E—-02
1.00930070892E—01
1.01641529848E—01
1.01982696564E—01
1.01982696564E—01
1.01641529848E—01
1.00930070892E—01
9.97843340729E—02
9.80920675810E—-02
9.56668891250E—-02
9.22000859355E—-02
8.71710040243E—02
7.96841731718E—02
6.82109308489E—02
5.04152570050E—-02
2.42209284787TE—-02

28

Table 3: Quadrature nodes for exponentials with maximum bandlimit ¢ = 50. The
maximum error is ~ 1.1 -1077.
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V A new algorithm for Carathéodory representation

V.1 Algorithm 2

We now describe an algorithm for computing quadratures via a Carathéodory-type ap-
proach based on Theorem IV.1. It is easy to see that, although there are similarities
with Pisarenko’s method, the algorithms are substantially different. We plan to address
implications for signal processing in a separate paper.

1) Given ti, the trigonometric moments of a measure, we construct the (N+1) x (N+1)
Toeplitz matrix Ty with elements (T'y)x; = t;—;. This matrix is positive definite
and has a large number of small eigenvalues.

2) For a given accuracy €, we compute the inverse of the Toeplitz matrix Ty — eI. For
a selfadjoint Toeplitz matrix, it is sufficient to solve (T'y — el)xg = eg, where
eo = (1,0,...,0).. After xg is found, we use the Gohberg-Semencul representation
of the inverse of the Toeplitz matrix [6] (see also [5] for a modern perspective) in
order to apply it to a vector. If € is too close to an eigenvalue of Ty, it might be
necessary to slighty modify the value of € and repeat this step.

This step requires O(N?) operations if we use the Levinson algorithm. However,
we know how to build a stable O(N (log N)?) algorithm for this purpose which we
will present elsewhere.

3) Using the power method for (T — eI)~!, we find an eigenvalue A@ close to ¢ and
the corresponding eigenvector q. This step requires O(N log N) operations due to
the Gohberg-Semencul representation of the inverse.

4) Next, compute all zeros on the unit circle of the eigenpolynomial corresponding to
the eigenvector q.

This requires O(N log N) operations since we use the unequally spaced fast Fourier
transform ([4], [1]) to evaluate the trigonometric polynomial on the unit circle. We

pick out the zeros within the support of the measure and denote their number by
M.

5) Using the algorithm described below, we find the weights p by solving the Vander-
monde system for all nodes (including those outside the support). This algorithm
takes O(N log N) operations.

V.2 Solving Vandermonde systems using polynomial evaluation

To obtain the weights in step 5) of Algorithm V.1, we need to solve a M x M Vandermonde
system with nodes on the unit circle. In this section we discuss an algorithm to obtain
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the solution by evaluating certain polynomials on the Vandermonde matrix nodes. The

algorithm can be derived from more general results [8, 15, 20]. Here we give a simpler

presentation adapted to our particular application. Note that general algorithms to solve

Vandermonde systems are unstable, unless there is a particular arrangement of the nodes.
Let {y1,...,7m} be distinct complex numbers and define

1 1
vV - M Y c CM*M_
ry{w_l e r}/%_l

Since the nodes {7, } are distinct, det V' # 0 and thus given b = (bg, - -+, byr—1)", there is
a unique p = (p1,- -, par)" such that

Vp=b. (5.1)
If we define
M
Q(z) = H ) ZQkZ (5.2)
k=1

then, for any polynomial P of degree at most M — 1,

Thus, for |z| < min|v,|™*

MIPZ M

Now choose P to be the unique polynomial with P(v,) = p, Q' () for 1 < r < M, and

— kk:_+oo - P(yr) & Sk
SEv R (Sam)t o

M-1
let B(z Z br2". Substituting in (5.3),
k=0

ZM—IP(Z—l) -1 M
W = ZP(T)V,IT 2* +  higher powers = B(z2) + ZM(. ).
z z —
k=0 r=1 b
k

If we denote

lf’(z) = M1P(z7Y) and
Qz) = 2MQ(:7),
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then
P(z) = Q(2)B(2) + 2MQ()(- - ) (5.4)

and thus the coefficients of P correspond to the first M coefficients of Q(z)B(z).
As a result, we have the following algorithm:

V.3 Algorithm to solve Vandermonde systems
1) Given {7} compute g = (qo, ", qum)-

2) Given b and q compute

for0<s< M -—1.

3) Compute p as

for1 <r <M.

This algorithm is equivalent to the following factorization of the inverse of the
Vandermonde matrix in terms of a diagonal matrix, its transpose V¥, and a triangular
Hankel matrix,

. Qi q2 - qum
Q) 0 @2 -+ qu 0
v i= vt o (5.5)
1
0 T 0
v 0 0 |

This description is a particular case of the inversion formulae for Lowner-Vandermonde
[20] or close to Vandermonde matrices [8, Corollary 2.1 p. 157]. We can state those
results as (see [20, p. 548])

—Yo —yz -+ 1
1 0 —Ys - 1 0
V—l — Vt .
0 T e 0
1 0 0|
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where the vectors © = (x1,---,2)" and y = (y1,- -+, yum)" are solutions of

Va=(0,---,1)' and V'y=[MM,

Since v, are the roots of Q(z) we can take y = —(qo,- -, qm—1)" and if B(z) = 2™ in

(5.4), then P(z) = 1 and & = (5=, *» gy

Remark V.1 For Algorithm V.1, we first obtained the eigenvector g corresponding to an
eigenvalue close to €. Thus, Step 1. of the Vandermonde algorithm is already accomplished
and Step 2. can be performed using the FFT. Furthermore, the nodes 7, belong to the
unit circle and via the unequally spaced fast Fourier transform we have a fast algorithm
to obtain the weights.

Remark V.2 As an example, we use this approach to derive the solution of the Vander-
monde system with nodes at , = em%, 1 <7 < M. In this case, Q(z) =1 — 2" and
P(z) =2M71P(271) = Q(2)B(2) +2M(-- ) = —=B(2) +2M(- - -). We conclude P = —B(z)

and thus
P(/W) _ _77{‘4_1B(W)

T Q) T M
1 M-1

- bke—i27rrk/M.
MkzO

As expected, we obtained the inverse of the discrete Fourier transform matrix.
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V1 Approximation of bandlimited functions

Let us consider the problem stated in (1.3)—(1.5), that is, given

1
u(z) :/ w(r) e T dr, (6.1)
—1
construct the function @(x) in (1.4) such that (1.5) holds. We show in this section that
the approximation obtained with exponential sums holds in any subinterval of (—1,1).
In fact, in Theorem VI.1, we prove the existence of such an approximation even though
our proof does not provide a practical method to obtain the nodes and weights in the
exponential sum. In practice we obtain them using Algorithm V.1.

We assume that we have access to values of u(x) for x uniformly sampled. We
select the sampling rate to be at least twice the Nyquist sampling rate for u(z). We have
observed that this is the minimal rate for which our method works properly.

In fact, let us discretize u(x) at nodes ), = &, for [k| < N and pick N such that
N > 2—; The value of N determines our sampling rate. The resulting values are

up = u(xy) = /_ w(T)ei”%dT. (6.2)

1

Defining v = -5, then v < 1/2 and by changing variables t = v,

uk:/ o)™ dt for |k|< N (6.3)

—v

are the trigonometric moments of a new weight o(t) = Ltw(L) supported in (—v,v) C

(=53]

Now, assume we can approximate f_ll o(t) et dt by Z;vzl w;el ™% for |y| < N.
Then, since

1 ) v )
u(z) = / w(r)e T dr = / o(t)e ™t N dt
-1 —v

we can appproximate u(z) for |z| < 1.

Indeed, we now show that for any d, 0 < d < 1, we can approximate u(zx) for
lz| < d.

Theorem VI.1 Let o be a weight supported in [—v,v], 0 < v < % and let € and d be

positive numbers with d < 1. Then, for N sufficiently large, there exist real constants
{wy,---,wn} and {61, ---,0n}, with w; >0 and |0;| < v such that

1 N
‘/ o(t) el dt — E w; e ™Y < e for |yl <dN+1. (6.4)
-1

j=1
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For the proof, we will use the fact that exponential functions can be well approx-
imated by splines interpolating them at integer values.

For fixed t € [—m, 7| and positive integer m, consider the exponential Euler spline
of order 2m — 1,

Som_1(z,e" Ze‘tkLgm 1(z — k), (6.5)
ke

where L, (z) is the fundamental cardinal spline of order n, L, (r) = 0,9, for all r € Z.

We will use the following properties (see [21, pages 29, 30, and 35]) valid for all
r,t € R,

}S2m_1(x,eit)‘ S ]_, (66)
}emx — Som-1(z, ei”)‘ < 3|t\2m, (6.7)
and | Lom—1(2)| < dp, eomlel (6.8)

for positive constants d,, and a,.

Proof of Theorem VI.1 Let
1
u(y) = / o(t) el ™V dt

and for each m define the spline of order 2m — 1 interpolating u(y) at the integers,

a(y) = > u(k)Lom—1(y — k)

k

1
- / o (1) Sy (3, &™) di.

1

By (6.7),

v

lu(y) — aly)] < 3 / o(8) |t dt < 3027 o |,

v

where |||, = f_ll o(t) dt. We choose m such that 3v°™||o|; < <
On the other hand, for each N, Theorem III.7 allow us to represent the moments
u(k), |kl < N,

u(k):/_ el TR dt = Zwel“’ P wo (1), (6.9)

where
Aol

§2+(2+\/§)N+(2—\/§)N'

(6.10)
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Let
N
j=1
then u(k) = a(k) +wo (—1)* for |k| < N, and defining
a(y) = Y _a(k)Lom—1(y — k)
!

N
= ij52m—1(yuem0j)7
j=1

(6.7) gives the estimate

€

N
[aly) = a(y)l <3 w6, < 307" (u(0) — wo) < 3oy < 1

j=1
We have shown that u(y) is close to a(y) and @(y) to a(y). To finish the proof, we need
to show that |a(y) — a(y)| < §, for |[y| < dN + 1. Now,

aly) —aly) = Z wo (—1)*Lom—1(y — k) + Z (u(k) = a(k))Lopm-1(y — k)

|k|<N |k|>N

= woSam-1(y,€7) + Y (w(k) — (k) —wo (1)) Lom 1 (y — k)
|k|>N

and
lu(k) — a(k) —wo (—1)F] < \u(k:)|+|ft(k:)|+woSij+ij+wo

< 2u(0) = 2||ol)1,
where we used (6.9).
Using (6.6) and (6.8),
la(y) — a(y)| < wo+ 2ol dy Y e omlvHL
|k|>N

Hence, for large N, we can estimate wy using (6.10) and for the last sum, when |y| <
AN +1,

Z e—omly=kl  _ Z (e—am(k—y)+e—am(k+y))
|k|>N k=N-+1

ey e Y (V)
1 —eam
2 e—am(l—d)N D
1—em '

IN
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Remark VI.1 In the proof of Theorem VI.1 we used Theorem III.7 to represent the
moments (6.3) as

y N
/ o(t)e ™k dt = ijei’rejk + wo(—1)F,

—v =1

where wq decreases exponentially with N. The approximation in (6.4) is obtained using
these w; and 6;. Nevertheless, in practice, we use instead the weights and nodes from the
quadratures in (4.12). We also note that, as the proof of the theorem indicates, for (1.5)
to hold on most of the interval (—1, 1), we should appropriately oversample the function
win (1.3).
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VII Approximation of integrals by linear combina-
tions of exponentials

In this section we show that by solving the problem (1.3)—(1.5) for x € [—1, 1], we also find
quadratures for functions that can be considered as a linear combination of exponentials
with bandlimit ¢. We provide two examples with Bessel functions and with PSWF.

Proposition VIL.1 For x € [—1,1] let us consider

o(z) = /0 w(r) Jon(c 37 dr, (7.1)

where w > 0 is a weight, Ja, is the Bessel function of order 2n, n > 0 and c is a positive
real constant. Then we have

€, (7.2)
where

o(x) = Zwkjgn(cxek), (7.3)

k=1

and the nodes 0y and the weights wy are as in (1.4) but for the weight w defined as
w(T) =w(T)/2 for 0 <7 <1 and w(1) =w(-7)/2, =1 <7 <0.

Since J,, is an even function, we have

o(z) = /_ W) Jon(c 27) dr- (7.4)

1

Using
(D" [P Toy)
Jon(£) = eV dy, 7.5
2 (5) T . ﬂ Yy ( )
we obtain
(D [ Tly) / e NS en
v(r) —o(z) = w(T)e' Y dr — E wre' Y | dy. 7.6
( ) ( ) & -1 ﬂ -1 ( ) k=1 ’ ( )

Since |y| < 1, we have (by selecting nodes and weights as in (1.4))

1 M
/ W0 (T)elcxdeT o 2 wkelcmyék
-1

k=1

<e (7.7)
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for z € [—1,1]. Thus, we obtain

YT (y)]
—1 1/ 1 — y2
A similar result holds for the PSWF which are defined as the eigenfunctions of

the operator

it n#£0

y € e [T 2¢
o) — o(a)| < © dy = ;/0 | cos(2na)|dz = { A (2

Fu(6)(x) = / oot (1), (7.9)

1

where ¢ is a positive real constant (bandlimit) and F, : L? [~1,1] — L?[—1,1]. These
bandlimited functions satisfy

1
Mt () = / ¢t g (1)t (7.10)
-1
where the eigenvalues \;, 7 = 0,1,..., are all non-zero and simple, and are arranged so
that ‘)\j—1| > ‘)‘j|> 7=12 ...
Proposition VII.2 For all non-negative integers j, let us consider integrals
1
v = / w(7);(7) dr, (7.11)
-1

where w > 0 is a weight and 1, s the PSWF corresponding to the band limit ¢ > 0.

Then
V2

Vi — /ﬁ S E, 712
‘ J ]| |)\]| ( )
where
M
;=Y wit(0), (7.13)
k=1

and the nodes 0y and the weights wy are the same as in (1.4).

For large ¢, the spectrum of F, can be divided into three groups. The first group
contains approximately 2c¢/m eigenvalues with absolute value very close to one. They
are followed by order log ¢ eigenvalues whose absolute values make an exponentially fast
transition from 1 to 0. The third group consists of exponentially decaying eigenvalues
that are very close to zero. For precise statements see [23], [24], [13] and [28].

Therefore, it follows from (7.12) that, for the first ~ 2¢/7 eigenfunctions, the
integrals in (7.11) are well approximated by the quadratures in (7.13). To prove (7.12),
use (7.10), to write

1 1 1 _ M .
b=ty = o / ( / w(r)etdr =3 wkew"kt> ()t (7.14)
J k=1

-1 -1
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Since || < 1, we have

1 M
'/ w(T)e T dr — Z wpe' | <, (7.15)
-1 k=1

and [[¢]l2 = 1 implies [ [¢;(t)|dt <v2. O

Remark VII.1 If the weight function w is chosen as in (8.40), then the eigenpolynomials
are the discrete PSWF [22] (see Example 1 in Section IV.3). In this case, the nodes {6y}
are zeros of a discrete PSWF corresponding to a small eigenvalue. Therefore, these nodes
are Gaussian nodes for PSWF (appropriately scaled to the interval [—1,1]) as stated in
Proposition VII.2.
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VIII Interpolating Bases for Bandlimited Functions

In this section we construct bases for bandlimited functions with bandlimit ¢ > 0 using
exponentials {el“®}M where {t;} are some quadrature nodes with |¢;| < 1. In particular,
we derive interpolating bases as linear combinations of such exponentials.

We start by constructing, for some ¢ > 0 and bandlimit 2¢ > 0, the nodes |t;| < 1
and the weights w; > 0,1l =1,..., M, where M = M(c, ¢), such that for all z € [—1, 1],

1 M
/ e2lcxt dt — E wl621cxtl
-1

=1

< é, (8.1)

where, for each [ there exists I’ such that t; = —¢; and wy = w;.
Since [, €%t dt = sin(2cx)/cx, we have from (8.1)

M
E wle

=1

[\

smcx—t

oD <<, (8.2)

N =

where |z], [t] < 1.

In considering bandlimited functions we will use the PSWF (see [23], [14], and
a more recent paper [28]). The PSWEF are real eigenfunctions of the operator F, in
(7.9) with eigenvalues \;, j = 0,1,..., such that [Ao| > [A\;] > ... > 0. They are also
eigenfunctions of the operator Q. = 5~ F; F., namely,

o[ i = ), (83

T (x —t)

with eigenvalues

c
= — N2 j=0,1,.... 8.4
IU’] 27T|]|7 .] ) ( )
We prove

Theorem VIII.1 For x in [—1,1] and for any |b] < ¢ and € > 0 there exist coefficients
{ag}M | and constants Ay, Ay such that

M
' el — Z el < Aje, (8.5)
1=1 o
and
M
— Z OqeiCtlz S A2 €, (86)
=1 2

where the nodes |t;| < 1,1 =1,..., M are the same as in (8.1) and do not depend on b.
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In other words, for a given precision ¢, the functions {e“*}M  form an approximate basis
for bandlimited functions.
The proof of this theorem uses the fact that the PSWF are uniformly bounded

where C', does not depend on j. Through direct numerical examination it is not difficult
to verify that C, is a fairly small constant that weakly depends on the bandlimit c.
However, we are not aware of a proof that provides a tight bound in (8.7). A proof that
Cw exists can be constructed using the fact that for j > ¢, the functions ¢, approach
the Legendre polynomials. In order to obtain appropriate estimates, one can use the
recurrence relations derived in [28].

Proof of Theorem VIIL.1  Let us start by expanding € into the basis {1;}52,
corresponding to the bandlimit ¢. We have

o = U= N "N (b )by (w), (8:8)
j=0
where |b/c| <1, and by (8.7)
M-1 e 00
At (bfe)u ()| < Y Nl (0/e) [i(2)] < Coo Y Nl 15(@)] (8.9)
j=0 j=M =M

Thus we obtain

M- 0o
Z Ajbi(b/e)vs(a)]| < C3 Z A, (8.10)
j=0 j=M

o0

and, using (8.8) and the orthonormality of ¢); on [—1, 1],

M-1 00 o)
=Y N /@) = [ ) INPI /) < Cay | Y IV (8.11)
j=0 9 j=M j=M
From (7.10), we have
1
/ e (D)t = Agihs (1), (8.12)
1

and, using (8.2)-(8.3) and the relationship between p; and \; in (8.4), we obtain

M
Sweer ) - | <@ [ wola<vie. s
=1
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Thus, we arrive at

<2 (8.14)

M
D wiet Ty () — Ay (x)
=1

N Al
and y
2
. €
szemwo - Ats(@)] <275 (8.15)
— 9 J
Combining (8.10) and (8. 14) we have
M M-1 o0 M1
T Y wetibfe) ()| < ORI+ V20x w810
=1 j=0 j=M =0 J

o0

Similarly, combining (8.11) and (8.15), we obtain

M M-1 .
=) > wie i (b/e)(t)|| < Cuo (8.17)
=1 j=0 9
By setting
M-1
ap = w, Z V;(b/e) i), (8.18)
j=0

and observing that |Ay| ~ € and that |A\;| < [Ay| for j > M | we obtain (8.5) and (8.6).
O

We now construct two useful bases as linear combinations of the functions {e'**}, .
First, let us consider the following algebraic eigenvalue problem:

M
D wE () = n; (), (8.19)

=1

where t; and w; are the same as in (8.1). By solving (8.19), we find n; and ¥,(#;). We

then consider functions ¥;, 5 =1,..., M, defined for any x as
LM
Ui(z) = — Y wenW(t). (8.20)
I =1

The functions ¥; in (8.20) are linear combinations of the exponentials {e!¢*%}7 . We
will show that the functions W; are nearly orthonormal and we will use them as an
approximate basis for weighted bandlimited functions with bandlimit c.
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Remark VIII.1 The functions ¥; mimic the PSWF. However, one has to be careful
relating 1; and ¥;. Since a large number of eigenvalues \; satisfy both |);| is close to
V2m/c and n; — A; = O(€?), then, in solving (8.19), we also obtain a large number of
eigenvalues 7; with absolute value close to \/2m/c. Therefore, in spite of the fact that
all \; are distinct, we may obtain a group of eigenvalues that are identical within the
precision of the computation. In this case the functions ¥, correspond to linear combi-
nations of the PSWF. In other words, we need to impose additional conditions in (8.19)
to maintain a proper correspondence with the PSWF. However, in many applications
there is no apparent need to make such an identification since in all cases the resulting
functions span the same subspace.

Proposition VIIL.1 The functions ¥;, j =1,..., M, are nearly orthogonal and satisfy

1 2 \\M
‘/ () Wy ()t — b5 | < 2=t W (8.21)
-1

;] [mj|

Proof We start by defining ¢/ = \/w;¥,(t;). We substitute in (8.19) to obtain

M
D NV S g = 1, ), (8:22)
=1

The vectors {g’} are eigenvectors of the matrix S, S,,; = \/w,emh Vw. If we take into
account the symmetry of nodes ¢; and weights w; in (8.1), we obtain that the matrix S
is normal, SS* = S*S, and, in addition, S = S*. In Proposition VIII.2 we show that for
such matrices there exists an orthonormal basis of real eigenvectors. Thus, computed via
(8.22), we assume ¢] to be a real orthogonal matrix and then

M:

V(1) By (t) VT = i (8.23)

and

M
Z ‘I’] tl wl tl) = (5]] (824)
=1

We have

1 1
/ W,(t) W (t) Zwlwl/ Wi (t) / eletltitty) gy (8.25)

1 /’7]77] ll'l 1
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and, from (8.1), we obtain

1« - ; SV w
/ dt - Z w; wy \I]] (tl) \Ilj/(tl/) Z kaICtk(tl+tl’) S k=1 Yk .
MM = 1 ;i nj]

(8.26)
For the last inequality we also used Schwarz inequality and (8.24) to estimate

szwz/ Uy(tr)| < Zwl\‘l’j(tz)|zwl\‘1’j/(tl)\
L'=1 lM
S (Zwl\\lf] tl S Zwl Zwl\‘lf tl Zwl
=1

To finish, using (8.19) and (8.24) we simplify (8.26) and arrive at (8.21). O

We still need to prove

Proposition VIIL.2 Let S be a normal matriz such that S = S*. Then there exist an
orthonormal basis of real eigenvectors of S.

Proof First, since S is normal, eigenspaces corresponding to different eigenvalues are
orthogonal. Thus, it is sufficient to prove the proposition for any eigenspace E(\) =
{z : Sz = Ax}. Also, normality of S implies that for any & € E()\) we have & € E()\).
Indeed, from S*x = Az and S = S* it follows that S& = A\&. Consequently, if {vg}7",
is a basis of F(\), then E(\) can be spanned by the real and imaginary parts of vy,

A = {Re(vg), Im(vg) Ly,

where for any vector « = (z1,...,2ym), Re(x) = (Re(zy),...,Re(z,)), and similarly for
Im(x). By Gram-Schmidt orthonormalization of the 2m (linearly dependent) vectors A,
we obtain the desired result. See another proof in [9, Theorem 4.4.7] O

Let us now construct interpolating bases as linear combinations of the exponentials
{el<wti}n . We define functions Ry, k=1,..., M as

M

Z elewtt, (8.27)

where

M M
1
Tkl — Z Wi, \Ifj(tk) 77—] \Ifj(tl) w; = Z £/ W qk - ql A/ W, (828)
j=1 7j=1
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By direct evaluation in (8.19) and (8.23), we verify that functions Ry are interpolating,
Ri(tm) = Okm. (8.29)

Let us show that the integration of Ry (t)e'®!, where |a| < ¢, yields a one point quadrature
rule of accuracy O(e).

Proposition VIIL.3 For |a| < ¢ let
1 . .
Ak = / Rk(t)elat dt — Wi elatk. (830)
1

Then we have
1A < |A]lp < VA7 BETE=L [wil o (8.31)

ming_y ..o M|
where ||Alls = Zkle | Akl

Proof For functions €%, where |a| < ¢, we have

M

1 M M
/ Rk(t)eiat dt — Z Tal Z wmeictm(tz+a/0) — Z TrISI, (832)
-1 1=1 =1

=1

where
1 M

s = / eict(tl—l—a/c) dt — Z wmeictm(tl—i-a/c). (833)

1 m=1

We obtain using (8.27) and (8.29),

M M M
Zrkl Z wmelctm(tz—i-a/c) _ Z w,, Rk(tm)elatm = wy, elatk, (834)
=1 =1 m=1

and, therefore, Ay in (8.30) can be written as a matrix-vector multiplication, A, =
S M s, The inequality (8.31) is then obtained via the usual [*-norm estimates, taking
into account that the matrices ¢, and ¢/ in (8.28) are orthogonal. O
We have observed (via computation) that maxy_; ... pr |wi| = O(1) and ming_y ... ps 7| =
O(e™') in (8.31), thus resulting in ||A||s = O(€). Next we derive a weak estimate showing
that the functions Ry are close to be an interpolating basis for bandlimited exponentials.

Proposition VIIL.4 For every b, |b| < ¢ let us consider the function

M
Qu(t) = " =) " Ry(t). (8.35)
k=1
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Then, for every |a| < ¢, we have

‘/ elat dt' (14 g St [0l o (8.36)

ming_y .. as |7k

Proof Using (8.30), we have

1
/ Qb@) eldt gt — / 1(b+a Zw el(b+a Zelbtk A, . (837)
-1

where

1
Ak = / Rk (t)emt dt — Wi eiatk . (838)

1

Applying (8.1), we obtain

’/ mtdt’ < e+ VM| Al (8.39)

The estimate (8.36) then follows from Proposition VIIL.3. O

Remark VIII.2 Using the functions Ry, k = 1,..., M, on a hierarchy of intervals, it
is possible to construct a multiresolution basis (for a finite number of scales) similar to
multiwavelet bases. We will consider such construction and its applications elsewhere.

VIII.1 Examples

For the weight

[ 1 tel-a,a], a<;
wit) = { 0 otherwise. (8.40)

we construct a 30-node quadrature formula so that (8.1) is satisfied with ¢ ~ 10715, We
display the error in Figure 9. For bandlimit ¢ = 7.57, we construct an interpolating
basis {R;}32, and display one of the functions in Figure 10. We then demonstrate the
performance of the interpolation using this basis for three examples,

g1(t) = cos(ct), (8.41)
92(t) = ¢, (8.42)
g3(t) = Po(t), (8.43)
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where Py is the Legendre polynomial of degree 9. These three functions are not periodic
and we use

Gi(t) =) cos(ct) Ri(t), (8.44)
G2(t) =Y GiR(t), and (8.45)

g3(t) =Y Po(t))Ri(t) (8.46)

as approximations. We display the function ¢g; in Figure 11 and the error of approximation
by ¢ in Figure 12. Similarly, we display the function g, in Figure 13 and the error
of approximation by g, in Figure 14, the function g3 in Figure 15 and the error of
approximation by gz in Figure 16.
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Figure 9: Error in (8.1) for Example 1.
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Figure 10: Interpolating function R;(t) on the interval [—1, 1].
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i

Figure 11: Function g;(¢) on the interval [—1, 1].
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g1(t) on the interval [—1,1].
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0.5

0.5/

Ll

Figure 13: Function go(t) on the interval [—1, 1].
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Figure 14: Difference go(t) — go(t) on the interval [—1,1].
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Figure 15: Function gs(t) on the interval [—1, 1].

1.5-10

I\/ VARSI > 0.5~ YV \/ V.L

-5.1077 |

-1-10

-1.5.10°8 ¢

Figure 16: Difference g5(t) — gs5(¢) on the interval [—1, 1].
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IX Conclusions

In this paper we have introduced a new family of Gaussian-type quadratures for weighted
integrals of exponentials. These quadratures are parameterized by the eigenvalues of
the positive definite Toeplitz matrix constructed from the trigonometric moments of
the weight. The eigenvalues of this matrix accumulate towards zero and appear to have
exponential decay (see Figure 1). For small eigenvalues, these quadratures are of practical
interest.

The remarkable feature of these quadratures is that they have nodes outside the
support of the measure and, as it turns out, the corresponding weights are negative and
small, roughly of the size of the eigenvalue. The case corresponding to the smallest
eigenvalue is equivalent to the classical Carathéodory representation.

As an application of the new quadratures, we show how to approximate and inte-
grate several (essentially) bandlimited functions. We also have constructed using quadra-
ture nodes and for a given precision, an interpolating basis for bandlimited functions on
an interval.

In the paper we made a number of observations for which we do not have proofs.
Let us finish by stating two unresolved issues. First, it is desirable to have tight uniform
estimates for the L., —norm of the PSWF (with a fixed bandlimiting constant) or, ideally,
for the eigenfunctions associated with more general weights. Second, we conjecture that
in Theorem IV.1, it is not necessary to require distinct roots for the eigenpolynomial
since it might be a consequence of the eigenvalue being simple. We neither have a proof
nor a counterexample at this time.
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A Appendix

To prove Theorem I1.2, we use a technique that goes back to [2] (see [27, Theorem 7.3]
and [18, Chapter 5] for more details) which involves the Fejér kernel,

sin®((L 4 1)%2)

Fi(z) = Z(l ﬂ)eiwkw B (L+1)sin* 2%’

k<L L+1

(1.1)

for real x.
We need the following result,

Theorem A.1 ([18], Theorem 8, Chapter 5) For |k| < N let

M

k

cp = E PiZi s
j=1

where p; > 0 and |z;| = 1. Then, for all L, 0 < L < N,

L
(L+1)pls < +2) lel”
k=1
K

Proof Leta,=1-— I+1 be the coefficients of the Fejér kernel Fj, and write z; = el

Since p; > 0 and F1,(#) > 0 for all 6,

> alal = 3 a2

|k|<L |k|<L Jil
M
= ijplFL(Qj —0;) > F(0) ZP?
gl j=1
M
= (L+1)> gl
j=1
The theorem follows because ag = 1 and a;, < 1. O

Proof of Theorem II.2  We first use (2.1) to extend the definition of ¢ as ¢_, =
for k=1,---,N and ¢y = Z]]Vil pj. We then define the Toeplitz matrix Ty, (T'n)k; =
(¢j—k)o<p j<n and the polynomial

Q@) == =Y at

J=

[y
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Then, q = (g0, -+, qn, 0, -+, 0)" belongs to the null subspace of Ty because for all

M M M
Z ijem@j(k—l)qk _ ije—MGle(emé'j) _ 07
j=1

k=0 j=1

since, for all j, Q(e'™) = 0.
The matrix A = T'n — ¢oI has the eigenvalue —cq because T is singular. We
can bound ¢Z by the Frobenius norm of A to obtain

N
b <2 jlensi—i)* < 2N]lell3.

j=1

To finish the proof, we use Theorem A.1 with L =N. O
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