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1 Introduction

In recent years, considerable research has been devoted to the study of fiber-optic
communication systems employing dispersion management for both soliton and
non-soliton transmission. In a dispersion-managed system, the fiber is made up
of alternating sections of positive and negative group-velocity dispersion (GVD)
in such a manner as to create a transmission line with high local and low average
dispersion.

In soliton transmission, dispersion management was first introduced to over-
come the Gordon-Haus jitter, i.e., timing jitter of solitons arising from their
interaction with amplifier noise [1], without degrading the signal-to-noise ratio
(SNR) [2]. The motivation was to reduce the Gordon-Haus effect by compen-
sating for dispersion accumulation periodically, since Gordon-Haus jitter is pro-
portional to the accumulated dispersion. Later it was shown numerically that
there exists a nonlinear localized solution in a dispersion-managed system, now
referred to as a dispersion-managed (DM) soliton, which propagates with peri-
odically changing its shape [3]. The DM soliton is found to have enhanced energy
compared to the energy of the soliton in a fiber with constant dispersion equal
to the average dispersion. This allows one to reduce the Gordon-Haus effect by
lowering the average dispersion without sacrificing the degradation of SNR.

In non-soliton transmission, dispersion management is found to manage fiber
nonlinearity and suppress certain nonlinear effects such as self-phase modula-
tion [4,5] and inter-channel crosstalk in wavelength division multiplexed (WDM)
systems [6-9]. In a strongly dispersion-managed transmission line, because of
high local dispersion, the pulse width expands considerably and thus the peak
power is suppressed locally, which in turn mitigates the nonlinearity. Such a sys-
tem is hence commonly referred to as quasi-linear. In contrast to DM solitons, in
quasi-linear system the effective nonlinearity is mitigated for large map strength,
and the spectral intensity is found to be an invariant of the propagation in the
lossless case [4].

We note the difference between DM soliton transmission where nonlinearity
balances dispersion, as compared to quasi-linear transmission in which nonlin-
earity is managed. Nevertheless, independent of transmission format, the pulse
dynamics in dispersion-managed optical fibers is described by the perturbed
nonlinear Schrédinger (NLS) equation, where the dispersion coefficient is now
varying rapidly as a periodic function of distance. By introducing multiple scales
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and separating fast scale dynamics due to the large and periodic perturbation
from the perturbed NLS equation, one obtains an averaged evolution equation
which governs the pulse dynamics over a slow scale characterized by the nonlin-
ear length [10]. The obtained model, referred to as the dispersion-managed NLS
(DMNLS) equation, elucidates the role of nonlinearity in dispersion-managed
transmission independent of transmission format, and thus provides a unified
analytical description of DM soliton and quasi-linear transmission.

Dispersion management considerably modifies the dynamics of pulse evolu-
tion because of the periodic variation of GVD. The alternating GVD sign within
one period brings about large pulse width oscillation. This leads to strong overlap
of neighboring bits in a pulse train, resulting in significant nonlinear interactions
[11,12]. Dispersion management also alters the sign of the velocity of the pulse
within each map period, and thus the trajectory of the central pulse position
draws large zigzags. This zigzag motion leads to repeated collisions among pulses
in different wavelength channels in WDM transmission [13,14].

In DM soliton transmission, WDM interactions due to the repeated collisions
is found to be a major transmission penalty [15,16]. They are responsible for
timing jitter and may even result in collapse. On the other hand, in quasi-linear
transmission, because of their strong overlap, residual nonlinearity induces intra-
channel crosstalk between adjacent pulses, which lead to serious transmission
penalties such as timing and amplitude jitter of the main signals (the 1’s) [17—
20] and ghost pulse generation at 0 bits [21].

In this article, we present an analytical framework that describes the propaga-
tion and interaction of quasi-linear optical pulses in strongly dispersion-managed
transmission systems. Preliminary remarks on the normalizations and units of
the perturbed NLS equation are summarized in Section 2. We introduce mul-
tiple scale analysis and derive the DMNLS equation from the perturbed NLS
equation in Section 3. In Section 4 we investigate the pulse evolution and elu-
cidate the role of nonlinearity in quasi-linear transmission using the DMNLS
equation. In Section 5, we develop an analytical model to study intra-channel
pulse interactions in quasi-linear transmission based on the DMNLS equation.

2 Perturbed nonlinear Schrodinger equation

Propagation of optical pulses in dispersion-managed fibers in the presence of loss
and amplification is described by the perturbed NLS equation
Ou  D(z) 0%u

au ou 2, _
ist 4 2 g ulPu =0, 1)

where all the quantities are expressed in dimensionless units: ¢ = tyet/ts, 2 =
21ab/ 2+, w = E/\/gPi, D = k" /k!' with the characteristic parameters denoted by
the subscript *, where t,t and zj,1, are the retarded time and the propagation
distance, respectively, and E denotes the slowly varying envelope of the optical
field. The normalizing variables are determined so that z, = 2y, = 1/v P, and
k! = —t2 /2n1 where v is the nonlinear coefficient. The functions D(z) and g(z)
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describe the local GVD of the fiber and the variation of power due to loss and
amplification, respectively, which are both periodic in z with period z,. The
nonlinear coefficient g(z) for lumped amplification based on EDFA’s is given by

9(2) = geexp[—2I'(z — nz,)], nze <2< (n+1)zq, (2)

where g = 4G/[1 — exp(—4G)] so that (g) = 1 ({-) denotes the path-average
over z,), I' is the dimensionless loss coefficient, and G = I'z,/2. We write the
accumulated dispersion in the form

D(z) = /O " D()de = C(2) + (D), 3)

where (D) is the average dispersion over a period and C(z) is a periodic function
with period z, having zero average (C) = 0.

3 Dispersion managed nonlinear Schrodinger equation

In order to model strong dispersion management, we decompose the GVD D(z)
into two parts: a path-average constant (D) and the rapidly varying function A
corresponding to local GVD:

D(z) = (D) + imz/za), (4)

where z,(< 1) is the map period. Note that A/z, represents a large variation
about the average due to strong dispersion management and thus the propor-
tionality factor 1/z, is required in front of A(z/z,) so that both (D) and A are
quantities of order one. Since the perturbed NLS equation with D(z) given by
(4) contains both slowly and rapidly varying terms, it is convenient to introduce
the fast and slow scales as ( = z/z, and z respectively. We also expand the field
u in powers of z,:

w(C, z,t) = u (¢, 2,8) + zquM (C 2, 8) + - - - (5)

The perturbed NLS equation is now broken into a series of equations correspond-
ing to the different powers of z,. At the leading order in the expansion O(1/z,),
we have © 2. ()
Ju A(C) 0%u
i + ) =0, (6)
¢ 2 ot?

namely the evolution of the pulse is determined solely by the large variations of
D(z) about the average, and nonlinearity and residual dispersion represent only
a small perturbation to the linear solution. Eq. (6) can be solved by the Fourier
transform

WO, z,w) = F {u(o)} = /00 u® (¢, 2, t) exp(—iwt)dt,

— 0o
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and the solution is given by

a0 (¢, ,w) = (2, w) expl—iC(Q)w? /2], / ACHIC,  (7)

where U(z, w) is the integration constant in terms of ¢ and represents the slowly
evolving amplitude of 4(°), whose exact form is determined from the higher order
in the expansion.

At the next order in the expansion O(1), we have (in the frequency domain)

Bu M A o . N oa© (D)
%) 25— p@) ) ;2= - AT 24(0) 0)2,,(0)
8( 5wl Py P - 5 Wl —i—g(z)]:“u [“u },
(8)

which is written in a more convenient form as

a% i exp(iCw?/2)| = =P exp(iCw?/2). ©)

In order to remove secularities, namely to avoid resonant growth of u(*) so that
the expansion of u in powers of z, in (5) is remained to be well ordered, we
require the following condition:

1
/ PW exp(iCw?/2)d¢ = 0. (10)
0

This condition yields the following equation for U:

8U (D) .
82 = 2U—|—/ / rwiw2)U(z,w + w1)U(z,w + wa)
xU*(z,w+w1 + wo)dwidws = 0, (11)
where the kernel L
1 .
(o) = Gz [, 90 expliC(C)C (12

represents the structure of GVD profile.

Let us consider two special cases. First, when there is no loss and amplifi-
cation (g(z) = 1), the kernel r(z) of a piecewise constant dispersion map (see
Fig. 1) is given by r(x) = (1/(27)?) sin sz/sx, where s = [0A; — (1 —0)Ag] /4 is a
measure of dispersion map strength. Secondly, if the dispersion has no periodic
variations (A = 0 and thus s = 0), then r(z) = 1/(27)? and the DMNLS equa-
tion reduces to the standard NLS equation, i.e., Eq. (1) with D(z) = g(z) = 1.

Special stationary solutions of the DMNLS equation are obtained by looking
for solutions of the form U (z,w) = F(w)exp(iA2z/2) which yields the following
nonlinear integral equation for F(w):

(A H(D)w?F(w) = 2/ / r(wiwe) F(w4wr) F(w+twse) F* (w+wi +ws)dw dws.
(13)
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Fig. 1. Schematic diagram of a two-step dispersion map.
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Fig. 2. The shape of the stationary pulses for (D) = 1, A = 1 and various values of s.

A rapidly convergent procedure to solve this numerically is described in [22]. The
obtained solution is the stationary DM soliton pulses. Some typical pulses are
depicted in Fig. 2. We note that (13) contains a parameter A which characterizes
the mode, corresponding to the energy. The main features of the DM solitons
for large s are a Gaussian like center with exponentially decaying and oscillating
tails. For small s, the mode approaches the classical soliton profile.

The fast scale evolution (i.e., with respect to ¢) can be reconstructed by
multiplying exp(—iCw?/2) with the slowly varying Fourier amplitude U/. When
observed in this scale the pulse shape is changing periodically because of the
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local GVD variation, whereas the pulse propagates without changing its shape
on a slow scale which is characterized by nonlinearity and the average disper-
sion. Thus DM soliton is considered to be a stationary pulse where nonlinearity
balances the average dispersion.

4 Quasi-linear pulse propagation

The evolution of pulses in the quasi-linear regime (s > 1) can also be stud-
ied based on the DMNLS equation [4,5]. To analyze the behavior of quasi-linear
pulses, we assume that U (z,w) depends only weakly on s and compute an asymp-
totic expansion of the nonlinear nonlocal term in (11) for s > 1.

4.1 Lossless case

When g(z) =1 (i.e., in a lossless system), we have

00 (D) o ol
ZE—TL«JU—FW“[H}U—O, (14)

N 1 N o N
v |0z )| = 5— [aogs OG- [ HE - w>|U<z,w’>|2dw'} ,
™ — 00
(15)
where v = 0.57722 is Euler’s constant and H(w) = (1/7) [ log |t| exp(—iwt)dt.
Eq. (14) can be solved explicitly as

U(z,w) = U(0,w) exp {—i<D>w22/2 i [|U(o, w)ﬂ z} . (16)

From these results, we note the following important observations in terms of
pulse dynamics in the quasi-linear regime. First, nonlinearity is mitigated by
O(log s/s) and vanishes in the limit s — oo. In other words, the quasi-linear
system is in the regime where nonlinearity is managed. Secondly, nonlinearity is
responsible only for phase shift ¢y, (z,w) = ¥[|U(0,w)|?]z in frequency domain,
and thus the spectral intensity |U (z,w)| is preserved during propagation, as
opposed to the self-phase modulation in standard fibers. Finally we also note that
the quasi-linear pulse can be viewed as degenerate limit of a DM soliton. The DM
soliton satisfies the DMNLS equation with U(z,w) = F(w)exp(iA2z/2), where
F(w) is the solution of (14) and can be approximated by a Gaussian F(w) ~
a(\) exp(—=B(A\)w?/2). A quasi-linear Gaussian pulse has the same structure but
is independent of the “eigenvalue” A. The quasi-linear pulse can thus be looked
at as a limit A — 0 in DM solitons. Importantly, both types of transmission
format can be described with the same analytical framework.

To test our model, we compared the anlaytical results with direct numerical
simulations of Eq. (1) with (D) = 0 and z, = 0.1. The incident pulse is given by
a Gaussian u(0,t) = (1/+/B) exp(—t2/3). With the choice of ¢, = 2.2 ps, v = 2.2
W-lkm~! and P, = 1 mW (i.e. 21, = 450 km and k” = —0.01 ps?/km), 3 =1
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Fig. 3. Shape of the quasi-linear Gaussian pulse after a propagation of z = 20 (solid
curves) and the initial profile (dotted curves) for s = 100, (D) = 0, and G = 0: (a)
frequency domain, (b) time domain. In (a), the dotted curve is indistinguishable from
the solid curve.
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Fig. 4. Nonlinear phase shift ¢nr.(w = 0) of the quasi-linear Gaussian pulse with
B = 0.5, 1. The solid curve is the analytical result (see text), and the circles and
crosses are the numerical results obtained from the direct simulation of Eq. (1) with
G =0 and G = 0.5, respectively.

corresponds to the peak power of 1 mW and FWHM of 3.7 ps (at minimum). The
fiber loss is 0.2 dB/km and the amplifier period is 45 km. For this initial profile,
the nonlinear phase shift at w = 0 is given by én1.(2,0) = (1/s) log(s/f5)z.

In Fig. 3, we plot the shape of the quasi-linear pulse when s = 100 after a
propagation of z = 20 (9000 km), as well as the initial profile with 5 = 1. As
predicted from the model, the spectral intensity is an invariant of the propa-
gation, whreas small pulse broadening induced by the nonlinearity is observed
in the time domain as a result of the acquired nonlinear chirp d¢ni,/Ow in the
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frequency domain (which is similar to the self-phase modulation in the time
domain).

Figure 4 shows a plot of the phase shift ¢n,(z,w = 0) at z = 1 as a function
of s for # = 0.5 and 1. The nonlinear phase shift is indeed decreasing for large
s as O(log s/s), which further confirms the validity of the asymptotic expansion
of Eq. (14) and (15). In this figure, we also plot ¢np,(w = 0) in the presence
of loss (G = 0.5), which also follows similar lines as the lossless case. Detailed
asymptotic analysis in the system with loss and amplification is presented in the
next section.

4.2 Lossy case

When g(z) # 1 (i.e., in the presence of loss and amplification), the kernel r(x)
depends not only on s but also on the relative location of the amplifier within one
dispersion map period, and the asymptotic analysis must be modified accord-
ingly. In all cases, the nonlinearity is again mitigated by O(logs/s). However,
the spectral characteristics of the pulse evolution depends strongly on the am-
plifier locations. We define (, to represent the position of the amplifier within
the dispersion map (—1/2 < ¢ < 1/2). For instance, ¢, = 0 means that the am-
plifer is located at the midpoint of the anomalous GVD segment, and ¢, = 1/4
corresponds to the boundary between normal and anomalous GVD segment (see
also Fig. 1).

When the amplifiers are placed at the locations where the sign of GVD
changes (i.e., {, = £1/4), Eq. (11) is reduced to (14) but with

N 1 N o0 N
v ||0(zw)?| = < |(Lolog s — L1)|U(z,0)]? —LO/ H(W — w)|U(z,0)[2d’
_ (7)
and the constants Ly and L defined as
G
Lo = Py exp(—2G)cschG, (18a)
7T
G
L, = e exp(—G)cschGlexp(G) It + exp(—G)(3y + log G — I2)]
G
o exp(G)Ia, (18b)

I = [ dazexp(—x)/z, and Igy = fOG dx(exp(z) — 1)/x. Neglecting O(1/s%)
terms, the spectral intensity |U(z,w)|2 is still preserved during pulse propaga-
tion, and the solution is (16) with ¥[|TU/|?] in (17). After the linear phase shift
exp(—i(D)w?z/2) is removed by means of pre- or post-transmission compen-
sation, the averaged dynamics of the quasi-linear pulse transmission is charac-
terized only by the nonlinear phase shift ¢ni(z,w) = ¥[|U(0,w)[?]z as in the
lossless limit G — 0 (Lo — 1/27 and L; — v/2m).

When the amplifiers are placed in the middle of the normal or anomalous
GVD segment (¢, = —1/4+1/4, i.e., {, = 0 and —1/2), the spectral intensity
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varies as O(1/s) and spectral compression or broadening is observed respectively.
In this case (30) is written as

LU _ (D)

2 2 ._2 =
iS5 — U+![/[|U| } UFi=2J(zw) =0, (19)

where @[|U?] is now given by

w [|U(z,w)|2] :é [(K01ogs_K1)|U(z,w)|2 ~ Ko /_Z H(W' —w)|U(z,0")2do’ | |

(20)
with the constants Ky, K1, and K5 defined as
Ky = g(exp(—G)cschG +1), (21a)
27
G G
K, = EcschG[exp(G)Icl +exp(—G)(3y +1og G — Ig2)] + %(27 +log G),
(21b)
G
K2 = Za (210)

and

dwid O . .
z w) ][j lewz z,w+w)U(z,w + wo)U* (z,w + w1 +wa). (22)
1W2

In the limit of G — 0, Eq. (19) reduces to Eq. (14) with (15) (K¢ — 1/2m,
K; — v/2m, and Ko — 0). From (19), the evolution of the intensity is described
as
AU K,
=+ 23

) (23)
where f(z,w) = J(z,w)U*(z,w) + J*(z,w)U(z,w). Since s is large, the solution
of (23) can be approximated by

O (zw)? ~ [0(0,w)[2 + 222

f(0,w) (24)

for moderate values of z.

In Fig. 5 we show a comparison of the spectral profile of a quasi-linear Gaus-
sian pulse with 8 = 1 when s = 50, (D) = 0, 2z, = 0.1, and G = 0.5 (namely
I' = 10), after a propagation of z = 20 as well as the initial profile, with (a)
¢ = 0 (when amplifiers are located in the middle of anomalous GVD segments)
and (b) —1/2 (in the middle of normal GVD segments). We see that the non-
linearity yields spectral compression and broadening when ¢, = 0 and —1/2
respectively. Remarkable agreement between the analysis and numerical results
is obtained, which further confirms the validity of our model. Since the spectral
evolution is a consequence of the nonlinearity, spectral reshaping may be ob-
served by increasing the launch power. Note, however, that the nonlinearity is
mitigated for large s, by O(log s/s) and the spectral reshaping effect is O(1/s).
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Fig. 5. The spectrum of the quasi-linear Gaussian pulse for s = 50: (a) (o = 0; (b)
(o = —1/2. The solid curve is the pulse at z = 20 (i.e., z1ab = 9000 km) obtained from
the direct simulation, and the dashed curve shows the analytical result. The dotted

curve is the initial profile.
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Fig. 6. The evolution of the spectral peak amplitude |4 (z,w = 0)]| for several values of
Cq- Solid lines are the results obtained from the direct simulation, and the dashed lines
show the analytical approximation obtained from (24) . Dotted line shows a reasonable
upper limit of the validity of (24).

We also note that when ¢, = 0 or —1/2, since the spectral reshaping is not as-
sociated with phase modulation, the observed spectral compression/broadening
accompanies pulse broadening/compression respectively in the time domain.
This implies the possibility of transform-limited temporal or spectral compres-
sion of laser pulses. The analysis presented here is consistent with the recent



Propagation and Interaction of Quasi-Linear Pulses 11

experimental and numerical observations of spectral compression of RZ pulses
in strongly dispersion-managed lines [23-25].

Fig. 6 shows the evolution of the spectral peak amplitude |@(z,w = 0)| for
s =50, with {, =0, —1/2, —1/4 (when amplifiers are positioned at the bound-
ary between anomalous and normal GVD segments), and 1/4 (at the boundary
between normal and anomalous GVD segments), obtained from direct numerical
simulation and the analytical approximation (24). Since energy is conserved dur-
ing propagation, the increase and decrease of the peak amplitude when (, = 0
and —1/2 demonstrates the spectral compression and broadening respectively.
On the other hand, with {, = —1/4 and 1/4 the spectrum is still conserved,
namely nonlinearity is responsible only for a phase shift. The deviation of the
analytical approximation from the numerics for large z is a consequence of the
growth of the term (K5z/s)f(0,w) in (24). To be valid, (K2z/s) f(0,w)/|U(0,0)|?
should be small. We also plot a reasonable upper limit for the validity of the
asymptotics [namely z < (K2/s)f(0,w) = 15.5 (7000 km)].

5 Intra-channel quasi-linear pulse interactions

We have seen in the previous section that nonlinearity is mitigated by the factor
O(log s/s) in the quasi-linear regime. This suggests the employment of strong
dispersion management with large map strength s.

As s increases, however, different forms of nonlinear interactions take place
and result in the main source of signal deformation. In a strongly dispersion man-
aged system, quasi-linear pulses in neighboring bit slots interact with each other
because of their large overlap which is as a result of large pulse width broad-
ening associated with high local GVD. This overlap induces nonlinear mixing
(crosstalk) between pulses such as their frequency modulation and energy ex-
change, and leads to the fluctuation of the temporal position and amplitude of
the pulses in “1”bits and the generation of “ghost” pulses in “0” bits [19-21].
The timing and amplitude jitter and the ghost pulse growth impose a major
limitation to system performance in the quasi-linear regime with large s.

In order to study nonlinear intra-channel interactions between the main signal
uo and the adjacent pulses u;, um, u, (ug represents the signal pulse centered at
t = kT, where T is the bit interval and £ is the integer representing the location
of the bit slot), we write v = ug + u; + Um + uy, and substitute this into (1) to
find the evolution of ug perturbed by one of the nonlinear terms w; u,uy:

i% D(z) 90%ug

5, T 5 g 9@l ue = —g(2)uiumun. (25)

The perturbation terms on the right hand side of (25) takes two forms, which
are either phase-dependent u;um,u, (I # m, n; m, n # 0) or phase-independent
|ty |*ug (n # 0). Phase-dependent forcing terms u}um,u, (I # m, n; m, n # 0)
yield ghost pulse generation when the bit is zero and amplitude fluctuation of
up when the bit slot is occupied by a signal, as a result of nonlinear interactions
with nonzero bits u;, u,, and u,,. They are commonly referred to as intra-channel
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FWM. Phase-independent terms |u,|>uo (n # 0) bring about a timing shift of
up due to interaction with another nonzero bit u,. It should be noted that
the phase-independent terms do not contribute to the ghost pulse growth or
energy exchange, since they maintain energy. Also, the contribution of the phase-
dependent terms to the frequency and timing shifts is negligible [26]. Note that
the integers I, m and n must satisfy the phase-matching condition [ = m + n
[21,26].

5.1 Perturbed DMNLS equation

In this section, using the multiple scale method, we develop an analytical frame-
work to study nonlinear intra-channel interactions. The key idea behind multiple
scale approach is the same as in Section 3, i.e., to introduce fast and slow scales
and thus eliminate fast pulse dynamics due to large and periodically varying
dispersion. The obtained equation is the DMNLS equation perturbed by inter-
action terms. The leading order multiple scale approximation is found to agree
with the analytical model presented in [19,20]
We start the analysis with the perturbed NLS equation of the form

Oug | D(z) Dug
Yo T2 o

where the second and third term of the right hand side is intra-channel XPM
and FWM term respectively, where j # 0 and [ = m + n (m,n # 0) from the
phase matching condition.

We carry out the same multiple scale expansion as in Section 3. We expand
the field ux (k = 0,1, m,n) in powers of z,

wr(€,z0) = 0 (6,2, 0) + 2 (G t) 4o (27)
to find the leading order solution at O(1/z,):

= —g(2)|uo*uo — 29(2)|u;|*uo — g(2)uj umtin,  (26)

il(C, 2,w) = Up(z,w) exp[—iC(C)w?/2] (28)

(note Uy (z,w) = Up(z,w) exp(—iwkT)). At O(1) in the expansion, we have (in
the frequency domain)

a8 A . .
T Wiy = —PW,

. 9ay (D .
PO = z—gg — %w%g)) +9(2)F [|ugo)|2uéo) + 2|u§-0)|2u80) + ul(o) uﬁ}})uﬂ )
X (29)
The nonsecular condition (10) yields the following equation for Uy:

20 _ D)2y = — (g(c)explice?/2) (F [ Pu] + 7 202l

0z 2
+F {ul(o)*ugg)ug))} ) >

—(fSPM + Ixpm + jFWM), (30)
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where

jspM = / / r(wlwg)ﬁo(z,w—|—w1)U0(z,w—|—w2) Aa‘(z,w—&—wl + ws)

deldWQ, (31&)
Ixpm = 2/ / T(wlwg)Uo(z,w+w1)Uj(z,w+w2) A;-‘(z,w—kwl + wo)
deldWQ, (31b)

TrwMm = / / r(wlwg)Um(z,w+w1)Un(z,w+w2)Ul*(z7w+w1 + ws)
X dw1 dwa, (31c)
If we keep only the term Zgpy in (30), this is reduced to the DMNLS equation
obtained previously in (11).
5.2 Energy transfer

We now apply (30) to study nonlinear intra-channel interactions. Since the en-
ergy of ug is computed by Wy = (1/27) [*_|Uo(z,w)|?dw in the frequency
domain, the energy change is obtained from

AWy 1 = (.. 00, . OUg z/oo .
== Sl 4+ 0 dwo= o= [ (O5Zewn = UoZiwn ) do.
a2 2”/—oo<032+ 0, w o ) 0LFWM 0LFwWM | AW
(32)
By using (12) and (28) and employing the inverse Fourier transform, we find

dW, ' ! >
dzo = (2;)3/0 ng(()/_ dwy dwedw [05(C, 2, w)tm (C, 2, w + w1)

XUn (€, z,w + wa)t] (¢, z,w + w1 + wa) — c.c.]
. 1 e’}
)

= —(27‘_)3 /0 d¢g(¢) /_OO dt1dtadtsdtyduwr dwedw {uf(C, 2z, t1)um(C, 2, t2)

Xun(C, 2, t3)u; (C, 2, ta) exp[—iw(—t1 + ta + t3 — t4)] exp[—iwi (t2 — t4)]
X exp[—iwa(ts — t4)] — c.c.}

1 0o
=i [ dcof) [ a2 6200 2.0 e 5

where we used the identity ffooo dw exp(iwt) = 276 (t), and t = t1. Energy change
AWy (2) = Wy(z) — Wp(0) is computed by integration of (33).

When (D) = 0, 4y, is independent of z, so that the right-hand side of (33) is
constant in terms of z, and thus AW, grows linearly with respect to distance

AWO (2) = Qm,nza

QWWJAd@@/mﬁM@wwxw%@wﬁ@w—mq (34)

— 00
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Fig. 7. Growth of energy change of the signals in a 111 bit pattern in a lossy case
(I' = 10). The solid curves are results of direct numerical simulation of Eq. (1) and

the dashed curves are the results obtained from Eq. (34) with (36). The dotted curve
shows the energy change AW, when G = 0 obtained from direct numerical simulation.

representing the growth rate. Thus we have a resonant growth situation.

So far no particular restrictions on the form of the pulse shape have been
imposed in the analysis. In order to obtain explicit formulae to compute the
energy exchange, in the following we assume that a signal is given by a Gaussian
pulse ,

! (t—KkT)
k(6 t) Q) P [ 2¢(C)

Substituting (35) to (34), we find

2 = 52 \r / [|§ (‘W+n22)|§<?>|22imn0(<)T2>‘“'] d“

(36)
where we used the condition | = m + n. These formulae agree with the results
obtained directly from (26) [20].

Equation (32) provides a more general result when (D) # 0 and the pulse

is pre-chirped by the cumulative dispersion Cp. We compute Wy by rewriting
U(z,w) as

}, €O = BHiCE).  (35)

U(z,w) = U(z,w) exp|—i(Co + (D) 2)w?/2] (37)

and substituting to Zpwr (31¢) and dWy/dz (32). Furthermore, when we take a
limit s — 0, this equation allows one to describe the evolution of energy change
in a highly dispersed system [27,28] i.e., large and constant dispersion fibers.
Figure 7 shows plots of the energy change of the bits ug, w1, and us for
the bit pattern ‘111’ (k = 0, 1, 2; see the inset) and 0 elsewhere, obtained
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from Eq. (34) with (36) calculated numerically and from direct simulation of
(1). The parameters that are used in the calculation are o = Vor, B = 1.0,

=83, ' =10, z, = 0.1, and s = 22 in dimensionless units. With the
choice of t, = 3 ps, v = 2.5 W lkm™!, P,=1 mW, i.e. zx;, = 400 km and
E!(= —t2/2zn1) = —2.25 x 1072 ps?/km, they correspond to the transmission
of the pulses with the path-average peak power 1 mW, the full-width at half-
maximum (FWHM) mrway =5 ps (minimum), and the bit interval tpix =25 ps
(corresponding to the bit rate B =40 Gbit/s), in a dispersion-managed fiber
with the period 40 km, k”=+20 ps?/km, and the loss 0.22 dB/km. We note
that AWy = AWy and AW, = —2AW, from symmetry and the conservation
of total energy. In this case, the only combination of integers satisfying the
phase-matching condition is (I,m,n) = (2,1,1). Good agreement between the
analytical and the numerical results can be seen. It should be noted that over
longer distance, as the energy transfer increases, other effects become important
and the assumptions in the model must be modified. We also note that, in the
limit of G — 0 (i.e., g(z) = 1), we have Qy,, — 0 [20]. This implies that in
a lossless system the energy change is reduced substantially. This suppression
is attributed to the absense of amplification, which introduces periodicity into
the system and in turn brings about strong resonance. In Fig. 7 we also show
the energy change of ug in a lossless case obtained from direct simulation. As
expected, when G — 0 suppression of the energy change is observed even with
the same value of path-average signal power as in the lossy case, which further
confirms the analysis.

5.3 Frequency and timing shifts

The frequency and timing shift of ug is also computed from (30). Noting that
the mean frequency is given by 2y = [~ w|U[*dw/ [*_|Us|*dw, we find the
frequency shift due to the XPM term to be calculated from

> 3U0 3U0 o . o
% B [m (Uo 9% Uo B )dw / W (USIXPM —UOI)*(pM) dw

dz / 0o 2de / o 2de
) ) (38)

Using (12) and (28) and employing the inverse Fourier transform, we have

/ W (Ugj-xpM — UO-,Z-)*(PM) dw

— 00

1 oo
= —(272.[_)2 / d<g(<)/ dw1dw2dwiw [’ELS(C727W)'ELO(C727W +w1)

— 00

><u] (¢, 2,w + w2} (¢, 2, w + wi + wg) — c.c.]

27‘( / Cg / dtldthtgdt4dW1dWdeiw {US (C, zZ, tl)UO(C, z, tz)
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XU (C7 2, tg)’u; (C7 2, t4) exp[—iw(—tl +to + 13 — t4)] exp[—iwl (fz — t4)]
X exp[—iw2(t3 — t4)] — C.C.}

1 0o oo
= 2/0 d(g(()/ dtydty {ug(tl)uo(t4)|uj(t4)|2 /_OO dwiw expliw(t; — t4)]

— 00

—un(tulenlu)? [ deivexpliv(n - )]

1 0 u*
——2tm) [ dco(©) [ are (Guaten) + Guien) ) oo

1
= —2tem) [ dcolc) [ anliely

1 [e7e] (9 12
—2(2r) [ acot) [ artuoP 2 (39)

where we have used the relations [*_ dw exp(iwt) = 276(t), [7o_dt' f(') [ dw
xiwexp[Liw(t' — t)] = F2r [ dt'(df /dt')6(t' — t) = F2r(df /dt), and t = t.
Thus df2y/dz is obtained from (38) as

oo ) 6 )

40 1 [uo (€, 2, ) 57 us (€ 2, )]t

Moe dcg(o/‘ S , (10)
’ / [uo(C, 2, t)|*dt

where we used [*_|Up(z,w)[?dw = [*°_|to(¢, z,w)[?dw = 27 [*_|uo(C, 2, t)|?dt.
Note that, when (D) = 0, 4y, is independent of z, so that the rlght hand side of
(40) is constant in terms of z.

The frequency shift yields the shift of the central temporal position of the
pulse to = [ t|ug|*dt/Wy through GVD:

% = D(2)2(2). (41)

The timing shift Atg(z) = to(z) — to(0) is obtained by integration of (40) with
20(0) = 0 and using (41). Interchanging the order of integration yields

= df)y dfy
Ato / D |:/ T dz"| dz /_‘/0 AT |:/ D :|dz//

:/ df2 (D(Z) _ D(Z”)) dy — 6t((31)(2) _|_5t((32)(z)7 (42)
0

where

5t$) (2) = D(2)2(2), (43)

5t$ (z) = (_ fﬂ?) D(2")d=". (44)
0 Z
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Fig. 8. Growth of timing shifts of the signals centered at t = —2T (At_3), t = =T
(At—1) and ¢ = T (Aty) in a 1101 bit pattern in a lossy case (I" = 10). The solid
curves are results of direct numerical simulation of Eq. (1) and the dashed curves are
the results obtained from Eq. (45). The dotted curve shows the timing shift At_5 when
G = 0 obtained from direct numerical simulation.

Thus the timing shift is composed of two terms: 51581) and 5t82). We note that

when D(z) = 0, the timing shift is given by 51%,(32) alone in (42). In the case of zero
average dispersion, this condition corresponds to C(z) = 0, namely at chirp-free
points.

When (D) = 0, df2y/dz is constant in terms of z and D(z) = C((), from (42)

and (44) the timing shift (5t82) grows linearly with respect to distance

5t82) (2) = Pz,

o | ol 0P gplustc. 0Pt
Pa= -2 [ a0
’ | ttcopa

— 00

(45)

In the following, we assume a signal given by a Gaussian pulse (35). Substituting
(35) to (45), we have

5 onT [1C(Qg(Q) ([ BnT
= ﬁw/o EOP p( 2|§<<>|2>d<'

These formulae agree with the results obtained directly from (26) [19].

Figure 8 shows plots of the timing shift of the bits u_o, u_1, and u; for
the bit pattern ‘1101’ (k = —2, —1, 0, 1), obtained from Eq. (45) with (46)
calculated numerically and from direct simulation of (1). In order to compute

(46)
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the timing shift of uy, k # 0 using (45), we need to shift the bit pattern by
—kT so that the central position of uj is moved to t = 0, and relabel all the bit
slots correspondingly. At_,, for instance, is given by Atg(n = 1) + Atg(n = 3).
Once again good agreement between the analytical and the numerical results
can be seen. It should be noted that, in the limit of G — 0 (i.e., g(z) = 1), we
have P,, — 0 [19]. This implies substantial reduction of timing shifts, like energy
change. We also show in Fig. 8 the timing shift of u_o in a lossless case obtained
from direct simulation. As predicted, a significant suppression of the timing shift
is observed even with the same value of path-average power as in the lossy case.

6 Conclusion

An analytical model has been developed which clarifies fundamental properties of
quasi-linear dispersion-managed transmission. Quasi-linear pulses can be viewed
as degenerate limit of a DM soliton. It was found that dispersion management
mitigates nonlinearity by O(logs/s) in quasi-linear regime. The periodic per-
turbation due to loss and lumped amplification modifies the averaged dynamics
of quasi-linear transmission depending on the relative position of the lumped
amplifiers. The amount of spectral reshaping and the nonlinear chirp in the fre-
quency domain due to residual nonlinearity was quantified. Periodic dispersion
management results in a resonant intra-channel pulse interactions because of pe-
riodic forcing due to lumped amplification supported by phase matching in the
time domain. The DMNLS equation obtained from the perturbed NLS equation
by means of a multiple scale approach was found to provide a unified analytical
framework to study long-scale dynamics of the propagation and interaction of
quasi-linear pulses and DM solitons.
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