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Abstract

Standard Newton's Method has been shown to converge quadratically
[3]. Projected Newton's Method for systems converges at a rate of 1+

p
2

[2]. The qualitative di®erences in how these algorithms behave, however,
go beyond the rates of convergence. We mapped the basins of attraction
for various 2x2 and 3x3 symmetric and nonsymmetric matrices. Super-
imposing the Jacobian singularity curve on top of the attraction maps
showed it accounted only partially for basin boundaries. In some conver-
gence maps fractals appeared. In the symmetric case, we believe solving
the extrema of the Jacobian is equivalent to solving the original eigen-
value problem because of a consistent geometry of the attraction maps.
We tested this by varying each element of a symmetric matrix indiv idu-
ally, showing that little more than stretching and scaling e®ects oc curred
in the convergence map.

1 Newton's Method in One Dimension: Back-
ground

To start, we give the reader a feeling of why Newton's Method in one dimension
converges quadratically in an interval around a ¯xed point, and later we will
make the analogy to higher dimensions. Let us ¯rst examine a theorem which
gives requirements for quadratic convergence of an algorithm around a ¯xed
point.

Theorem 1 ([3] page 62) Let p be a solution of the equationx = g(x). Sup-
pose thatg0(p) = 0 and g00 in continuous and strictly bounded by M on an open
interval I containing p. Then there exists a ± > 0 such that for p0 2 [p¡ ±; p+ ±],
the sequence de¯ned bypn = g(pn ¡ 1), when n ¸ 1, converges at least quadrati-
cally to p.
Moreover, for su±ciently large values of n,

jpn +1 ¡ pj < (M=2)jpn ¡ pj2.
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One method of constructing the one dimensional Newton's method iteration
is to use ¯xed point iteration and Theorem 1 above, to put constraints on some
function Á(x). First, let g(x) = x ¡ Á(x)f (x), now according to Theorem 1,
g0(p) = 0 in order for quadratic convergence. In the case of Newton's method,
we are searching for ¯xed points wheref (p) = 0 so, di®erentiating g with respect
to p and setting f (p) = f 0(p) = 0, we ¯nd

g0(p) = 1 ¡ Á0(p)f (p) ¡ Á(p)f 0(p) = 0 i® Á(p) = 1
f 0(p) .

Now letting Á(x) = 1
f 0(x ) , we get Newton's iteration in one dimension:

xn +1 = g(xn ) = xn ¡ f (x n )
f 0(x n ) .

2 Newton's Method for Systems

Generalization of Theorem 1 for higher dimensions [3] allows conditions on
the multi-dimensional ¯xed point form G(x) = x ¡ B (x)¡ 1F(x) which implies
B (x) = J(x), where J(x) is the Jacobian of F(x). Similar to Theorem 1 in
x1 setting B (x) = J(x) means that multi-dimensional Newton's method will
have quadratic convergence. Thus, multi-dimensional Newton's method takes
the form (where x denotes the current value, andx+ denotes the value in the
subsequent iteration):

x+ = G(x) = x ¡ J(x)¡ 1F(x) (1)

3 Setting up Newton's Method for Eigenvalue
Problems

To solve for the eigenvectors/eigenvalues of a matrixA , we want to ¯nd values
of x and ¸ for which Ax = ¸ x, or after some algebra (A ¡ ¸ I )x = 0. Now we
see, that ¯nding the roots of (A ¡ ¸ I )x is the same as solving for the eigen-
vectors/eigenvalues of the matrix A . However, the eigenvectors can be any
length, so we will get a line of solutions unless there is a constraint placed on
the length of x. Let's keep our eigenvectors on the unit circle, so we get another
function xT x = 1, or put in a form which can be used with Newton's method,
xT x ¡ 1 = 0. So, apply Newton's method to the following functions:

F1(x ; ¸ ) = ( A ¡ ¸ I )x
F2(x ; ¸ ) = xT x ¡ 1

We show element by element the form taken by an iteration:

2



F(x; ¸ ) =
·

F1(x ; ¸ )
F2(x ; ¸ )

¸
=

2

6
6
6
6
6
4

f 1(x ; ¸ )
f 2(x ; ¸ )

...
f n (x ; ¸ )

f n +1 (x ; ¸ )

3

7
7
7
7
7
5

=

2

6
6
6
6
6
4

a11x1 + a12x2 + ¢ ¢ ¢+ a1n xn ¡ ¸x 1

a21x1 + a22x2 + ¢ ¢ ¢+ a2n xn ¡ ¸x 2
...

an 1x1 + an 2x2 + ¢ ¢ ¢+ ann xn ¡ ¸x n

x2
1 + x2

2 + ¢ ¢ ¢+ x2
n

3

7
7
7
7
7
5

) J(x; ¸ ) =

2

6
6
6
6
6
4

@x 1 f 1(x ; ¸ ) @x 2 f 1(x ; ¸ ) ¢ ¢ ¢ @x n f 1(x ; ¸ ) @̧f 1(x ; ¸ )
@x 1 f 2(x ; ¸ ) @x 2 f 2(x ; ¸ ) ¢ ¢ ¢ @x n f 2(x ; ¸ ) @̧f 2(x ; ¸ )

...
...

. . .
...

...
@x 1 f n (x ; ¸ ) @x 2 f n (x ; ¸ ) ¢ ¢ ¢ @x n f n (x ; ¸ ) @̧f n (x ; ¸ )

@x 1 f n +1 (x ; ¸ ) @x 2 f n +1 (x ; ¸ ) ¢ ¢ ¢ @x n f n +1 (x ; ¸ ) @̧f n +1 (x ; ¸ )

3

7
7
7
7
7
5

=
·

A ¡ ¸ I ¡ x
2xT 0

¸

So, at each iteration, we solve the following system, which is equivalentto solving
for the ¡ J(x)¡ 1F(x) term in equation 1.

·
A ¡ ¸ I ¡ x

2xT 0

¸ ·
¢ x
¢ ¸

¸
=

·
¡ (A ¡ ¸ I )x

1 ¡ xT x

¸
(2)

We then obtain our new values of¸ and x by
½

x+ = x + ¢ x
¸ + = ¸ + ¢ ¸

¾
. Projected

Newton's method di®ers only in that at each iteration the eigenvector is forced
to have unit length by performing x = x=kxk after the linear system is solved.
Projected Newton's method converges at a rate of 1+

p
2 in the case of symmetric

matrices [3]. However, for non-symmetric matrices, projected Newton's method
does not necessarily have better than quadratic convergence.

4 2x2 Matrices

In the case of 2x2 matrices, we have 3 independant variables to graphx1,
x2, and ¸ , in order to reduce the problem to two dimensions, we note that
both projected and standard Newton's method require that our ¯nal eigenvec-
tor be of unit length. So, let's just look at initial vectors of unit length, then
a vector on the unit circle can be represented as just a single angleµ, where

x =
·

x1 = cos(µ)
x2 = sin( µ)

¸
, and we can graphµ on the horizontal axis, and ¸ on the

vertical axis.
Let us now look at where Newton's method will diverge. From equation 1 it
can be seen that ifJ(x) is singular, then it cannot be inverted, and so Newton's
method must diverge for that initial value. The Jacobian matrix will be sing u-

lar when the det(J(x)) = 0. For a 2x2 matrix
·

a b
c d

¸
the determinant of the

Jacobian matrix is:
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det

0

@
a ¡ ¸ b ¡ x1

c d¡ ¸ ¡ x2

2x1 2x2 0

1

A

= ¡ x1(2cx2 ¡ (d ¡ ¸ )2x1) + x2((a ¡ ¸ )2x2 ¡ b2x1)
= ¡ cos(µ)(2csin(µ) ¡ (d ¡ ¸ )2 cos(µ)) + sin( µ)(( a ¡ ¸ )2 sin(µ) ¡ b2 cos(µ))
, ¸ = ¡ (b+ c) cos(µ) sin(µ) + dcos2(µ) + asin2(µ).
It is interesting to note that the extrema of this curve, occur at the eigenvalues
of the matrix.

5 Projected vs. Standard Newton's Method

Figure 1: On the left is a convergence map of standard Newton's method with
0 < µ < 2¼ on the horizontal axis and ¡ 5 < ¸ < 5 on the vertical. The plot
on the right is the same, but for projected Newton's method. Both are for the
matrix [-1 0;0 3]. The solid black lines show the Jacobian singularity curve.The
dotted line shows the geometric relationship between the Jacobian singularity
curve extrema and the actual eigenvector/eigenvalue pairs.

The plots in Figure 1 compare the basins of attraction for standard and
projected Newton's method. All points bearing the same color converge to the
same eigenvector/eigenvalue pair, those of di®erent color converge to di®erent
pairs, where lighter shades mean faster convergence. The angle of the initial
eigenvector, µ, is plotted on the horizontal axis, and the initial eigenvalue, ¸ ,
is plotted on the vertical axis. This will be our convention for all our 2x2 sys-
tem convergence maps. The black line in the above ¯gures corresponds to the
Jacobian singularity curve as derived inx4. The curve ¯ts the basin boundary
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in Figure 1 on the left, for standard Newton's method, however there is a dis-
crepancy in the ¯t for projected Newton's method, as shown in Figure 1 on the
right.

After making convergence maps for various 2x2 systems, we began to wonder
if they all took the basic shape of those in Figure 1. Using the system [1 2;2 1]
as a base case, we created movies to show the evolution of the convergence maps
when one element of the matrix was parameterized, that is to say we looked at
the systems [a 2; 2 1], [1 2; 2 b], and [1 c; c 1] and varied the parameters with
time to create movies. All frames of all these movies had the same shaped basins
of attraction. The geometry of these maps leads us to believe that solving the
extrema of the Jacobian singularity curve is equivalent to solving the eigenvec-
tor/eigenvalue problem. One can see this by drawing a rectangle between the
Jacobian singularity curve extrema and the actual eigenvector/eigenvalue pairs.

6 Anamolies in Standard and Projected New-
ton's Method

Figure 2: These convergence maps correspond respectively to those in Figure
1, but here ¡ 0:2 < µ < 0:2 on the horizontal axis and 2:9 < ¸ < 3:1 on the
vertical.

The plots in Figure 2 zoom in around the extrema of the Jacobian singularity
curve, where there appears to be some anomalous behavior, at least in standard
Newton's method. Having zoomed in further we ¯nd that the \¯ngers" Figure
2 on the left, are a repeating pattern, possibly a fractal. Note again that the
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Jacobian singularity curve in the projected case does not ¯t the basin boundary.
In the standard case, the curve ¯ts, except in a small area around the extrema.

7 Convergence Path Densities

Figure 3: This plot shows not only the color coded initial points, but also all
successive points taken by the algorith after each initial point. A dense coloring
is revealed in the areas that more algorithm paths pass through.

In Figure 3 we not only colored the initial point of the algorithm, but also
all successive points taken in its path. The point of this is to show that the
algorithm did not converge directly to the eigenvector/eigenvalue pair, but was
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¯rst attracted toward the dense areas on this plot. The dense patterns of stan-
dard Newton's method were qualitatively the same, hence we have not included
a second plot.

Figure 4: By superimposing the path of a few initial points on the basic con-
vergence map, one sees the attracting e®ect of the dense areas in Figure 3.

To better illustrate the attraction towards the dense areas we superimposed
the path of the algorithm followed by each initial point on a sparse grid over a
basic convergence map.
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8 3x3 Symmetric Matrices

Figure 5: This is the spherical coordinate system used for the eigenvectors of
3x3 matices.

In the case of 3x3 matrices, we once again represent the initial eigenvector
only by its orientation, given in 3-space by two angles. As shown above, weused
spherical coordinate anglesÁ and µ. Below are a few convergence maps withÁ
on the vertical axis, and µ on the horizontal axis, and ¸ set to a speci¯c value
for each map. These maps are frames taken from a movie where¸ was varied
with time.

9 Behavior of a Non-Symmetric Matrix

Figure 7 shows one example fo the behavior of a 2x2 non-symmetric matrix, for
standard and projected Newton's method. The Jacobian singularity curve cor-
responds with structures in the basin boundaries in standard Newton's method.

10 Future Exploration

² Non-Symmetric Matrix Convergence. Can any generalizations be made
about how the Jacobian singularity curves ¯t into convergence maps for
non-symmetric systems?

² Basin Boundary Equations for Newton's Method. For example, how do we
account for the basin boundaries not intersecting the Jacobian singularity
curve.

² What is the origin of the attractors causing the dense areas of Figures 3
and 4?
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Figure 6: Fixing ¸ = 1 in the upper left, ¸ = 2 in the upper right, ¸ = 3 in the
lower left, and ¸ = 4 in the lower right, the basins of attraction are illustrated
with ¡ ¼=2 < µ < ¼=2 on the horizontal axis and ¡ ¼=2 < Á < ¼=2 on the
vertical axis. Darker shades converge faster. Here the matrix [1 2 3;2 1 2;3 2 1]
was used.
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Figure 7: These convergence maps all correspond to the non-symmetric matrix
[3 1; 8 2]. Plots on the left are with standard Newton's method and plots on
the right are with projected. The upper plots have ¡ ¼=2 < µ < ¼=2 on the
horizontal axis and ¡ 10 < ¸ < 10 on the vertical. The lower plots zoom in on
the areas which appear to have fractal behavior.
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