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ABSTRACT

An analytical theory is developed that describes asymptotically exactly the process
of nonlinear saturation of the magnetorotational instability. The theory employs the
shearing sheet approximation with arbitrary (but linear) shear flow. The theory shows
that the instability saturates by extracting energy from the shear, and modifying the
shear responsible for it. The saturation process requires both viscous and ohmic dis-
sipation. The theory also describes the approach from small amplitude perturbations
to the final strongly nonlinear saturated state.
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1 INTRODUCTION

Accretion is a process of fundamental importance in astro-
physics. However, accretion can only occur in the presence
of an efficient mechanism for angular momentum extrac-
tion. Over the years many processes have been suggested
that might lead to efficient accretion (Balbus & Hawley
(1998)). In general, hydrodynamical instabilities, be they
shear instabilities (in radial or vertical directions Dubrulle
et al. (2004)) or baroclinic instabilities (Knobloch & Spruit
(1986)) are insufficient. So are spiral shock waves result-
ing from acoustic perturbations (Rézyczka & Spruit (1992)),
or global modes involving over-reflection of negative energy
waves between the inner edge of the disk and the corota-
tion radius (Papaloizou & Pringle (1992)). Other authors
have considered convective disks (Ryu & Goodman (1992);
Balbus et al. (1996); Stone & Balbus (1996)). In 1991 Bal-
bus and Hawley (Balbus & Hawley (1991); Hawley & Bal-
bus (1991)) pointed out that a classical instability (Velikhov
(1959); Chandrasekhar (1960)), since called the magnetoro-
tational instability (or MRI, for short), is particularly effec-
tive in this respect. This instability relies on the presence of a
weak poloidal field and occurs in hot disks whenever the an-
gular velocity  in the disk decreases outward (d€2/dr < 0).
The instability grows by extracting energy from the resulting
shear. Particularly noteworthy is the fact that the instabil-
ity occurs on a dynamic time scale, Tarrr ~ Q! and that it
is fundamentally axisymmetric. The instability has a small
wavelength in the direction parallel to the rotation and mag-
netic field and takes the form of thin sheets of matter moving
alternately radially inwards and outwards. It is known that
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sufficient dissipation stabilizes this instability (Acheson &
Hide (1973)) but in accretion disks dissipative processes are
weak and the instability is unhindered by such processes
(Balbus & Hawley (1991, 1998)). It is not true, however,
that dissipation is always negligible. Indeed, as shown in
the present paper, for the saturation of the instability, small
dissipation, both viscous and ohmic, is required.

It is believed by some that the MRI instability satu-
rates by generating turbulence which in turn enhances tur-
bulent dissipation, thereby quenching the instability back to
threshold. This type of idea is common in astrophysics, and
may indeed apply in some circumstances. However, it must
be recognized that this idea is essentially a linear one, and
that it cannot modify the angular velocity distribution that
feeds the instability. In the present paper we adopt a dif-
ferent perspective, and show, using an asymptotically exact
procedure, that the MRI does modify the angular velocity
distribution as it grows, and that it may, in some cases, con-
tinue until solid body rotation is established.

The method used in the present paper has its origins in
the work of Blennerhassett & Bassom (1994) on the theory
of Gortler vortices and related problems. Subsequently it has
been used with considerable effect to study rapidly rotating
convection in both two (Bassom & Zhang (1994); Julien &
Knobloch (1997, 1998)) and three dimensions (Julien et al.
(1998); Julien & Knobloch (1999)), as well as convection
in a strong magnetic field (Matthews (1999); Julien et al.
(1999, 2000)). The method takes advantage of the small scale
of the instability which is used as an expansion parameter.
The method is thus ideally suited for fingering instabilities
such as the MRI. In the following we show that it can be
applied in a straightforward fashion to the MRI in the as-
trophysically interesting regime in which rotation and shear
dominate the effects of the (poloidal) magnetic field, which
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is in turn more important than viscous and ohmic dissipa-
tion. Despite this both dissipative processes determine the
final equilibrium state. The present theory is thus ideally
suited for comparison with numerical simulations, such as
that of Kersalé et al. (2004), in which the dissipative scales
are fully resolved.

The paper is organized as follows. In Section 2 we de-
scribe the shearing sheet formulation of the problem, and
introduce the scalings used to characterize the fully nonlin-
ear equilibrated state. We then proceed to compute in detail
the properties of this state. Section 3 describes the evolution
of small random perturbations towards this final state, in-
dicating that the final state is stable. The paper concludes
with a brief conclusion.

2 THE SHEARING SHEET APPROXIMATION

In the local approximation we may suppose that the az-
imuthal shear is locally linear, Ug = (0,0z,0), o < 0,
and that a constant magnetic field Bo = (0, Btor, Bpot) is
present. Here (z,y, z) are local Cartesian coordinates with x
pointing in the radial direction, y in the azimuthal direction
and z parallel to the rotation axis. Axisymmetric perturba-
tions (U7 v, w) = (_¢Z7 v, d)x) and (a’7 b7 C) = BPOI(_¢Z7 b, ¢90)
of this state satisfy the equations

V2 +2Qu. + I (4, V) = 04 V2. +v3J (8, V2 9) +vV 'y,
(1)

vi — (22 + 0)ih. + J (¥, v) = vAbs + V2 (,b) + Vv, (2)

b1+ J(Y,0) = - + V>0, 3)

bi + J(,b) = v. — 0. + J(¢,v) + Vb, (4)

where vi = B2, /popU*? is proportional to the Alfvén
speed associated with the poloidal or vertical magnetic field,
J(f,9) = fz9- — [-9=, and Q, v 1 represent the dimension-
less rotation rate, kinematic viscosity and ohmic diffusivity,
nondimensionalized using a velocity scale U™ and a length
scale L*. Note that By, drops out of these equations. This is
a consequence of the local approximation which leads to the
suppression of hoop stresses (Knobloch (1996)). However,
the azimuthal field perturbation b will prove to be impor-
tant in what follows. The local approximation also implies
that the MRI is an exponentially growing instability; this is
not necessarily the case in polar coordinates with nonzero
toroidal field (Knobloch (1992)).

In the following we assume that the MRI takes the form
of thin fingers propagating in the x direction, as indicated
by linear stability theory (Balbus & Hawley (1991)) and
subsequent numerical experiments (Hawley & Balbus (1991,
1992)). By definition, such fingers have a small transverse
width. Accordingly, in the following we introduce a small
parameter € < 1 and suppose that all derivatives in the z di-
rection are large, i.e., we scale z such that in the new variable
. is replaced by € 10,. In addition we suppose that in an
appropriate dimensionless sense the dissipative processes are

small, and let (v,n) = e(?, 1). At the same time we assume
that the disk is rotating rapidly and that the dimensionless
shear rate is also large, i.e., we set (Q,0) = ¢ *(Q,5) while
keeping the Alfvén speed of order unity. These assumptions
reflect the conditions generally believed to be present in ac-
cretion disks: the shear is the dominant source of energy for
the instability, but the instability itself requires the presence
of a (weaker) vertical magnetic field. Dissipative effects are
weaker still but cannot be ignored since they are ultimately
responsible for the saturation of the instability.

In parallel with the above assumptions about physical
conditions in the disk we need to make further assumptions
about the relative magnitude of the various fields. We find
that the assumption (v,¢) — (¢, ), (v,b) — ¢ *(v,b).
leads to a self-consistent fully nonlinear stationary solution,
satisfying the scaled equations

2¢ 30w, + eJ (2, 9 + 67283)1/)) = vi(fﬁ + 67283)@ + (5
esz(qﬁ7 (83 + 67283)(;5) + 6279(83 + 67283)21/)7

—e 120+ 6 + (Y, 0) = (6)
e 2v%b, + 671’01241]((]57 b) + 1)(83 + 67283)’07

eJ(,¢) = . + €702 + € 292)g, (7)

€T, b) =€ Pv. —€ 6.+ € (¢, v) +7(d2 + € 202)b.

(8)

To solve these equations we posit an expansion of the

form ¢(z, z) = vo(x, z) +e1(x, z) +... with similar expres-

sions for the other three fields, and look for structures that

are periodic in the z direction. From Egs. (6), (8) it now
follows that at O(e™2)

Vabo: +0v0:2 =0, w0z + Abozz = 0, ©)
and hence that
vo = V(z), bo = B(x), (10)
while from Eq. (7) we obtain at O(1)
Yo + Ado: = 0. (11)

At next order we obtain the following three equations:

—(2Q + 6)tpo= + J (o, v0) = vab1z + v T (do, bo) + D1z,
(12)

0= 'l/JOz + ﬁ¢0227 (13)

J(10,b0) = v1iz — 6oz + J(Po,v0) + Mb1z=. (14)

In the following we write

Yo = = (¥(x) ™ +cc), v ==V(x)e™ +cc), (15)

$o = =(F(x) ™ +cc.), bi==(B(x)e" +cc).

o= N
o= NI =

From equations (12-14) it now follows that

(W4 4+ *n )V + 2?2 (20 + 6) + 046

V= nf(vy + oHn?)

i, (16)

Foiv

= 17



i(vh + i) B +n(@(6+ V') — (20 + 6 + V)
(v + in?)

B = v.

(18)
Finally, Egs. (6), (8) yield at O(1) the results
—(2Q0 4 6)1z + J (o, v1) + J (11, v0) = vibos + (19)
vad (@0, b1) + V4 (¢1,b0) + D(voss + v2:2),
and
J (o, b1) + J(1,b0) = v2r — Gz + (20)
J(¢07 'Ul) + J(¢17 UO) + ﬁ(b()z:v + bZZz)-

Averaging these equations over z and using the fact that the
quantities ¥o, ¥1, v1, v2, ¢o, @1, b1, b2 are all, by construction,
periodic in z with zero mean yields the following pair of
equations:

DV" = 0:(Yov1z) — v40x(dob1z), (21)

AB" = 0z (thob1=) — Bz (dov1z). (22)

In the absence of boundaries in the z direction we must
assume that V' and B’ are constant across any domain in
x, and satisfy

oV’ = Povis — viPobz, (23)

ﬁBl = 1/)01)12 — d)ovlz. (24)

Evaluating the averages in terms of ¥ and solving for
V' and B’ now yields

1 2
50|V
Viiz) = ——2 , 25
@) =-57 La|Uf? (25)
B'(z) =0, (26)
where
ﬁ'UQ +ﬁ3n2
Q= g (27)
7?(v5 + 0in?)
20 + 6)7Pn? + v4 (60 — 209
ﬂ — ( )77 A( ’7) . (28)

1? (v + 21n?)
Equation (25) determines the equilibrated shear V' in terms
of the streamfunction amplitude |¥| and wavenumber n of
the instability. As we show next we can obtain an additional

relation between |¥| and n from the 1 equation (5).
This equation yields at leading order

QQ’Ulz = U,Qq(bOzzz + ﬁ¢0zzzz7 (29)
or, equivalently,

2Q[(v3 +72n*)V' +(2046)7*n* +6v5 ] +n’ (vi+0an*)? = 0.
(30)
Except for the presence of the additional shear rate V' this
is nothing but the dispersion relation for the MRI in our
scaling regime; we refer to (30) as the nonlinear dispersion
relation. For each wavenumber n this relation determines
the equilibrium shear V' and through equation (25) the cor-
responding streamfunction amplitude ¥. One finds

1w)? [4@21)?477 +n? (v + 0An?) (Dvi + ﬁ3n2)] + (31)

A?n2 (04 + pim?)? + 20607205 + 2020 + 6)oi*n? = 0.

Saturation of the Magnetorotational Instability 3

Note that this equation requires that 6 < 0.

Equation (31) determines the amplitude |¥| as a func-
tion of the imposed shear rate & for each choice of wavenum-
ber n, and therefore represents the bifurcation equation for
this problem. This relation has one particularly interesting
limit: if we suppose that the (scaled) rotation dominates the
(scaled) magnetic field which in turn dominates the (scaled)
dissipation, Eq. (31) reduces to

2 g ..

|| ol (32)

providing a simple relation between the imposed shear rate

& and the resulting equilibrated amplitude |¥|, and one that

is independent of the (scaled) wavenumber n. Thus the (un-
scaled) radial speed of the MRI fingers is given by

5\ /2
w~ || :n(—ﬁ) ()2, (33)

a speed that is of the order of the Alfvén speed va. Note
that this speed is the geometric mean between the energy-
containing shear flow o’ L* and the dissipative scale veloci-
ties v/L* or n/L*, and is accompanied by much slower O(e)
motions in the vertical. More significantly, equation (25)
shows that the corresponding equilibrated shear V' = —§!
It follows that in this regime the MRI continues until it ex-
tracts all the energy from the imposed shear and uniform
rotation results, a conclusion supported by the original sim-
ulations of the MRI by Hawley & Balbus (1991). Indeed,
these authors also point to the important role played by re-
connection in providing a saturation mechanism, a process
that appears explicitly, via the diffusivity 7, in the prediction
(33).

The theory thus far remains unsatisfactory in one re-
spect: the wavenumber n is not specified. It is usual in these
circumstances to use the wavenumber nmq. Of the fastest
growing mode. According to linear theory the growth rate A
is given by

20[(2Q+6) (A +7n2)*+6vAn% ]+ [(Aon?) A+in®)+oin®])? = 0,

(34)
and Nmae is defined by dA\/dn = 0. In Figs. 1-3 we show
the result of using this wavenumber to compute the sat-
urated state shear V,,,, and the associated streamfunction
amplitude |¥|maqe. As already indicated this choice of n does
not affect certain regimes, and in particular the astrophysi-
cally relevant regime (32). Figure 1 shows the fastest grow-
ing wavenumber nmqz, the corresponding growth rate Apaqe
and the resulting saturated quantities V,,,, and |¥|maqz as a
function of the ohmic diffusivity n, while Fig. 2 shows these
quantities as a function of v4. Note that V., is of order one,
and saturates after an initial overshoot as 7 increases, while
|¥|maz increases. This is as expected: resistivity permits the
instability to grow to larger amplitude by allowing the mag-
netic field to move through the accreting material. Figure 2
shows that the saturated value of V.. is substantial even
for 0 < va < 1, and in fact ultimately drops with increasing
va. However, the asymptote for large v4 remains finite, indi-
cating that a strong poloidal field does not suppress the in-
stability. Figure 3 shows that the saturated values V,.,,, and
|¥|maz increase approximately linearly with the background
shear o. Note that n.,.; = 0 when V' = —0, indicating an
increase in the vertical wavelength as the MRI approaches
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Figure 1. (a) The wavenumber n,,qz of the fastest growing mode, (b) its growth rate Amaz, and (c) the resulting shear rate V.. and
(d) streamfunction amplitude |¥|maz, as functions of n for @ =1, 0 = —0.5,v4 =1, v =1.
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Figure 2. Same as Fig. 1 but as functions of v4 for 2 =1, 0 = —0.5, n = 1, v = 1. The instability is absent when v4 = 0.
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Figure 4. The vertical wavenumber n computed from the non-
linear dispersion relation (30) as a function of V.

saturation. Figure 4 shows the predicted (scaled) vertical
wavenumber n using the nonlinear dispersion relation (30).

3 APPROACH TO THE SATURATED STATE

It is of interest to examine the approach from an initial
small amplitude state with V' ~ 0 to the final equilibrated
state (25). To do this we note that the MRI evolves initially
on a dynamical or rotation time scale, i.e., the fast time
T = t/e = O(1). However, examining the structure of the
equations in the long time limit we also notice that the final
approach to the saturated state proceeds on the much slower
time scale T' = et = O(1), i.e., on the resistive time scale.
These observations suggest a multiple time scale expansion.
It is simpler, however, to assume formally that after a brief
(t = O(1)) transient both V' and B’ evolve on a slower
time scale than the remaining fields, and take V' and B’ to
be independent of x. In this regime o, vi, ¢o and b; are
functions of z and 7 only, and satisfy

Vir — (20 + o + Vl)'l/)Oz - 'U,qulz - UZB/QsOZ + ﬁv1227 (35)
¢OT = Q/)OZ + 77¢Ozz, (36)

bir — 0. B' = vis — (6 + V') +iib1zz,  (37)
together with
1/}0227- + 2@1)12 = Ui¢Ozzz + ﬁ'l/}Ozzzz- (38)

These equations are separable in z and 7. Assuming the
Ansatz (15) we obtain

Ve +on*V =in(2Q 46 + V) + invi B — invi B'F, (39)
Fr+in’F = in¥, (40)
B, +7n*B = inUB +inV —in(6 +V)F,  (41)

U, + o0’ W — 2in 'QV — inv3 F = 0. (42)
Here V' and B’ are functions of 7 only, and are given by

vV = —im(qfv* —U*Y) + im v3(FB* — F*B), (43)
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Figure 5. (a) The approach of the MRI to its saturated state,
computed for @ =1, 0 = —0.5,v4 = 1, n =1, v = 1, showing the
evolution of V/ and B’ from small amplitude initial conditions.
For these parameter values the equilibrated value V/ = —0.710.
(b) The corresponding evolution of the Shakura-Sunyaev o pa-
rameter, a = 2me|V|.

AB = —im(\w* —vB) + im(fv* _FY). (44)

These equations capture correctly the saturation process,
and in particular the final steady state. The resulting evolu-
tion of V' (7) and the associated toroidal field gradient B’(7)
is shown in Fig. 5(a) starting from small amplitude initial
conditions. The evolution is shown over times of order 7 /¢
and shows unambiguously the convergence of V' towards
its saturated value (25). In contrast B’ decays, after some
prominent oscillations, to zero, in agreement with (26). For
comparison we also show the evolution of the amplitude |¥|
of the streamfunction (Fig. 5(b)).

4 DISCUSSION

In this paper we have shown that a simple scaling suffices
to determine and fully characterize a self-consistent equili-
brated state of the magnetorotational instability within the
shearing sheet approximation. This state is associated with a



6 E. Knobloch and K. Julien

strong modification of the background instability that feeds
the instability, and is ultimately determined by both viscous
and ohmic dissipation. In our picture this state is reached af-
ter an O(Q ') transient followed by a slower evolution on a
time scale v;17 although the final stages of saturation occur
on the much slower time scale 7', v~ " associated primar-
ily with reconnection. It should be noted that in the theory
the equilibrated state consists of laminar axisymmetric "fin-
gers’ and is not a turbulent state such as might result from
shear instabilities between neighboring fingers, cf. Goodman
& Xu (1994). In some cases, however, the resulting turbulent
state may reflect in its statistical properties the presence of
the underlying laminar state, cf. Kawahara & Kida (2001),
while in others this laminar state overestimates the trans-
port properties of the turbulence (Julien et al. (2005)).

It is of interest to compare our results with the shear-
ing sheet simulations of Hawley & Balbus (1991, 1992) and
Hawley et al. (1995). Although unable to reach the saturated
state these authors also argue that the saturated speed of the
fingers should be of order va, as predicted by equation (33).
However, the prediction (33) shows that while the order of
magnitude is correct the saturated speed is not proportional
to va. Indeed, it is independent of the vertical magnetic field
entirely, as might be expected of an instability whose on-
set is independent of B, together with a saturation process
that relies on efficient reconnection. It is noteworthy that
the simulations also indicate a tendency towards solid body
rotation as the instability evolves. Finally, the simulations
also reveal a tendency towards increasing wavelength as the
instability proceeds (Hawley & Balbus (1992)), an observa-
tion that is consistent with the predictions of equation (30).
Note that the Shakura-Sunyaev (Shakura & Sunyaev (1973))
« parameter, defined by a = uh, h = 2me/n, is predicted to
be o = 2mwe|¥| and hence is of order ¢, see Fig. 5(b).

A significant conclusion of the theory is that numerical
simulations of the instability must be able to resolve the dis-
sipative scales in order to determine the equilibrated state
correctly. Such computations are currently being performed
by a Leeds-Cambridge collaboration (Kersalé et al. (2004))
and a comparison between the theory and simulations will
shortly be carried out. Evidently, these simulations must
be performed over time scales greater than the ohmic and
viscous time scales of the problem. Extension of the the-
ory presented here to include compressibility and circular
geometry will be presented in a forthcoming publication.
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