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REVIEW #2 : CALCULUS II

Summary

7.1 Basic Integration Formulas

* u-substitution * Completing the square: \/ 8x—x* = \/ 16— (x - 4)
* Trigonometric identities :
sinx+cos’x =1, 1+tan’x =sec’x, l+cot’x =csc’x, sin2x =2sinXcosx

* Eliminating a square root - \J1+cos4x =+/2cos’ 2x = \/EICOS ZXI

Need the formulas : cos2A =cos’ A —sin* A =2cos’ A—1=1-2sin’ A
* Reducing an improper fraction(long division)

3x-2  3x 2 .
* Separating a fraction 7—————7 = \/ - —7———2 .
, I-x I-x 1-x i
secx +tanx
* Multiply by a form of I : jsec xdx = J-secx, -mdx ‘
7.2 Integration by Parts
* Formula : Iudv =uv— jvdu , * Tabular integration

* Solving for the unknown Integral : Jezx sin xdx

7.3 Partial Fractions

f(x
* Write a rational function ( ) as a sum of partial fractions by regarding two things

g(x)
1. The degree of f(x) must be less than the degree of g(x). (If it isn’t, do long division.)
2. Factor g(x) out as a product of real linear factors and real quadratic factors.

i
|
P

* Example : How to decompose a proper rational function ;g;
numerator _ A N B
x+D(x-3) (x+D) -3 _
numerator A B C D E F

: = +—t—+ + +

x+Dx*(x-3)P (x+D) x x> (x-3) (x-3) (x-3)°

numerator _ A N B N Cx+D
DI Hx+D) (x+D) 0 (x+DF 0 2xP+x+1)
numerator A B Cx+D Ex+F Gx+H Ix+7J

4. = + + + + +
G+’ +9Y2x +x+1)  (x+D) (x+D* (x*+9) (x*+9) (x?+9)° 2x’+x+1)
* How to find the constants of partial fractions :
1. Undetermined coefficients 2. Heaviside method for linear factors
3. Differentiation 4. Assigning numerical values to x

7.4 Trigonometric Substitutions
* Three Basic Substitutions :

1. Toreplace a’ +u’,set u=atan® 2. To replace a’ —u’, set u=asinf
3. Toreplace u” —a’, set u =asec0
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7.6 Improper Integrals
* Definition : Integrals with infinite limits of integration and integrals of functions that become

infinite at a point within the interval of integration are improper integrals, for example
10 @ 1
2

1
X" +1 J‘>~:2+x—2dx’ J.x(x—l)

o o 0 0

* Definition of Types of Improper integrals :

] o

) 5 1 3
J‘x'dx, J X dx, ]J‘x—ldx’ (;"Inxdx,

dx .

@ b
1. If fis continuous on [a,0), then Jf(x)dx = lI}im jf(x)dx.

b b
2. If f is continuous on (—oo,b], then jf(x)dx = lim Jf(x)dx :

-

. b b
3. If f is continuous on (a,b], then If(x)dx = lim Jf(x)dx.

b ¢
4. 1f f is continuous on [a, b}, then jf(x)dx = lim Jf(x)dx.
c—b”

In each case, if the limit is finite then the improper integral converges and the limit is the
value of the improper integral. If the limit fails to exist then the improper integral diverges.
* Definition : If f becomes infinite at an interior point d € [a,b], then

b d b
jf(x)dx = ff(x)dx + Jf(x)dx . The integral from a to b converges if the integrals from a to d and d
a a d

to b both converge. Otherwise, the integral from a to b diverges.

* Definition : If  is continuous on (—o0,00) and if f f(x)dx and j f(x)dx both converge, then

If(x)dx converges and define its value to be J-f(x)dx = If(x)dx + jf(x)dx .
If either or both of the integrals on the right-hand side of above equation diverge, then

If(x)dx diverges.

00

* Remark : 1. I—]? dx,a>1 converges if p>1 and diverges if p<1.
X
b

1 : . . . .
2. J——p— dx (b is a finite number.) converges if p <1l and diverges if p>1.
X
0
3. For any number p, I—p dx is always divergent.
X
0
* Tests for Convergence and Divergence of improper integrals
Direct Comparison Test (DCT) : Let { and g be continuous on [a,0) and suppose that

0<f(x)<g(x) forall x >a. Then
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13. Iﬁ)—dx 14. J‘le dx, for any real numberp 15. J- 1+x
0 0
16. Evaluate the limit: lim Xz dx
oo 14X

b) Without evaluation, determine whether the following integrals converge or diverge. Besure to
Justify your answer.

“1—cosx M cosO “1+sinx sin” t
1. " dx 20 [ s 3. —~dx 4. [F5—adt
—n/Z(n.—ze) ™ X 1 t
oc -2 Y] 1 0 .
6. jd—x 7. [injx|dx 8. [(x*+x") dx
0 ~1 0
1 o 1
1 1 s+1 1 1 dt
9. |—=sin| — |dx 10 11. —,/l——dx 12.
O\/; (xj Js? +3$ ,'[)(3 xt - Jt—sint
1 e “ X T dx
13. dx 14. {J8cot6do 15. dx 16.
S X+ J. ﬁ£l+x2 I-[ex—e""
Todx “sin® x “Fsin(x?)
17. 18. 19. |——dx 20. |————=dx
]J-e __2x iex_*_e X 6[ XZ.S 5'. X2A5

I11. Sequences and their convergence and divergence
a) Determine whether the following sequences converge or diverge. Give the limits if they exist.

n 2
l.anzﬂ— 2.a:—n—~— 3_323_ 4a:(_hlﬂ

n+l " Jn’+3n+4 "o’ o n
2_ o0

5. {Inn-In(n+D}”, 6. a, =@ +)~Inm?) 7. {cos[“%ﬂj} 8.an:sin(nn-1)
n=l

9n° +1 n
9. a, _1 J-—l—dx 10. a, =n(l—coslj 11. a, :(14—%) 12. a_ =sinh(lnn)
n’x n n

13. {n"e™ ) 14. a_ = (-1)" 15. a, :(—1)"(1—% 16. a, :cos(ﬂ

n=l n 4
17. a, =e"cos(nm) 18. cos(nn)-(lj 19. a, _ntnC7 20. sinn

nj n! \/H el

21, a, =00 2. 2, = S0 23.a,=n|1-/1-1 | 24.a, = 1

| n _ n
25. a, =vn+vn-v/n 26. a, :% 27. a, :(pij 28. a_ :(n 2]
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29. a =(——n—1) 30. 2, =(n’+n)"" 31. a, =n®"™ 32.0<a, <2,a <a_,
n_

33. {a,} , where forall n>1,a, =0,a,, >a, ,a =landa, <2.

2n+l 2n 4

I
b)Let I = jan x)"dx,n > 0.
0

1). Find an equation relating I andI__
2). It can be shown that I, =(—1)"n!. Determine whether the sequence {I, }1' converges or

diverges.

2Y L
c)Let a, :(1—~j . Does the sequence {an} converge? Does the series Zan converge?
n

n=|

L
n

J . Does the sequence {an} converge? Does the series Zan converge?

n=]

d) Let a, :(

2n+1
e) Let { } be the Fibonacci sequence defined as F, =1L F, =l,andF,,, =F +F _ forn>2. Given

the limit t = 1imh exists show that t=(1++/5)/2.

nsee |

IV. Series and their convergence and divergence
a) Determine if each series below converges or diverges. If possible, for each convergent series
determine the infinite sum of the series.

L35 2 Seosta) B3 (S

2n+1

n=l} n=l n=0 n=3
© 23n w0 2n +1 o« 211 1 @ 3n+]
5 2n 6 2n 7 n 8 n
27 27 273 27
= 3 = 1 1 10 10
9. Y (=)™ = 10. e 11 3414+ —+—+... 12. 10+ —+—+
Z( ) 2" Z 3 9 27 39

13. 04+0.16+0.064+0.0256+... 14. (l+1n2)—(1+1n2)2+(1+1n2)3—(1+1n2)4+...
= 1 = 2 2 = 3
15. 1)"x*", x =constant 16. 17. - 18, Y o -
Z( ) ¥ Z( 2n+3j Z(n+1)(n+3)

in(n+1) 2n+1 o

2. 2 2 2
19. + + + +... 20. 21. > In
3.4.5 4.56 567 6-7-8 Z(\/” \/n+j Z (n+1j
cosn cos(n+1)
(n+1)°

} 23. Ztan (n-1)—tan”'(n) 24. Zl—nﬂ 25.2 1

22.
s ninn

Ms il Ms

2. ) +( vy Znsin(—) 2%, Y 1
n=l n

o l+2+3+...+n



' GEEN 1360 (Calculus II)
Methods for Determining Convergence of Series

1. n®® - term test for divergence

- Z an diverges if nango an #0

n=0

- lim a, = 0 is inconclusive
n—o0

oo
2. Geometric Series : E a-r™

n=0

a

- converges to T if|r| <1

-T

- diverges if |r| > 1

1

oo
3. p - series test : Z s

n=1
- converges if p > 1
- diverges if p <1
o0
‘4. Telescoping Series : Z fr)—fin+1)=f1)- lim f(n+1)=1L
n—oo
n=1
- convergés if L is finite

- diverges if L is infinite

oo

5. Integral Test : Z an = f (n) where f is continuous, positive and decreasing for all x > N

n=N

o0
- converges if / f(z) dz converges
N
o0
- diverges if / f(z) dz diverges
N

o0

6. Direct Comparison Test : Z an, has no negative terms
n

- ifa, < c,{and Z ¢, converges then Z ar, also converges

- ifd, <a, and Z d, diverges then Z an, also diverges




10.

11.

12.

. Limit Comparison Test : a, >0and b, >0foralln> N

-if lim 2% =¢> 0 then Z a, and Z b, both converge or both diverge

=00 n

- if lim Z—n =0 and Z b, converges then Z an, also converges

n—oo n

- if lim dn _ oo and Z by, diverges then Z an, also diverges

. n—oo Dp

Gn41

. ‘Ratio Test : Z a,, has positive terms and lim =p

n—oQ Qan

- converges if p < 1
- diverges if p > 1

- inconclusive if p =1

. n*® - root test: Z an has no negative terms for some n > N and lim S an = P
n—00

- converges if p < 1
- divergesifp>1

- inconclusive if p =1

0o
Alternating Series Test (Leibniz’s Theorem): Z (_1)n+1 Up = Uy — U2 + Uz — Ug + ... CONVeErges if and
n=1
only if
- up’s are all positive

= Up > Upy4 for all n > N where N is an integer

- up 0
Absolute Convergence Test

o o0
- if Z |an| converges then Z ay converges absolutely

n=1 n=1 .

- a series that converges, but does not converge absolutely, converges conditionally

Method Flowchart on p 660




