APPM 1360 EXAM #3 Solutions Spring 2005

1. (20 points) Do the following sequences {a,}7° converge or diverge? If a sequence converges
and it is possible to determine its value, then do so. Be sure to explain your reasoning.
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(a) a, = + converges to 1/2 since lim a, = lim an—( +1)
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= =1/2.
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(b) a1 = 1 and a,41 = 2a, for all n > 1 diverges since a,’s increase by a factor of 2 starting

from a; = 1/4. Since a,, can be written a, = 2”72 for n > 0, then 1i_>m 2772 = .
e o]

(¢) ant1 > a, (@, is a nondecreasing sequence) and 0 < a,, < 2 for all n > 1 (a,, is bounded
from above) converges by the Nondecreasing Sequence Theorem. You can’t determine
the limit of a,, but you do know that 0 < 1i_>m a, < 2.
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2. (20 points) Determine whether the following infinite series converge or diverge. Justify your

answers.
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(a) ;::1 (1 + 5) diverges by the nth term test since nh_{g() a, = é°.

(b) i LD by the Alternating Series Th ince (1) LI

converges e Alternating Series Theorem since a, = :
a1 207+ 3n = ’ 2n + 3
1 1 : = (=)"n | ..

(2) 2+ 1) +3 < SRS (3) nh_}rlgo a, = 0. However, nZ::l m‘ diverges by the
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LCT with the divergent harmonic series Z —. Hence, the series converges conditionally.
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(c) nz_:l In (1 + ﬁ) converges by the LCT with the convergent p-series nZ::l o

3. (20 points) Determine where the following power series converge absolutely, converge condi-
tionally, and diverge.
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(a) Z n"(x —4)" has zero radius of convergence since the ratio test indicates that
n=1
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value of z other than 2 = 4. Thus the series converges aboulutely at the point z = 4,
converges conditionally nowhere, and diverges for |x — 4| > 0.
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< 1 is not valid for any finite
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(b) the ratio test indicates that the series Z ( converges absolutely when
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= |22 — 1| -1 < 1 which leads to 0 < 2 < 1. At z = 0 the
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series becomes the divergent harmonic series Z —. At 2 = 1 the series becomes the
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conditionally convergent alternating harminic series Z (L)
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. Thus the series converges
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absolutely for 0 < 2 < 1, converges conditionally at 2 = 1, diverges for z = 0 and
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4. (20 points) Consider the function f(z) = €**.

(a) Starting from the definition, determine the Taylor series of f(z) around = 1. Calcu-
lating derivatives of ¢* and evaluating them at z = 1, leads to f(")(1) = 2"¢%. Hence

the Taylor series near x = 1 becomes
0 on 2 2 2
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(b) Determine the interval of convergence for your series in part (a). The ratio test indicates

( )n—l—l( -1 n—I—lnl
that the series converges absolutely when lim
n—co | (n+ 1)127(x — 1)7

which is true for all finite values of . Thus the series converges absolutely on the interval
—00 < xr < Q.
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(c) What are the first three non-—zero terms of the Taylor polynomial around = = 17
2

de
Py(z) = e* + 2% (x — 1) + ?(x —1)2

(d) Estimate of the remainder of the polynomial in part (¢) when & = 1/2. Leave your
answer in terms of fractions, factorials, etc. Evaluating the series in part (a) at @ = 1/2
results in an alternating series. Hence if one used P2(1/2) to estimate f(1/2), the error
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would be bounded by |f(1/2) — P»(1/2)| < —(1/2) %

5. (20 points) Consider the following steps for evaluating f(z) = / cos(t?) dt.

0

(a) Determine the Taylor series for cos(t?) around ¢ = 0. Since the Taylor series near t = 0

o0 -1 nt2n
for cos(t) = Z Gt =1-12/214t*/412 —15/6! + - - - converges for all ¢, replacing ¢
—= (2n)!
> nt4n
with ¢2 results in the Taylor series cos( Z = 1-t" /21418 /41—1t'2 /61 - - .
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(b) Using your series from part (a), calculate f(z) = / cos(t?) dt. Integrating the series

in part (a) results in f(z) = / cos(t?) dt = Z/
0
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(c) What is the interval of convergence of your series in part (b)? Be sure to explain your
reasoning. Since the original series for cos(¢?) in part (a) converges absolutely for all
t, so does the integral of the series. Hence, the series for f(z) converges absolutely for

—00 < xr < Q.
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