Mathematica Basic Training 

Calculus III - Lab I

Introduction
This lab provides an introduction to Mathematica, a powerful mathematical software package.  It also introduces you to the type of expository writing that will be required for this and future labs.  In this lab you will be given three problems, all of which can be solved with the help of Mathematica.  All three problems are related to material that was covered in the first four weeks of Calculus III.   Some of these problems can be solved using pencil and paper, however, since the goal of this lab is to familiarize you with Mathematica we require that you solve these problems with the software.  If you are already familiar with any other mathematical software (MatLab, Maple, et cetera), you may use it for this lab and future labs.  However, such software will not be supported by the course instructors or TAs.

This lab is due in lecture on Monday, Sept. 28, 2009.  Late labs are not accepted. You are encouraged to work in groups of no more than 3 people, though you may work alone.

On your title page, clearly mark 

· Names 

· Student ID numbers (last 4 digits only)

· Recitation number and professor 

· Time and TA for recitation 

If you do not include this information, as much as 10% will be deducted from your final score.   Format is worth 20% of your grade.  Please refer to the following writing guidelines for the expository sections of this report: 
You are required to know and follow the Writing Guidelines for all three labs.  These guidelines will be posted on the main Calculus III web page under the projects tab. For your write up UNLESS A PROBLEM TELLS YOU TO DO SO, PUT THE MATHEMATICA CODE USED IN THE PROBLEM IN AN APPROPRIATELY LABELED APPENDIX AT THE END OF THE REPORT.

Lab 1 Questions
In this lab, you need to answer three problems.  Each problem has several questions which you should answer in paragraph form.  Include all required graphs and equations, following the rules laid out in the writing guidelines.

You will notice that this lab is not a single complicated problem, but a composition of shorter ones, each of which requires you to perform certain tasks.  As a result, the standard of expository writing is somewhat different for this lab than for the next two.  Each problem includes specific guidelines as to what we expect in terms of writing.

 

Problem 0
Directions:  Read and complete the exercises in the Mathematica Tutorial. (A link to this will be posted shortly.)  This should get you familiar with the basics you will need for the next three problems.  There is no need to include a write-up of Problem 0.  You may include brief general comments about Problem 0 in the conclusion if you wish.
Problem 1
Directions:  In Problem 1 you will learn about vectors in Mathematica.  For questions 1.1 through 1.8, there is no need to write much more than short answers to the questions, including an equation or graph from Mathematica and your result.  Question 1.9 requires a more extensive answer outlining your procedure and results.   You will be provided with a brief explanation of all the commands and Mathematica syntax you will will need before each question. 
Mathematica is an excellent tool to compute vector products.  Mathematica deals with vectors as a "list", which is somewhat more general than a vector, in that it includes matrices as well.  For now, however, we will only concern ourselves with lists as vectors in Mathematica.  To see examples of this, open Mathematica, pull down the "Help" menu, and select "Help Browser".  In the "Go To" text entry box, type in "List", and you will see the menus below automatically select "Lists and Matrices", then "List Construction", and finally the actual "List" entry in help.  Click on this entry and Mathematica will call up the help file for "List".  The menu items to the left of "List", namely "Lists and Matrices" and "List Construction" are referred to as "Categories".  This is how Mathematica organizes its help files.

We are interested in vectors, which Mathematica represents as simple lists in the following format:

{a,b,c}

Eqn. 1.1

Notice the curly brackets - every list in Mathematica must have them.

Try entering equation 1.1 in Mathematica as follows:

V1 = {a,b,c}

Eqn. 1.2

When you hit shift-enter to evaluate this entry, the following output will appear:

{a,b,c}

Eqn. 1.3

meaning that Mathematica has stored your vector as a V1.  Remember, Mathematica is case sensitive , it makes a distinction between V1 (uppercase) and v1 (lowercase). 

To see V1 as a column vector enter:

MatrixForm[V1]

Eqn. 1.4

The output shoulod look like

        [image: image1.png]



Eqn. 1.5

If something goes wrong here, check the syntax (especially uppercase and lowercase) carefully.

You can remove V1 from Mathematica's memory using the Clear[ ] command.  If you enter Clear[V1], the vector V1 will be removed from memory.  Look up Clear[ ] in the help browser.  You can replace it in memory by re-entering equation 1.2.  All equations and symbols are also cleared when you quit Mathematica.  If you save your work in a notebook, you must re-run the commands that define each item you have stored in the memory.  Also, if you re-start the kernel (this can be done from the "Kernel" menu), all memory is cleared.  If Mathematica becomes confused,  re-starting the kernel can be a very effective way to get it working correctly again.

Now create the following vectors:
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Eqn. 1.6

You should find it easy to add and subtract these vectors in Mathematica, try V2 + V3, then V1 - V4.  Make sure the result looks right.

Go back to the Mathematica help browser and look up the function "Dot".  Dot[ ] computes the dot product of vectors.  There are two ways to use it, either:

[image: image5.png]Dot [V2, V3]




Eqn. 1.7

or simply:

[image: image6.png]v2.v3




Eqn. 1.8

1.1)  Try both methods to compute the dot product of vectors V2 and V3.  What is the result?  Try V3.V4, what is the result?  Try V3.V3 , what quantity does it represent?  Now find the magnitude of V2 + V3.  Include the results in your report.  You can cut and paste Mathematica cells into Word documents, however, when you do so, make sure to use the "Copy As" - "Metafile" feature in Mathematica.  The easiest way to do this is to select the cell in Mathematica that you wish to copy, right-click on it, select "Copy As" from the pop-up menu, then select "Metafile" ("Bitmap" also works).  Doing this avoids printing problems.

As you have seen, the dot product can be used to find the angle between two vectors.  Enter the following vectors into Mathematica :
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Eqn. 1.9

What do you expect the angle between them to be?

As we know:

[image: image9.png]V5.V6 = | V5| » | V6 | *xCos[©]




Eqn. 1.10

where theta is the angle between V5 and V6.  In order to find this angle, let's try two different procedures in Mathematica .  First, use the NSolve[ ] command by typing:

[image: image10.png]NSolve[V5.V6 = Vv5.v5 +Vv6.v6 cos[e], 8]




Eqn. 1.11

You can get the theta symbol and the square root from the "Basic Input" palette.  If this palette does not automatically appear, go to the "File" menu, then "Palettes", and select "Basic Input".  You can also enter many other useful functions, likes sums, integrals, and exponents from this palette.

Notice that in equation 1.11 we use a double equals sign to carry out the NSolve[] command.  A single equals sign means something different to Mathematica than a double equals sign.  In short, a single equals sign is simply as assignment, as in equation 1.6, we assign some value to a given symbol.  A double equals denotes mathematical equality, double equals is for equations, which defines a specific, often complicated, relationship between variables.  Keep this in mind when using Mathematica.

Also notice that Mathematica produces a warning message when computing equation 1.11.  The reason for this is that it needs to use an inverse function to evaluate theta, as we soon shall see.  Whenever certain inverse functions are used, Mathematica knows that there might be an issue with the domain and range of the function, so it is kind enough to let you know that it might not have produced all the possible solutions.

To see another way of computing theta in Mathematica , simply type in the formula we have from chapter 10.3 from Thomas & Finney.  In Mathematica it would be:
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Eqn. 1.12

Notice that we are computing the magnitude of the vectors with the square root of the dot product.

In order to compare the different results of NSolve[ ] and ArcCos[ ], take the result of equation 1.12 and put it into the N[ ] function, which returns a numerical (decimal) result of its input.  Look up N[ ] in the help browser.  You can either use the % output operator (look it up in the help browser if you haven't seen it before), or simply nest equation 1.12 in the N[ ] function as follows:
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Eqn. 1.13

1.2)  These two methods, NSolve[ ] and ArcCos[ ], produce slightly different results.  Report these results and describe how they are different.  Why does the NSolve[ ] method give us more than we need?  Now try equation 1.11 again, but this time use the Solve[ ] command instead of the NSolve[ ] command.  What happens?  Which method do you think is best and why?

1.3) Use Solve[ ] to find the angle between V2 and V3.

Along the same lines, there are two commands for integration:  Integrate[ ] and NIntegrate[ ].  The former attempts an exact result, while the latter computes a numerical result.  They both use vastly different algorithms to compute their results.  Try looking both of them up in the help browser for the syntax on how to use the commands.  There is also another way to integrate - use the basic input palette.

1.4)  Use Integrate[ ] and NIntegrate[ ] on x^2*Sin[x^3] and Exp[-x^2] over the interval 0 to 1.  Which do you consider more useful in each circumstance and why?

Often, it is very useful to define a function in Mathematica so that you don’t need to keep typing it over and over again.  For example, in the previous problem we needed to use the function x^2*Sin[x^3].  The way we would define the function f(x) = x^2*Sin[x^3] would be

f[x_] = x^2*Sin[x^3]

Eqn 1.14
Notice the syntax required to define your own functions, the underscore is required on the left in order to let Mathematica know that it is an independent variable of the new function.  Defining your own functions in Mathematica is a very powerful tool and you will need to do so throughout the lab.

Similarly, Mathematica can be used to differentiate functions.  As with many of the operations in Mathematica, there are a variety of ways to implement differentiation of a function.  One very intuitive way is to define the function you would like to differentiate, call it f[x], and simply add a single quotation mark.

f ’[x]

Eqn. 1.15

Another way is to take the derivative of a function would be to use the D[ ] command.  This can very useful if you need to take higher order derivatives (as well as partial derivatives if you’ve looked at chapter 12).  For example, to take the second derivative of some function, f[x], one would enter

D[f[x],{x,2}]

Eqn. 1.16

where the “x” in the curly brackets tells the D[] command what variable to take the derivative with respect to and the “2” tells it how many times to do so.

Another usefull command in Mathematica is the Simplify[] command.  It can be extremely handy as it can put a potentially complicated expression into a simpler form.  Look up the D[ ] and Simplify[ ] commands in the help browser if you are curious about additional information on them.

1.15)  Define y(x) to be the function Exp[Cos[x^3]^2+Sin[x^3]^2] / x^2.  Use Mathematica to calculate the second derivative of y(x).  Also, try using the Simplify[ ] command on the expression for the derivative and explain why it produced the result that it did.  Include the output of both commands in your lab write up.

Now lets try the cross product in Mathematica .  Go to the help browser and look up Cross[ ].  Like other commands, Cross[ ] can be computed in different ways.  Two different ways are either:

[image: image13.png]Cross[Vl, V2]




Eqn. 1.17

or you can use the shortcut [Esc]cross[Esc]  (that is hit the escape key, type the word “cross” and hit the escape key one last time) get the cross symbol

[image: image14.png]V1xV2




Eqn. 1.18

1.6)  Use either method to let Mathematica compute V1×V2.  What is that result in MatrixForm[ ]?  Compute V1×V2 by hand to confirm the result and include this computation in an appendix.
Now we will show that the cross product is not associative.

First, add these three new vectors:
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Eqn. 1.19

1.7)  Compute the cross product (V6xV7)xV8 and V6x(V7xV8).  Include the result in MatrixForm[ ] .  Why are they different?  Hint:  Refer to Thomas & Finney section 10.4 for more insight.

In order to see that the cross product is not commutative, add the following vector:

[image: image18.png]v1i0 = {x, y, z}




Eqn. 1.20

1.8)  Compute the cross product V1xV10 and then compute the cross product V10xV1.  Include the result in MatrixForm[ ].  What is the relationship between the two resulting vectors?

Finally, let’s use Mathematica to solve a real world problem.  This one is adapted from Thomas & Finney, chapter 10.

Suppose the Navy has hired you to help in their Anti-Submarine Warfare (ASW) efforts.  Two Navy ships have detected a submarine in the water, and are attempting to determine the sub’s course and speed to arrange for an aircraft to intercept the attack.  The situation is represented in Cartesian coordinates as follows.

-  Ship A is located at the point (4,0,0)

-  Ship B is located at the point (0,5,0)

(Units in thousands of feet)

Ship A has a sonar contact on the sub in the direction of the vector 2i + 3j - (1/3)k, while ship B detects the sub in the direction 18i - 6j - k.  The submarine is moving, but 4 minutes before these sonar fixes the sub was known to be at the point (2, -1, -1/3).  If the sub is moving at a constant velocity, and the aircraft is due to arrive in 20 minutes, where should it expect to find the submarine?
1.19)  Use Mathematica to help you solve this problem.  Your response should consist of several written  paragraphs detailing your procedure and including any data relevant to the procedure.  Any code used in completing this problem should be included in the appendix, NOT the problem write up.  
Problem 2
Directions:  The goal of this problem is to become familiar with Mathematica's graphing capabilities.  You will be required to include some graphics in your write-up.  Remember that you can paste Mathematica graphics into Word documents (but copy them as "Metafiles" or "Bitmaps", as explained above).  Remember to label your graphs.
In the introduction to Mathematica from problem 0, you learned how to plot simple functions using the Plot[ ] command.  Look this command up in the help browser.  Notice that Plot[ ] is not the only command listed under the category "2D Plots".  Also notice that there is  a "3D plots" category.

We will start with 2D plots.  Try plotting the following function:
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Eqn. 2.1

for x from 0 to2*pi

Parameterized curves were covered in Calculus II.  We will study parameterized curves in 3 dimensions in section 11.1 of Thomas & Finney.  For now, we will consider 2 dimensional curves and how they can be plotted in Mathematica .  For a refresher on this subject, refer to Thomas & Finney , section 9.4.

Recall that the circle:
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Eqn. 2.2

becomes:

[image: image21.png]x = Cos[t], y = 8in[t], 0 =t =27




Eqn. 2.3

in a parametric representation (Example 1, section 9.4, Thomas & Finney).  Plot this in Mathematica using ParametricPlot[ ].  Refer to the help browser to check the syntax, then plot the circle.  Hint:  In the help browser f x is the x and  f y is the y of equation 2.3.

2.1)  Plot the functions Sin[x]2/x, Sin[x]2/x3/2, and Sin[x]2/x2 on the same graph with x running from 0 to 2 .  Also provide a plot of of the circle x2 + y2 = 1.  (Hint: look up Plot[ ] in the help menu to see how to get two functions on the same plot for the first part of the problem.  Also, look up PlotLabel[ ] to see how to add labels to your graphs).
Now let's try 3D plots.

First, find the "3D Plots" category in the help browser (it's a sub-category of "Graphics and Sound").  Notice that the 3D plots category contains 3 commands, Plot3D[ ], ListPlot3D[ ], and ParametricPlot3D[ ].

First, try a simple 3D plot, as follows:

[image: image22.png]Plot3D[x*

{x, -1, 1}, {y, -1, 1}]




Eqn. 2.4

2.2)  What is this figure?  Include the graphic in your lab report.

2.3)  Now create plots for examples of the following quadric surfaces and describe each in your report (equations for the first two surfaces can be found in Thomas & Finney, section 10.6):

- Hyperboloid of One Sheet    (Note: be careful to include above and below the xy plane)

- Elliptic Paraboloid, concave down

- The Monkey Saddle: x3-3*x*y2 .  Also, Is this a quadric surface?  Why or why not?

Now, in order to see how changes in the parameters lead to changes in the figures, we can combine different plots in one box with the Show[ ] command.

First, plot an elliptic paraboloid, assigning the graphic the name EP1 as follows:

[image: image23.png]EP1 = Plot3D[- (x°+¥?), {x, -1, 1}, {y, -1, 1}1




Eqn. 2.6

Now plot this one as EP2:

[image: image24.png]EP2 = Plot3D[- (x°+5y%), {x, -1, 1}, {y, -1, 1}]




Eqn. 2.7

Combine them with show

[image: image25.png]Show[{EP1, EP2}]




Eqn. 2.8

2.4)  Include the plot in your report with a description of the differences between the figures due to the parameter change.  (Tip:  you can change the viewpoint by clicking and dragging the figure).
Now we will again use Mathematica to solve a real world problem.  This one is adapted from Calculus&Mathematica VC Version 4.0 Chapter 2 Problem 5.  

You are the chief engineer at Buffalo Steel Plate Company.  An order comes in for 10,000 square plates, each measuring 12 inches wide and 12 inches long.  Each of these plates need to have an ellipse cut from the middle of them where the center of the ellipse coincides with the center of the steel plate.  Taking the origin as the center of the plate, the equation for the ellipse is given by

[image: image26.png]



(Units of both sides are in2)

Eqn.  2.9

You have a robotic router whose cutting center can be programmed to follow any curve you tell it to follow.  

2.5) 
As with the previous real-world problem, your write up should NOT contain any code, but the code should be included in an appendix.  Your response should consist of several written paragraphs explaining the procdure you used along with relevant graphs.

 If you are to use a bit 1 inch in diameter, then what curve should you program into the router?  Explain the reasoning behind your curve and give a plot of the bit curve with the given ellipse.  (Hint: If your curve is an ellipse, you’ll get fired and have to live off of Ramen noodles and Spam. Section 11.3 of  Thomas & Finney could be useful, especially the part about unit normal vectors).  
While you are working on this project, your company gets tasked with another job that requires the use of all the 1 inch drill bits.  You have 4 other options which are ½ inch bits, 2 inch bits, 3 inch bits, and lastly 4 inch bits (remember that the bit size refers to the diameter and NOT the radius).  Which bit sizes can you use and still make the specified plates?  Use Mathematica’s plotting abilities to help you in your decision.  What is the reasoning behind your choice?  Include the plots to support your claims.  (Tip:  If you are having difficulty picturing what the bit is doing, try out the PracticeOnScrap notebook)
Problem 3
Directions:  This last problem is a little more theoretical.  It will show that by extending the idea of the dot product, we can produce some interesting results.  This problem will also require some review of series.  Some of the questions require you to produce short answers, others slightly longer written answers.  The written answers should be about a paragraph in length.
In Calculus II we learned about several types of infinte series that converge, in other words:
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Eqn. 3.1

As you may recall, not just any sequence ak will converge.  For example, enter the following series into Mathematica and evaluate:

[image: image28.png]



Eqn. 3.2

Notice that Mathematica understands the traditional shorthand, where the upper limit of the sum is infinity.  Now try:

[image: image29.png]



Eqn. 3.3

3.1)  What happens when you evaluate equation 3.2?  What happens when you evaluate equation 3.3?  Include the results in your report.  Convergent infinite series can be altered to converge to any real number.  Find an infinite series that converges to the value one.  Evaluate the sum in Mathematica and include the result in your write-up.

In Calculus III, we have been studying the dot product.  One way of computing the dot product is as follows:

[image: image30.png]A.B= ajby+asby+agzbg + ... + agby




Eqn. 3.4

with:
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Eqn. 3.5
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Eqn. 3.6

This procedure holds for vectors of any length, say n:

[image: image33.png]



 Eqn. 3.7

Take n = 10 and enter the following sum into Mathematica:

[image: image34.png]



Eqn. 3.8

As you can see, Mathematica can handle a complicated summation.

Now consider the case of an infinite dot product, which we would write as:
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Eqn. 3.9
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Eqn. 3.10
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Eqn. 3.11

A and B are infinitely long and the entries in the vectors would have to lead to a convergent series in order for equation 3.9 to make sense.

Consider the following finite vector:

[image: image38.png]a={1,





Eqn. 3.12

Use the dot product in Mathematica to find its length.

Now consider A extended infinitely:

[image: image39.png]



Eqn. 3.13

3.2)  Report the length of the finite vector from equation 3.12.  Using the notion of an infinite dot product from equation 3.9, evaluate the length of the infinite vector in equation 3.13.  Hint:  A.A is the square of the length.

Recall that one of the guiding ideas behind the dot product was that the length of a vector v, was given by
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Eqn. 3.14

In every day life, we use different units to describe distances of different scales.  As an example, while we could say that the moon is around 383,023,872,000,000 nanometers from Earth, it makes lot more sense to say that it is around 238,857 miles instead.  In something of a similar fashion, if we are talking about vectors with many components, it might make sense to scale or “weight” the length of the vector by how many components it has.  That is to say we instead define a new notion of “length” with a sort of dimensional independence to it, namely
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Eqn. 3.15
3.3)  Report the” length” of the vectors {2,2,2}, {2,2,2,2}, and {2,2,2,2,2} under this new notion of length.  Also find the length of the infinite vector {2,2,…} under this notion of length.  Treat this as the limit as N goes to infinity for the standard case.  (Hint: you may find looking up the Limit[ ] command in the help menu along with utilizing the summation shortcut on the BasicMathInput pallatte very useful for the second part of the problem).
Taking our new notion of length and running with it, we may consider a different dot product (called a weighted inner product)

[image: image42.png]



Eqn. 3.16

Now we are ready to see what build up of the past few problems was leading to.  Imagine that we wanted to expand the definition of dot product to allow us to compute the dot product of functions as well as vectors.  Such a operation might look like this:

[image: image43.png]b
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Eqn. 3.17

Where the functions f(x) and g(x) are defined and continuous on the finite interval [a, b]. 

3.4)  Considering the analogy between summation and integration, describe how equation 3.16 is similar to equation 3.17.

Now try the following in Mathematica:  Compute the value of equation 3.17 for the functions sin(x) and cos(x) on the interval [-pi, pi].  Use the palette to produce the definite integral operation.  You can either enter sin(x)*cos(x) as the integrand, or you can define your own functions f(x) and g(x) as follows:

[image: image44.png]£[x_] = Sin[x]




Eqn. 3.18

[image: image45.png]gl[x_] = Cos[x]




Eqn. 3.19

and then simply enter equation 3.17 with a = -Pi and b = Pi.

After you have tried sin(x) and cos(x), try the following:

[image: image46.png]stin[2 #x] #Cos [3 % x] dx





Eqn. 3.20

and:

[image: image47.png]$in[5 »x] #Cos [12 »x] dix





Eqn. 3.21

What difference do the integer constants in the arguments of sine and cosine make?

Now try:

[image: image48.png]Sin[n »x] *Cos [m+x] dx





Eqn. 3.22

where m and n are integers.  Sine and cosine now have an arbitrary integer constant in their respective arguments.

3.5)  What is the result of integrating sin(x) and cos(x) then equations 3.17, 3.18, and 3.19 over the given interval?  If we consider the integral to be like a dot product, what do we conclude about sine and cosine on the interval [- pi , pi]?  What about when we add the arbitrary constants m and n?

Now try a slightly different pair of functions:

[image: image49.png]£[x_, n_] = Sin[n*7*x]




Eqn. 3.23

and

[image: image50.png]



Eqn. 3.24

By entering them exactly as they appear above, you will have two new functions defined in Mathematica, with g being a function of x only, and f being a function of both x and n, where n is an integer.    Evaluate f[1/2, 2] and g[2].  Verify that the answer is correct to ensure that both functions are defined properly.

Now create another function a[n] from the following integral:

[image: image51.png]glxl¥Elx, 0] dx




Eqn. 3.25

As we are integrating over x, the resulting function a will be a function of n only.

3.6) Evaluate a[n] for n=1, 2, 3, 4, 5.  Use the Mathematica N[ ] command to get numerical values.  Report these values  in your write-up.

Now, try the following integral:

[image: image52.png]13
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Eqn. 3.26

Notice that it also has an arbitrary parameter, n.  

3.7)  What is the result evaluating equation 3.26?  Explain this result, taking into account the symmetry of the integrand.  Hint:  Try plotting the integrand for a few values of n to visualize what's going on.

In equation 3.25, the numbers we produced with a[n] are called Fourier Sine Series coefficients.  For any integer n , a[n] gives you a coefficient.  These coefficient are then used to produce the Fourier Sine Series of a function.  To see how this works, produce the following function in Mathematica :
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Eqn. 3.27

This is a partial sum from one to n of the Fourier Sine Series of x3.

You may have noticed that the output Mathematica produces when you evaluate equation 3.24 contains some strange functions you may not be familiar with (assuming that you have already defined the a[k] as in Eqn. 3.22). These functions can all be found in the help browser, of course, but unfortunately this is a case of Mathematica being too smart for its own good.  If you instead define FSS[x,n] to be

[image: image54.png]N
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Eqn. 3.28
The “: = “ makes Mathematica leave the expression unevaluated until it is used.  This prevents all those crazy functions from popping up because when you fix an N, it just becomes a simple sum.  Note:  The reason this is important is because special functions can potentially take a long time to evaluate.  For an example of this try doing problem 3.7 using Eqn 3.25 as your definition for FSS and then try it with using Eqn 3.24.

In order to answer 3.8, you can superimpose two plots as follows:

[image: image55.png]Plot[{g[x], FSS[x, 101}, {x,





Eqn. 3.29
3.8)  Now try plotting FSS[x,n] on [-1, 1] for n=1, n=10, and n=50.  What do they look like?  Compare to FSS[x,n] to x 3.  What do you see?  Include the plots in your write up.
Now, with n=30, try plotting over a larger interval, [-3, 3].

3.9)  What do you notice about FSS[x, 30] over this interval?  What is happening on [-3, -1], for instance?  Can you explain this effect?  Include the plot in your write up.
You have just produced the Fourier Sine Series for g[x] = x3.  Such a series converges to g[x] within an interval [a, b], where the coefficients are appropriately defined by an integral as in equation 3.22.  Outside of [a, b] , the series will behave as you saw for problem 3.8.

You may find it plausible that the procedure described above is basically the same as vector projection using the dot product, as you learned to do in section 10.3 of Thomas & Finney .  However, in this context, the "vectors" are functions, and the "dot product" is an integral.

Producing such series is an enormously important subject in mathematics as well as in physics and engineering.  Although we only saw a Fourier Sine Series, one can produce Fourier Cosine Series, which have only cosine terms, as well as full Fourier series, with both sines and cosines.  You may be interested to know that a related technique, the Discrete Fourier Transform (DFT), is at the heart of MPEG and JPEG video and audio encoding and compression.  If you are lucky you will continue to study these fascinating mathematical techniques.
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