
APPM 2360 - Final                 May 8 ,   2000 , 1.30 - 4 pm

On the front of your blue book, write your  name. Write also the names of your lecturer (or
lecture session number) and your TA (or recitation section number).
_____________________________________________________________________________

There are FIVE problems (with subparts a, b, ...). YOU MUST WORK ALL FIVE PROBLEMS.
Each full problem is worth 40 points.  With the exception of problem 5 (which is 'multiple choice',
and requires only the answers), show all your work in your bluebook. Box all your answers.
Calculators, books or any notes are NOT permitted. No 'crib sheets' are allowed.
_____________________________________________________________________________

1. Solve the following ODEs. Give the general solution unless initial conditions are specified.

a. .y −
3 y
2 t

= 9
2

t2

b. .t2 y + y2 = 0

c. y = 2y3, y(0) = 1, y (0) = 1.

2. a. Sketch the bifurcation diagram for  x' = x3 + 2 x2 + c x. Label the axes. Indicate which
equilibrium points are stable (attractors) and which are unstable (repellers).

b. Suppose c = -3 (that is,   x' = x3 + 2 x2 - 3 x ). Sketch representative solution curves  x(t)  for this
ODE. Identify equilibrium solutions on the graph.

c. Consider the following system:

x' = x3 + 2 x2 - 3 x  
y' = x y

Sketch the nullclines of this system (identify which are x-nullclines and which are y-nullclines).
Identify all equilibrium points.

3. Solve the system of differential equations










x = 3x + y + 4z
y = x + 3y − 2z
z = 2z

with initial conditions

x(0) = 2,  y(0) = -1,  z(0) = -1. Please turn over ⇒⇒



4. The ODE  y '' = - y' + y3-2y2 - y + 2  describes the motion of a mass attached to a certain nonlinear spring.

a. Determine the equilibrium points for the motion.

b. Write this ODE as a system of first order ODEs.

c. One of the equilibrium solutions to   y '' = - y' + y3-2y2 - y + 2  is y = 1. Show how linearizing the
system you found in (b) around y = 1 (that is, introduce  z1 = y - 1) leads to the linear system
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d. Classify the orbital portrait as one of the six main types (imprpoer node, deficient node, star
node, saddle point, center, or spiral point).

e. This system is equivalent to the second order system z" + z' + 2 z = 0.  Find all solutions of the
following driven form of this ODE:

.z + z + 2z = e−t sin t

5. The following is a multiple choice question. Mark your answers "TRUE" or "FALSE" (not just "T" or
"F"). No explanations are required.

TRUE FALSE

a. The Existence and Uniqueness theorem guarantees that the solution to y' = 1 + y2,
y(0) = 0 exists for all times

b. The solution to y' - y = sin t , y(0) = 0, converges to a periodic function as t → ∞

c. The general step in Euler's method for solving y' = f (t,y) is yn= yn-1+ h f(tn-1,yn-1)
where h = tn -tn-1  is the step size.

d. The (shortest) period of sin 2x + cos 3x is  6π

e. If  y1 solves y''+ ay' + by = f1 and y2 solves y'' + ay' + by = f2 , then y1- y2 solves y'' +
ay' + by = 0.

f. Solutions to y'' + y = - cos t  stay bounded for all times.

g. 




sin t
cos t




,






cos t
−sin t




 form a basic solution set to the system






x
y




 =






0 1
−1 0











x
y






h. det (-A) = - det (A)  for all matrices A.


