APPM 2360 Final Exam May 9, 2002 1

On the front of your bluebook, write your name, instructor’s name, and recitation
number.

There are NINE QUESTIONS. You must WORK EIGHT OUT OF NINE problems.
CLEARLY IDENTIFY THE EIGHT PROBLEMS YOU WANT GRADED. Start each
problem on a new page, SHOW ALL YOUR WORK in your bluebook, and in your
answers. Calculators, books, and crib sheets are NOT permitted.

1. (25 points) Indicate whether the following statements are TRUE or FALSE. No justification
is necessary.

a. (5 points) The equation ' = 22 — 1 has an equilibrium at 2 = 1 that is a source.

b. (5 points) The initial-value problem ¢/ = y(1 —y)'/3 with y(to) = yo has a unique solution
for all (to,yo).
c. (5 points) The system of equations
1 ) 15 -2 T 11
208 1 4 || m | 8
-3 -9 2112 6 x3 | -7
4 7 8 -8 x4 —13

has a unique solution.

d. (5 points) The vector functions

“
I
o

V1 = V9

o @, @
@
~

are linearly dependent.

e. (5 points) Consider the homogeneous 2 x 2 system with constant coefficients x’ = Ax. Sup-
pose A1 and Ao are the eigenvalues of A and Re A\; = Re Ao = —5, then the equilibrium
point x = 0 must be a spiral sink.

SOLUTION

a. True.
b. False.
False.
. False.
e. False.

a o



APPM 2360 Final Exam May 9, 2002 2

2. (25 points) Solve the following differential equations:

(10 points) 3/ = 3e2mt+y

a.
b. (15 points) y +y = e !sint

SOLUTION

a. The ODE is separable:

Integrate with respect to ¢:

eV = —t3—|—02
1
y —
€ Cy — 13
1
) = In|l——
y(t) NG e

b. The ODE is linear. Thus, we can use either variation of parameters or an integrating
factor.

Variation of Parameters:

Homogeneous solution :  y,(t) = Ce™*

Particular solution :  y,(t) = C(t)e™"
Substitute the particular solution into the ODE and obtain
C' =sint
C(t) = —cost+ K

This gives particular solution y,(t) = (—cost + K)e~". Ignoring or absorbing con-
stant K gives the general solution

y(t) = Cre~" — e ' cost.

Integrating Factor:

Integrating factor : e’

ey +y) = é(sinte™)
(ely) = sint
ey = —cost+C

y(t) = Ce ' —etcost.
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3. (25 points) Solve the following initial-value problem:

2" = 223, z(0) = 2, 2'(0) = —4.

SOLUTION

The ODE 2” = 222 has the form 2" = f(z). Thus, multiply the ODE by 2’ and obtain

T — x’(2x3),

(;x&)/ = o/(223).

1
—z? = /(ng)dx,

Integrate with respect to t:

2
1 1
§$/2 = 5334 + C.
Using the initial condition z(0) = 2 and 2/(0) = —4, or equivalently, (to,zo,z() =
(0,2, —4), we get
1 1
—(-4)? = Z2*+cC
Lew? = ey
and C' = 0. Thus,
:E/2 _ :L'4
¥ = +2?

Again the initial conditions imply

¥ = +a2
—4 = +(2)2

a = -z
This equation is separable:

—x7 % = 1,

—x%dx = dt,
o= t+ Ch,

1
z(t) = .
®) t+ Ch

Again the initial condition x(0) = 2 implies that C; = 1/2. Hence,
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4. (25 points) Consider the following differential equation:

/
y——%zSa}.
r

yl/ +
a. (5 points) Show that y1(2) = z and y(z) = 1 form a fundamental set of solutions of the
homogeneous equation.
b. (18 points) Use the method of variation of parameters to find a particular solution of the
nonhomogeneous equation.

c. (2 points) Write down the general solution of the nonhomogeneous equation.

SOLUTION

a. First, we must show that y;(z) and y2(x) are solutions of the homogeneous differential
equation. The required derivatives are

ya(r) = % valz) =——,  h@)=—

By substitution, we find that

! 2 1 1
yé/+y2 Y2 _ 4 _ 1 -0

r x22 23 23 23
Now, we must show that y;(x) and y2(x) are linearly independent. The Wronskian is

W) = 1 (2)oh(a) — s (2)yale) = —= #0.

Therefore, y(z) = x and ya(z) = 1 are linearly independent and form a fundamental

set of solutions.

b. The general solution of the homogeneous equation is

C
y(x) = Crx + =2,
x
For the nonhomogeneous equation, we check a particular solution ¢(z) of the form

¢(z) = Ci(z)r + 027(33)

T

To find C1(z) and Ca(z), we must solve the system of equations

/
Cl(z)x + C’Z:ix) =0,

Cy(x)
72

Ci(z) — = 8z.
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The solution to this system is

Ci(z) = 4z, Ch(x) = —4a3.

Therefore, we have

Ci(z) = /4xdx =227, Cy(x) = — /4x3 dx = —z*.
Thus, the particular solution is

#(z) = (2a%)z + (o)L ="

c. The general solution of the nonhomogeneous equation is

C C
y(x) = Cix + ?2 + ¢(z) = Crz + ?2 + 23,
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5. (25 points) Consider the system of algebraic equations Ax = b where

2 4 2 T 6
A= 121 ) X = x2 y b = 3
3 2 1 T3 5

a. (6 points) Compute the determinant of A.

b. (4 points) What does your result in Part (a) imply about the existence of a solution of
the system? What does it imply about the uniqueness of a solution?

c. (15 points) Use Gaussian elimination with back substitution to verify your answers in Part

(b).

SOLUTION

a. The determinant of A is computed as follows:

det A = =2(2-2) —4(1—-3)+2(2-6) = 0.

W = N
DN DN W~
— =N

b. Since det A = 0, the linear system has either no solution or an infinite number of solutions.
This implies that if the solution exists, then it is not unique.

c. Apply the sequence of elementary row operations %El — Fy, By — FE1 — Ey, B3 —3F, —
FEs3, By « FE3, and —%EZ — Fy and obtain

2 4 216 1 2 13 1 2 1| 3 1 2 13
1213 —-1121/3]—-]10 0 0] 0]—=]021|2
3 2 115 3 2 115 0 4 -2|-4 0 0 00

Solve the resulting triangular linear system

r1+2x0+2x3 = 3
200+ 3 = 2

using back substitution and obtain

T 1 0 1
x=\| xo = 1—% =« —% + 1| 1
T3 « 1 0

where « is an arbitrary real constant. Therefore, the linear system has an infinite number
of solutions.
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6. (25 points) Consider the system of differential equations x’" = Ax where

=(n) 2=(i2)

(15 points) Find the general solution of the system.

a.
b. (10 points) Suppose A is a double eigenvalue of the matrix A with corresponding eigen-
vector u. Show that
x(t) = ve + ute

is a solution of the system x’ = Ax only if v satisfies the equation

(A= AI)v=u.

SOLUTION

a. To find the general solution we must first determine the eigenvalues and eigenvectors of
A. The eigenvalues of A are the roots of the characteristic equation

B 2-A 1\ . o
det(A—)\I)—det< 0 2_A>_(2 A2 =0.

Therefore, A = A\; = Ao = 2 is a double eigenvalue. Note that since A is a triangu-
lar matrix, the eigenvalues are simply the diagonal elements of A. The eigenvectors
corresponding to A = 2 are solutions of the linear system

(A—)\I)u:<8 é)u:().

(1),

where « is an arbitrary constant is an eigenvector. We shall choose o = 1. Since
we have found only one eigenvector, we must solve the generalized eigenvalue problem
(A — MI)v = u in order to obtain a second linearly independent solution. The resulting

linear system is
01\ (1
00)Y " \o)

The general solution of this linear system is

~(2)-(0)

where [ is an arbitrary constant. The first term is simply the eigenvector u, therefore,
we choose § = 0 to obtain a particular solution for v. Finally, the general solution of

the system of linear differential equations is
0\ ot 1 2t
( 1 ) e” + ( 0 )te ,

z1(t) = (1 + czt)th, xo(t) = coe?t.

Any vector of form

1

which can be rewritten as
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b. Assume x is a solution of the linear system. Differentiate and obtain
x' = AveM + ueM + ute,
Substitute x and x’ into the linear system and obtain
aver +uet + hute™ = A(veM 4 uteM) = Aver + Aute,
Divide by e* and collect like powers of ¢ to obtain
(Av — Av —u) + (Au— Au)t =0.
Since A and u are an eigenvalue-eigenvector pair, Au — Au = 0, and we get

Av—-Xv=(A-A)v=u
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7. (25 points) Consider the system of differential equations x’ = Ax + b(t) where
0 2 el
A_<_2 0), b<t>_< 0).
a. (5 points) A complex-valued solution of the homogeneous system is

x1(t) = ( 1 )ezit.

Find the real-valued general solution of the homogeneous system.

b. (15 points) Use the method of undetermined coefficients to find a particular solution of
the nonhomogeneous system.

c. (5 points) Write down the general solution of the nonhomogeneous system.

SOLUTION

a. From the complex-valued solution, we know that A = 2i is an eigenvalue of A with

corresponding eigenvector
1 1 0

Therefore, the real-valued general solution of the homogeneous system is
1 0\ . 1 . 0
x(t) = C4 l( 0 )cos2t— ( 1 >sm2t < 0 >s1n2t+ ( 1 )CosZt] ,

which can be simplified to
( C1cos2t + Cysin 2t >
x(t) = .

+ Cy

—(C1 sin 2t + Cy cos 2t
b. We seek a particular solution ¢g(t) = (xo(t),yo(t)) of the nonhomogeneous system of the
form

zo(t) = ac,  yolt) = ce.

Substituting into the nonhomogeneous system, we obtain

a=2c+1, c= —2a.

The solution to this system of equations is
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c. The general solution of the nonhomogeneous system is

x(t) = C1 cos 2t + Ca sin 2t + %et
~ \ —Cisin2t + Cycos2t — zet

May 9, 2002

5

10
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8. (25 points) Consider the following system of first-order differential equations describing the
interaction of two species x and y as a function of time t:

¥ = z(3—1z—2y)
f = Y2y —a)

a. (b points) Find all the equilibrium points for the two species.

b. (20 points) Classify all the equilibrium points and state whether these points are struc-
turally stable or structurally unstable.

SOLUTION
a. Equilibrium points occur for x’ = (2/,y') = 0. Thus, let

¥ = Fi(z,y) with F:=23-2—2y),
y = F(z,y) with F:=y(2-y—u1),

then

=0 = 22=0 or 3—2—2y=0,
Fr,=0 = y=0 or 2—y—z=0.

Selecting all possibilities gives

(i) (0,0), (é) (0,2), (iid) (3,0), (i) (1,1).

c. To classify the equilibrium points, linearize about the equilibrium points xeq with x =
Xeq + 1 and where u = (u,v)?. Linearization implies |u| < 1 and results in the linear

system
oF,  OF
, ox oy
u =Au with A=

o,  OF,
oz dy X=Xeq
Computing the partial derivatives, we obtain
3—2x — 2y —2z
A_ =
-y 2-2y—=x X—=%Xeq

Thus,
0 00=a=(F 5).

with eigenvalues A\; = 3 and A\g = 2. Therefore, (0,0) is a source node and is structurally
stable.

i 02n=a=(2, %)
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with eigenvalues \; =

stable.

with eigenvalues A\; =

stable.
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—1 and Ay = —2. Therefore, (0, 2) is a sink node and is structurally

(iii) (3,0) = A = (‘03 :f),

—3 and Ay = —1. Therefore, (3,0) is a sink node and is structurally

iy an=a=(2) 7).

with eigenvalues A\; = —1 + /2 and Ay = —1 — /2. Therefore, (1,1) is a saddle node
and is structurally stable.
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9. (25 points) Consider the differential equation
' + 2tz = 0.

a. (20 points) Find the first five terms (up to and including ¢*) of the power series solution
near the ordinary point ¢ = 0.

b. (5 points) Find the general term and determine the complete power series solution near
the ordinary point ¢t = 0.

SOLUTION

a. Assume a power series solution of the form

[oe)
x(t) = Z ant™.
n=0
Differentiate and obtain

o o0
2 (t) = Z na,t" ! = Z na,t" L.
n=0 n=1

Substitute  and z’ into the differential equation and obtain

(00 o0
Z na,t" "t + 2t Z an,t” =0,
n=1 n=0

o0 o0
Z na,t" "t + Z 2a,t" Tt = 0.
n=1 n=0

Let Kk =n — 1 in the first series and kK = n + 1 in the second series and obtain

o [o.¢]
Z(k —+ 1)ak+1tk =+ Z 20/]@,1151€ = 0
k=0 k=1

Rewrite the series as
o0
a1 + Y_[(k + Va1t + 2a51]t" = 0.
k=1
Set the coefficients of t*, k =0,1,2,..., equal to zero and find

2a_1

k> 2.
]{Z+1, =

ay =0, a1 = —
The first five coeflicients are
ag arbitrary, ar =0, as = —ao, az = 0, ag = —.

Thus, the (incomplete) power series solution is

4

t
x(t):ao—a0t2+a0§+---.
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b. Calculate the next two (or more if necessary) coefficients and find

ao
as =0, T
The general even and odd terms are
aq —1)"
a2n = (’I’L')’ agp+1 =0,
for n = 0,1,2,..., respectively. Thus, the complete power series solution near the
ordinary point t = 0 is
o0 (_l)nth
x(t) = ag Z -
n=0
You are not required to sum the series, but note that
00 2n 00 2\n
(=)™t —t 2
9U(t):lIOZT>L! Zaoz(n!) =ape .
n=0 n=0

This solution can be obtained by applying separation of variables to the differential
equation.



