APPM 2360 Exam 3 — Solutions November 19, 2003

1. Given the matrix

a. Find the eigenvalues of A (6 points).
b. Find the eigenvectors of A (14 points).

SOLUTION

a. Find the characteristic equation

det(A — AI) = ‘1_‘1A 3‘_2A‘
= (1-X)B-A)-2
= M -4\+1
= (A-22-3
= 0

Therefore, A1 =2 + V3 and Ay =2 — V3.

b. Solve (A — A\1I)v; = 0. Create the augmented matrix and put into RREF.

< (1+f) ‘ >
o v o
() e
- (U f\ﬁ)@ 2-0
H< ( )@ —@x(1-V3)/2
Therefore
v1 = (1 —V3) vy,
So vy is

as ().
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Solve (A — A2I) vy = 0. Create the augmented matrix and put into RREF.

(45 0D 10)
-1 (1+\f 0
- <:8:£3 :2‘0> Q< @x(1-V3)
- (P ) oo
- <é (H\f ‘0> @ — @ x (1+3)/2
Therefore
= (1+V3) vy
So va is
2 V2:<1+1\/§>‘

2. (20 points) Solve the following initial value problem
7 1 / 4 2 /
Yoy -my=t y1)=1y1)=21t>0

using variation of parameters and knowing that the general homogeneous solution is given by

SOLUTION

Using the variation of parameters set

un(t) = s1(0) + 32(t)t12

and

up(t) = s1(t) (£2)" + s2(t) <t12> with constraint s} (t) (t?) 4 sh(t) <t12> —0

Yy, (1) = y,(t)

2 2 si\ (0
2t —2t73 sh )\ #2

This leads to the system
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Thus
‘ 0 t2 ‘ 2 0
2 —2t73 ) 2t t2
Sl(t) = 2 2 s ) = 2 2
2t —2t73 2t —2t73
-1 t*
/ _ / _
t 1o
s1(t) = 1 sh(t) = 1
t2 6
t) = — = ——
s1(t) 3 s2(t) 51
Thus
t2 6 1
t) = 2 R
u(t) =13 24~ 12

Thus the general solution is given
2 2, 1y
y(t) = crt” + cot™ " + ﬁt

The initial value problem gives

(2 %) (8)-('55")
(5)= ()

This gives
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3 0 0
3. Consider the system of equations x = Ax, where A=| 0 -3 0
0 0 3

. Find the characteristic equation and eigenvalues for this system (5 points).

a
b. Find the eigenvectors for A (5 points).

e

Find the general solution of this system (5 points).

Q.

. What is the span of the eigenvectors of A (5 points)?

SOLUTION

a. The characteristic equation for A is (A—3)?(A+3) = 0 and the eigenvalues are \; = Ay = 3

and A3 = —3.
b. We need to solve (A — AXI)v = 0, where v = [v1, v, v3].
For A =3:
0 0 O
A-31=|0 -9 0 |,
0 0 O

which gives that —9vs = 0 or vo = 0. One can therefore choose the two linearly inde-
pendent eigenvectors vi = [1,0,0] and vy = [0,0, 1].
For A = —3:

9 0
A+3I=1 0 0
0 0

o O O

which gives that v; = v3 = 0. One can choose the eigenvector vs = [0, 1,0].

c. The general solution is

1 0 0
Xg = e 0 | 4| 0| 43| 1
0 1 0

d. The eigenvectors span R3.
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4. Given the matrix

= (45)

a. Find the eigenvalues of A (6 points).
b. Find the eigenvectors of A (14 points).

SOLUTION

a. Find the characteristic equation

I1-Xx 2
det(A —XI) = ‘ 4 3 ‘
= 1-XMNB-XN+8
= A —4r+11
= A=2)2+7
=0
Therefore, A\; = 2+ iv/7 and Ay = 2 — iV/7.
b. Solve (A — A\1I)v; = 0. Create the augmented matrix and put into RREF.
—1—iv7T 2 ‘0
—4 1—iV/710

0
< .

- (e ) S
( (
(

—4(1+iV7) 8|0
TV R0 ) 0o-o-0

- (1 —<1—éﬁ>/4 8) D — @ x —(1—iv7)/32
Therefore
dv; = (1 —iV7) vg.
So vy is

as (1),

Since vo is the complex conjugate of vy,

e (1),
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5. For each of the following equations, determine whether the guess of the particular solution
will or will not work using to the method of undertermined coefficients (4 points each).
Note: you are not required to show your work.

a. vy’ +y=3sin(t) and y, = ¢; cos(t) + c2 sin(t).
b. v+ y = 6sin(2t) and y, = ¢1 cos(2t) + co sin(2t).

y" — 4y + 4y = e % and y, = cre .

e

2t

o}

Ly — 4y + 4y =te ? and y, = crte™H + cpe”
e. v — 3y = 3t? and y, = c1t? + cot + c3.

SOLUTION

a. No.
b. Yes.
c. Yes.
d. Yes.
e. No.



