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Chapter 1

Solving Linear Systems

1.1 Introduction

One of the most important relationships in mathematics is a linear relationship. You are already familic
with this. Suppose that you have the following recipe for Ted’s Original Texas Road-Kill Chili (found at
http://www.flash.nettrockware/chili.htm:

4 Ibs fresh road-kill 2-4 tbsp chili powder

1tsp black pepper 1tbsp salt

2 beers or 750ml zinfindel 4 cloves crushed garlic

1-3tsp oregano 1 16 oz. can Cantadina tomato sauce
2 Jalapeno peppers (chopped) 1 tbsp finely chopped green onions
1tbsp cumin powder 2 tbsp chopped bell pepper

and the recipe serves six people.

If you want to serve chili for eighteen, you have to triple the recipe (multiply the quantity of each
ingredient by three). This is a linear scaling. The following is the mathematical definition of algebraic
linearity.

Definition 1.1.1 An algebraic equation iéinear in the variablesz, -, ..., z, if it has the following
form:

a1y + apxs + - + aypr, = by

wherea,, a2, ..., a1,, andb,; are constants.

Example 1.1.1 James spends $108.91 on CD’s. The prices of the various CD’s are $9.99,
$11.99, and $14.99. What is the algebraic relationship that describes his music purchase?

Answer:
9.99z¢ + 11.9925 + 14.9923 = 108.91,

wherezq, x2, andxs are the number of CD’s that he bought at $9.99, $11.99, and $14.99,
respectively. The total price of CD’s is a linear relationship which equals $108.91.
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There are many examples of single linear equations, however as in the example just given, there
not enough information to determine the solution to all the variables. In this case, we would need mor
information—such as the total number of CD’s. Often, there will be multiple equations to describe the
relationships between unknown variables. If all the equations are linear, then the collection is called
linear system

Definition 1.1.2 A linear systemis a collection of linear equations that can be written in the form:

anry + apre + -+ apr, = by,
an Ty + agexe + - - + agpr, = by,
Ap1T1 + QpoTs + -+ Qppty = by,

Notice that the number of equationsisand the number of unknownsris It is important that both
thea;;’s, i.e. the coefficients in the equations, and hg, the right hand sides,be constant.

Linear systems are found throughout engineering and mathematics and their importance is comparal
to the importance of algebra and calculus. The following example shows one of a wide range of problen
where linear systems arise:

Example 1.1.2 The temperature distribution in a long metal rod can be found by imagin-
ing that the rod consists of a series of small pieces of metal connected together. (See Figure
1.1) The rod is in local thermal equilibrium when the temperature of any piece of the rod is
the average temperature of its neighbors. In mathematical terms this means:

T T;
7= izt L
2
fori =2,3,..., N — 1, whereN is the total number of “pieces” of the rod. Because the

average temperature is an example of a linear equation, the resulting collection of equations
is a linear system.

Let’s consider an actual case with a 4-piece rod. If one end is in ice witerigd the

other is boiling water(00°), then what is the linear system in standard form (as given in
the definition above)?

Answer: The following linear system describes the temperature in the rod,

oy T, = 0,

=T+ 215 -13 = 0,

T+ 213 -T4, = 0,
-T3+ 2T, = 100.

In this case, the variables are the temperatukes/s, 73, andTy. The right hand side of

the first equation is O because the left end of the rod is in ice water. The right hand side
of the last equation is 100 because the right end of the rod isilimpevater. Notice that

there are 4 variables and 4 equations. You may remember a saying, “You must have the
same number of equations as variables.” This is true for this example, but isn’t always true.
We will discuss this in more detail in Section 2.3. You will be asked to solve this system in
problem 11.
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Figure 1.1:To determine the temperature distribution of the rod, the rod can be
thought of existing as small distinct pieces, where each has the same temperature.
In this figure there ar&/ pieces of rod.

The equation of a plane iR? is given by the general forma: + by + ¢z = d, wherea, b, ¢, andd
are constants. This is another example of a linear equationlfy + 6z = 17, 40 — 3y — 2z = 4, and
2x + 3y + z = —1 are three planes in 3-space, then the three equations form the linear system:

r4+y+6z = 17,
do —3y — 2z = 4, (1.2)
20 4+3y+z2 = —1,

wherez, y, andz are coordinates iRR®. The solution to this linear system is the intersection of the planes
in R?, which is a point in this case. You may remember from geometry that three planes can intersect in
point, a line, a plane, or have no intersection at all. We will see below how this geometric intuition can be
turned into an algebraic statement about linear systems.

1.2 Basic Matrix Operations

One objective of linear algebra is to find the solution of linear systems, like the ones presented in th
previous section. Before getting into the details of solving these systems, linear algebra presents us w
a shortcut notation for these systems. The notation allows us to simplify the solution process, as you w
see in the next sectiofhe goal of this section is to introduce you to this notation and show you some basic
operations.

The linear system of planes R?® in (1.1) can be written in matrix form:

1 1 6 x 17
4 -3 -2 y = 4], (1.2)
2 3 1 z ~1

(3 by 3 matrix)(3 vecton = (3 vector

Thematrix on the left is simply a grid of numbers. In this case it has 3 rows and 3 columns, so its callec
a 3 by 3 matrix, thus theizeof the matrix is 3 by 3. If the number of rows equals the number of columns
then the matrix isquare, as in (1.2).

There are two vectors in (1.2) and both of them have length three. The vector on the left side of th
equation has length 3 and it contains the unknowng andz. The vector on the right of (1.2) contains
the right hand side of (1.1).

The above matrix is found by taking the coefficients of the variables of (1.1). The rows of the matrix
represent each equation from (1.1) and the columns represent the coefficients of each unknown (the €
ments of the first column of the matrix are the coefficients @f (1.1), the second column contain the
coefficients ofy, etc.).

Lastly, it is important to know how to rewrite (1.2) in another form, calledaagmented matrix,
which is found by removing the unknown variables and drawing a vertical line between the coefficien
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matrix and the right hand side. The matrix equation (1.2) can be written:

1 1 6] 17
4 -3 2| 4 |. (1.3)
2 3 1| -1

In the general case, whesfex = b, the augmented matrix is written
(Al b),

where the unknown vecta, is not included. (Note: the matrices and vectors in the equation= b are
in bold as are all vectors and matrices throughout this book.) The augmented matrix is the form used
solve linear systems as will be shown in next section.

1.2.1 Review of Vectors

Recall that a vector is used as a way of representing direction and magnitude as in forces. The magnitL
or length of a vector
Zq

"
I

Ty
is defined
x| =i+ ...+ 22 .

Notice x| is a scalar quantity.
The addition of vectors is performed by summing the individual components. Here’s an example ir

R?:
1 8 9
2 |+ 0| = 2
3 -5 -2

Graphically, addition is performed by graphing the first vector at the origin and graphing the second vectc
from the endpoint of the first vector. Connecting the origin to the end of the second vector is the resultal
vector.




-2 1

-3 R X

-4 -1
This is an example of vector addition in the This figure shows the multiplication of a vec-
plane. tor by a scalar in the plane.

(1)) (1)-(5)

The vectors in bold are the original vectors The vector in bold is the original vector and
and the non-bold vector is the resultant. the non-bold vector is the resultant.

The scalar multiplication of a vector is the product of a number and a vector. In this example

1 2
212 | =1 4],
3 6

the 2 multiplies each element of the vector. The resultant is a vector in the same direction but with twic
the magnitude.
Another operation on vectors is ttet product, which is defined between two vectors= (xy, x2, x3)
andy = (v1,y2,ys3). The dot product is defined as
Xy = 21Y1 + T2Y2 + T3Y3
where the is the notation for dot product.

1.2.2 Addition and Scalar Multiplication of Matrices

Matrix addition and scalar multiplication behave the same way as vector addition and scalar multiplicatior
(2by3) + (2by3) = (2 by 3)

0 =2 =2\ (-10 4 =7} _ (-0 2 =9
1 -8 0 9 0 2 N 10 -8 2 /°
Here’s an example of the multiplication of a scalar by a matrix,
scalarx (2by 3) = (2 by 3)

G(0 -2 =2} _ (0 —6 -6
1 -8 0 o 3 —-24 0 /-
Notice that the size of the two matrices in the addition must be the stw®@matrices of different sizes

cannot be addedAlso, the resultant matrix in either the addition or the scalar multiplication is the same
size as the matrices on the left side.



1.2.3 Matrix-Vector Multiplication

The matrix equation in (1.2) has a matrix-vector multiplication on the left hand side. The first row of
the matrix is multiplied by the column vector in a dot product sense. This gives the first element of th
resultant matrix. The second element is found in a similar manner with a dot product of the second row
the matrix with the vector.

Example 1.2.1 Multiply the matricesA andB given by
5
12 9
A:(—1 2 —4) B=1| 3
Answer:
( L2 9) ; :( (1)(5) + (2)(3) + (9)(~2) ):(—7)
-1 2 -4 5 (=1 +2)B3) + (=4)(-2) 9 )

Notice that the sizes of the matrix and vector have to be compatible. Because of the way the
multiplication takes mce,the number of columns of the matrix megual the number of

rows of the vectorin this case the matrix is a two by three and the vector has length three.
Because there are two rows in the matrix, the resultant vector has length two.

In general, the result of the product of anby » matrix, A, with ann-vector,x, is anm-vector, as
shown here,

air G2 o Qip 1 a1 T + a1 + -+ AipTy
do1 G2 -+ 2, P 21T + Q2T + -+ + A2p Ty
Am1 Am2 " Ump T Am1T1 —I' U222 —I' et ‘I’ AmnTn

1.2.4 Matrix-Matrix Multiplication

To find the product of two matrices, the columns of the second matrix are treated like vectors and th
matrix-vector multiplication is done as above. Notice that the dimensions act the following way:

l 1 the dimensions of the product

(m by n)(n by p)=(m by p)
T 71 these must match

Example 1.2.2 Multiply



Answer:

2)(=5)+ H(=2)  @)(=6)+HH)  (2)B3)+(4)(5)
_| BB +(=8)(=2) B)(=6)+ (=8)(4) (3)3)+ (=8)(5)
(=1)(=5)+ (5)(=2) (=1)(=6)+ (5)(4) (=1)(3)+ (5)(5)
A (=5)+ H)(=2)  @D(=6)+ @)  (H)B3)+(4)(5)
~18 4 26
B 1 —50 —31
| -5 26 2
—28 -8 32

You can think of the matrix-matrix multiplication as some number of matrix-vector multiplications. In this
case, the second matrix has three columns, therefore you can this of this product as three matrix-vec
products, with the result having three columns.

1.2.5 Transposes

Another basic matrix operation is the matrix transpose—this exchanges the rows and columns of the matr
If the matrix A is given by

11 Q12 - dip
21 Q22 - A2y
2
m1 Am2 ° Opnp
then the transpose is given by
11 G211 - OGm1
12 Gz - Gm2
A1y Q2n " Opp

Notice that the transpose of anby » matrix is ann by m matrix. For a shorthand notation, the transpose
of the matrixA is written A7,

Example 1.2.3 Find the transpose of

3 =7 1 1
A_(Q 9 -10 25)'

Answer:
3 2
-7 9
T _
A= 1 —-10
1 25

A vector can either be a column vector or a row vectocodumn vector has the form

€1

Ln



and arow vector has the form
(X1, Ty .oy 2p).

If the type of vector is not specified then it is assumed that it is a column vector. Notice that all of the
vectors so far in this book have been column vectdtss important for matrix-vector multiplications
that the vectors are column vectors (or the dimensions won’t matchQffgn times, column vectors are
written in the form(z,, ..., z,,)T because they take up less space in printed notation. The transpose take
a row vector to a column vector.

Lastly, the dot product that you saw in section 1.2.1 can be written as

xy=x'y,

wherey’ can be thought of as a 1 bymatrix instead of row vector of length

1.2.6 The Identity Matrix

It's every sports fan’s dream to have a team they admire be number one. Well, mathematicians get a lit
teary-eyed with the number one also, for numerous reasons. A particular reason is that when you multig
any number by one it is not changed. Thatlis;; = x, the number 1 is called the multiplicative identity.
There is also a matriX, that has the property thAA = A, and as you can guess, it’s called tdentity
matrix . This matrix is square, has ones along the diagonal, and zeros above and below the diagonal. T
3 by 3 identity matrix is

1 00
I=]10 10
0 0 1

1.3 Gaussian Elimination
In the previous section, we saw the linear system representing three pldés in

r4+y+62 = 17,
dor — 3y — 2z = 4, (1.4)
20 +3y+2z = —1.

We can solve this system by solving for one of the variables in the first equation. Solvingifthe first
equation gives: = 17 — y — 6z, and then substituting into the second and third equations of (1.4) gives,

417 —y—62) — 3y — 2z = 4,

207 —y—62)+3y+2z = —1,
or
—Ty — 26z = —64,
y— 11z = =35. (1.5)

Notice that after one step, we have reduced a 3 by 3 system (3 equations and 3 variables) to a 2 by
system, which is easier to solve. From the second equation of (1.5), we can salyerfgr= —35+ 11z,
and substitute it into the first equation of (1.5), yielding

—7(=35+11z) — 26z = —64,

8



or z = 3. Once we have found, we can substitute it intg = —35 + 11z ory = —2. Lastly, usingy and
z, we can get fromaz = 17 — y — 6z, orz = 1. Therefore the solution to the linear system in (1.4) is

z = 1
= -2
= 3.

Though what we have just done is reasonably easy for three variables and three equations,it becon
considerably more tedious for four variables and four equations, and unbearably difficult for 100 variable
and 100 equations. In this section, you will learn how to solve matrix equations (linear systems) by usin
a simple algorithm, calle@aussian elimination

Gaussian elimination is a series eliementary row operationsperformed on 3
matrix (usually an augmented matrix). The goal is to reduce the original matfix to
a matrix with zeros below the diagonal.

We start by rewriting (1.4) as an augmented matrix as was shown in section 1.2,

1 1 6 17
4 -3 =2 4
2 3 1] -1

The main reason for this is that the augmented matrix contains all the information about our system «
equations (except for the names of the variables), but is more compact to write down. To develop th
solution algorithm we first note that there are some simple manipulations that one can carry out on tr
augmented matrix without changing the answer. These are @#letentary row operations

For example, since each row of the augmented matrix stands for one of our three equations, it shou
make no difference in which order these equations are written. So the augmented matrix

2 3 1] -1
4 -3 =2 4
1 1 6 17

is just as valid as the previous one, since we have just written the first equation last and the last equati
first. Thus, for augmented matrices it is legitimate to exchange any two rows without changing the probler
we are solving, and therefore without changing the solution. This is the first of our elementary row
operations. We denote it by; s, which means swap rowisand3.

There are two more elementary row operations that we are going to need. Notice that if we take the fir
equation;s + y 4+ 6z = 17 and multiply the entire equation by any nonzero scaldt,does not change the
equation, sincex + cy + 6¢z = 17¢ has exactly the same solutions as before. On the augmented matrix,
this means we can multiply any row by a constant without changing the answer. We denote this operatic
by cR; — Ry, i.e. mulitply row1 by 1 and return it to row.

Finally we can add any equation to any other in our system without changing the answer. Even mor
generally, we can add, say,times the first equation to the second and do no harm. This replaces the
second equation by — 3y — 2z 4+ 3(x + y 4 62) =4 + 3(17), or 7x + 0y 4+ 16z = 55. In this case the
augmented matrix would become



We will see that this is the most useful row operation. We denotetthy+ R, — R, i.e. multiply row
1 by 3 and add it to row, then return it to row.
To summarize, there are three elementary row operations:

Sab Swap rows: andb.
cR, = R, Multiply row « by ¢ and return it to row:.
cR, + R, — R, Multiply row « by ¢ and add it to rowb then return it to row.

The process called “Gaussian Elimination” is simply a combination of elementary row operations
designed to make the solution of the linear system easier.

The first objective of Gaussian elimination is to get zeros into the second and third row of the firs
column, by taking linear combinations of the rows. For instance if we multiply each element of the first
row of (1.3) by -4 and add to each element of the second row then (1.3) becomes

1 1 6 17
0 =7 —26| —64
2 3 1 -1

To eliminate the 2 in the first column of the third row, we multiply the top row by -2 and add to the last

row. The matrix then becomes:
1 1 6 17

0 —7 —26| —64 |. (1.6)
0 1 —11] —35

Notice that the smaller 2 by 3 augmented matrix in the lower right hand corner represents the equations
(1.5). The next step is to get a 0 into the second column of the third row. To do this we multiply the secon:
row by £ and add to the third row (we do this because this will eliminate the one in the second column)
The resulting matrix is:

1 1 6 17

0 -7 —26| —64 |. (1.7)
0 0 |

This is the result of Gaussian elimination. Now that you see the results, you can see that we desire to ¢
a matrix inupper triangular form, which means that every element below the main diagonal is 0.

The claim is that the system of equations represented by this augmented matrix has the same solut
as the original system, and, moreover is easier to solve. To solve it, we perform what is isheaked
substitution. This is precisely what we did when we solved (1.4), solving firstfdren findingy, then
finding 2. Thus the third equation says®: = =2, which means that = 3. Whew, that was easy,
wasn't it! Now that we know, we look at the second equation, which becomes

—Ty + —26(3) = —64
This is also easy, since we knewand givesy = —2. Finally, the first equation is
r+1(-2)4+6(3) =17

Again, since we are doing things backwards, there is only one unkngveo, we easily get the solution,
x = 1.

10



If you like, you can also do back substitution on the augmented matrix. The goal here is to apply th
elementary row operations to eliminate the entries above the diagonal. First, solveVifardo this by
multiplying the last row of (1.7) by- -, which results in:

103’

11 6 17
0 -7 —26| —64
0 0 1 3

Next, we can get a zero in the third column of the second row by multiplying the third row of (1.3) by 26
and adding to the second row. The result is:

We now want a 1 on the second diagonal element (that is, second column of the second row), so that t
value ofy is explicit. To obtain this, we multiply the second row by. The resultis:

Next we get O's in the second and third columns of the first row. We can do this by multiplying the third
row by -6 and adding to the first row to get

And finally we can get a 0 in the second column of the first row by multiplying the second row by -1 and
adding to the first row. The final result is:

1 00| 1
010 -2]. (1.8)
001 3

We can now get the solution to the linear system by reading it off from the matrix. Remember that the
augmented matrix represents a linear system. Therefore we can write down the linear system of (1.8),

le +0y+ 0z =1,
Oz + 1y 4+ 0z = -2,
Oz +0y+1z =3,

orz =1,y =-2,andz = 3.

You still may wonder why these steps were easier than the previous method. You are correct in sayir
we used far more steps in this example of Gaussian elimination than the first method. However, we wro
out each step in great detail. Of course, we can do things much more compactly now that you understa
the process.

The following illustrates an example of Gaussian elimination using the elmementary row operatior
notation:
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Example 1.3.1 Solve

20—y — 2
r+y+ 2z
-3z + 2z
Answer:

. . -1 -1 0
Write the linear system L 1 92l6
as an augmented matrix. 3 o0 9l3

1 1 2 6

5127 _1 _1 0

-3 0 21 3

—2R1 + R2 — R27 1 1 2 6
3R+ Rs — R 0 =3 =5 12
L > 0 3 8 21

1 1 2 6

R2—|—R3 — ]%37 -3 -5 —12

0 0 3 9

1 1 1 2 6

§R3 — ]%37 -3 =5 —-12

0 0 1 3

Note that the 0 in the second col-
umn of row 3 is because the co-
efficient ofy in the last equation
is zero.

Swap rows 1 and 2 (this is the
easiest way to get a 1 in the first
column of the first row).

To get zeros in the second and
third rows of the first columns,

we take linear combinations of
the first rows.

Add row 2 to row 3. The matrix
is in upper triangular form. The
remaining steps use back substi-
tution.

Multiply row 3 by .

(When row 3 has zeros in the first two columns and 1 in the third column, we use it
to get zeros in the third column of the other two rows.)

1 1 0] 0

5R3—|—R2 — R27 0 -3 0 3
1 1 1 0] 0
—§R2—>R2, 0 1 0 1

0 0 1| 3

1 0 0] -1

—Ry + Ry — Ry, 0 10 1
0 0 1 3

Multiply row 3 by 5 and add to
row 2, then multiply row 3 by -2
and add to row 1.

To get the needed 1 in column 2
of row 2, we multiply row 2 by

Wl

The final step gets a zero in the
second column of the first row,
by using the second row. Since
we have the identity matrix on
the left, we are done.

The solution to the linear systemis= —1,y = 1 andz = 3.

Although Gaussian elimination seems straight forward, often it isn’t. There are cases where the procedt

breaks down. Let’s take a look at a couple of cases.
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Example 1.3.2 Solve

201 +wp — w3 = 5,
ry + 4
3$1—|—$2—|—3$3 = 6.

Il
|
w

Answer:

Write the linear system as an 1 ! _i _g
augmented matrix. 1 3 6
1o 4| -3
5217 2 1 -1 5 ’
3 1 3 6
—2R + Ry — Ry, Y I
3Ry +Rs — R Lol s )
—3 R, 3 39 0 1 -9 15
1o 4| -3
~Ry+ Ry~ Rs, [ 01 =91 11
0 0 4

Remember that our goal is to get 1's on the diagonal. However, it is impossible to geta 1
in the third column of the third row. So what do we do? Is there a solution? Remember
that the matrix represents a linear system and we can return to the linear system to try to
understand this problem. The last matrix can be written as equations as

1 +4rs = =3,
Ty — 9$3 = 117
0 = 4.

Immediately, you should begin to worry about the last equafica,4. Because there are
no values of:y, 2o, andzs that can satisfy the last equation, there cannot be a solution to
this system. We say that the linear systerm&onsistent

The following is another example approaching this from a geometric point of view. Solve

1 =110
2 =213 )

With one step (multiplying the first row by -2 and adding to row 2) we can reduce the matrix to
1 =110
0 01| 3)/°

13



-1+t

-2

-3t
The solution of the matrix equation is the point where the lines cross. But since the lines are
parallel (each has a slope of 1), there is no solution. This agrees with the results of Gaussian
elimination.

In this example, the last equation(is= 3, which presents the same problem as the last example. Let's
look at the original matrix in equation form:

r—y = 07
20 — 2y =

This system has only two variables, and a two variable linear equation represents a line in the plane. T
graphs of the two equations are:

The following example shows that there is a possibility that the solutiontisinique.

Example 1.3.3 Solve

201+ 29 — 323 = 0,
5$1 - 3$2 + 23 = 67
3$1 - 4$2 + 4$3 =

14



Answer:

Write the linear system as an 5 _; _? (6)
augmented matrix. s _4 4| 6
. 1 1/2 =3/2] 0
§R1 — Rl, 5 =3 1 6 )
3 -4 41 6
SRL LRy R, 1 1/2 =3/2| 0
3R+ R — R 0 —11/2 17/2| 6 |,
s ® 0 —11/2 17/2| 6
1 1/2 =3/2| 0
—]%2—|—]%3—>]%37 0 —11/2 17/2 6
0 0 01 0

This situation is similar to the last one at first glance. It is impossible to get 1's on the
diagonal. However, this differs in a key way: the last equatidn4s0. Thisisn’t the same

as the previous example. Let’s look at the last matrix in equation form (the last row of zeros
doesn't give any additional information, so itisn't included):

1
1+ Stz 5% = 0,
11 n 17 6
——a3+ —a3 = 6.
I T

The first thing you should notice is that there are three variables and only two equations.
Therefore, we cannot get a unique solution as in example 1.3.1. We can, however, solve for
z1 andzq in terms ofzs.

First letzs = ¢, wheret is any real number. Then we can solve fgrandz, in terms oft.

25t+ 3
T = ——t+—
! 1 i
17 6
Ty = o — —,
11 11

What kind of geometric object is the solution? Think about what the original equations and
the solution represent geometrically.

The last example shows that the numbers of variables and equations do not need to be equal.

Example 1.3.4 Solve

r+y = 6,
20 —y 3,
Tx —2y = 15.
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Answer:

11 6 R4 Ry — Ry 11 6
2 —1 3—>_7R+R_>R 0 -3| -9 |,
7 -2 15 L s > 0 -9 | —27
1 1 1] 6
_§R2 — R, 0 1 3 7
—3Ry+ R3 — Ras, 0 0] 0
1 0| 3
—Ry+ Ry — Ry, 0 1] 3
0 0] 0

The solution to this is = 3, ¥y = 3. The geometric interpretation of this problem is that
there are three lines crossing in the plane at a point.

y

10

] 3 4 5 67
—

1.4 Homogeneous and Non-homogeneous Systems

In example 1.3.1, we presented the system

20 —y—z =
r+y+2z = 6,
—3x+ 22z =

which can be expressed Ax = b. Sinceb # (0,0, 0)7, thisis classified asmon-homogeneous system

As you probably have already guessed, whea (0,0,0)7, it is ahomogeneous systeniThis property
has nothing to do with the solvability of a system.

Example 1.4.1 Solve the corresponding homogeneous system of example 1.3.1,

20 —y—2z = 0,
z+y+2z = 0,
-3z +2z =

16



Answer: We can solve the augmented matrix,

2 -1 -1/ 0
1 1 2]0 |,
-3 0 210

(Try it!) The solution to the linear systemis= 0, y = 0, andz = 0.

Notice how the vector on the right side of the augmented matrix never changed. This is true for al
homogeneous systems. Now we are going to present a system that does not have a unique solution.

Example 1.4.2 Using the matrixA from example 1.3.3, solve

201+ 29 — 323 = 0,
5$1 — 3$2 + r3 = 07
3$1 - 4$2 + 4$3 =

Answer: Again, we start by forming the augmented matrix

2 1 =310
5 =3 110
3 -4 410

and follow the same steps as in example 1.3.3. That results in

10 -8/11] 0
01 —-17/11] 0
0 0 00

If we chooser; = ¢, the solutionisty = (8/11)¢, 2o = (17/11)c, andzs = ¢, wherec is
a constant. There are infinitely many solutions.

Some people prefer not to write down the zero vector on the right side of the augmented matrix througho
the Gaussian elimination because it does not change. This is perfectly acceptable.

1.5 Problems

1. This is an extension of example 1.1.1. If you also know that James bought 2 CD’s at $11.99 an
10 total CD’s for $108.91, write down the linear system describing his purchase and then determin
how many of each CD he bought.

2. (a) For the matriceaA, B, andC given by

123 0 —2
A=|45 6|, B:(é_? _;) C= 11
789 -2 0



Compute the productAB, BA, AC, CA,BC, andCB if they exist, otherwise explain why not.
(b) For arbitrary matrices, why is the equatiaiB = BA false? Discuss.

. Solve

31’1 — 21’2 + T3 = 6,
v+ Teg —x3 = —2,
61’1 - 51’2 - 41’3 = —6,

and show that the solution is correct by substitution back into the equations.
. Solve

dr — by — 25z = 0,
—2x4+3y+ 10z = 15,
6x — 9y + 52z = 20,

and show that the solution is correct by substitution back into the equations.
. Solve

r+2y+8 = 1,
20 + 4y + 162 = 2,
dr + 8y + 322 = 4,

and show that the solution is correct by substitution back into the equations.

. Solve
3z +5y = 13,
20 — 3y = —4,
dr+2y = 9,

and show that the solution is correct by substitution back into the equations.
. Solve

81’1—|—5$2—4$3 = 1,
31’1—|—2$2—$3 = 5,

and show that the solution is correct by substitution back into the equations.
. What kind of geometric objects are the solutions in problems 1-4?
. Solve

ar +by = e,
cx+dy = [,

wherea, b, ¢, d, e, f are constants. Are there any restrictions on the constants to ensure a solution
Is the solution unique?
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10. What if instead we have the homogeneous system

ar +by = 0,
cx+dy = 0,

wherea, b, ¢, andd are constants. What condition is needed for the constants to ensure a solution
Is the solution unique?

11. Solve the system given in example 1.1.2. Recall that the system came from finding temperatur
based on the average of its neighbors. Is your solution correct? Explain.

12. We can solve the same linear system with different right hand sides by making a larger augmentc
matrix with an extra columns for each non-homogeneous vectors. For instance, we can write th
two linear systems:

3z + 9y — 62 = —24, 3z + 9y — 62 = —21,
—2x4+y—3z=-5, —2x 4y —3z =—-14,
Sr 42y —z2=T1, Sr 42y —z=—T7,

as the following augmented matrix:

3 9 —6| —24 =21
-2 1 =3 -5 —14
5 2 -1 T =7

Use Gaussian elimination and back substitution to solve the above augmented matrix.
The matrix form of this system can be written

AX = B,

whereX andB are 3 by 2 matrices. Th¥ matrix is the unknown matrix and tH& matrix is the
non-homogeneous matrix. Your solution should be written as a 3 by 2 matrix.

13. Using the method of problem 12, solve the following three systems simultaneously.

r4+2y+2:=1, x4+2y+2:=0, z+42y+22=0,
20 +y+2:=0, 204y+2:=1, 22x4+y+22=0,
20 +2y+2=0, 2042y+2=0, 2r+4+y+2z=1

You solution should be three three-dimensional vectors. You can write this as a 3 by 3 matrix. The
matrix found in this problem is special. It is called tineerse matrix and we will talk more about
it in the next chapter.

Similar to the above problem, the matrix equation that you will solve has the form
AX =1

Your solution should be the 3 by 3 matei
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14. Suppose we had the homogeneous system

(I=XNax+2y = 0,
20+ (1 =Ny = 0,
and we want a solution other than the trivial solutiony)” = (0,0)”. What value of) satisfies

that condition? (What is the condition on the last row so that the solution does not equal 0?)
Compare this to problem 10.

Hint: Write the system in augmented matrix form and perform the following first g@gpﬁ R;.

15. Provide a mathematical reason for why the Gaussian elimination steps (as in the box on page 1
are legal operations.
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Chapter 2

Operations on Matrices

In the last chapter you learned about the connection between linear systems (collections of linear eqt
tions) and matrices, how to write a system in augmented matrix form, and how to solve such a syste
using Gaussian elimination.

Matrices can arise in other ways as well, for example as an array of numbers that don’'t have anythir
to do with linear systems. For example, the array of test scores for each student in a class is a matrix.
this chapter, we will introduce some new operations on matrices, the determinant and inverse. We w
also see how they are connected to the problem of solving linear systems.

2.1 Determinants

This section gives a brief overview of how to compute determinants. The rules that we will give for
computing determinants can be derived, and you can find out how by taking a course in matrix method
such as APPM 3310.

One definition ofdeterminanttomes from geometry: a determinant represents the volume of a paral-
lelipiped spanned by the column vectors of a square matrix (it is important that we can defilesettmei-
nantonly for square matrices). For example in three dimensions, the triple predygtx z) represents
the volume of the parallelepiped with edges given by the vectoysandz. If the matrix A is written
with x, y andz in the three columns, witk = (z, 79, 23)T,y = (y1,y2,y3)T andz = (zy, 22, 2z3)7 then
the triple produck x y - z is equal to the determinant &, denoted de#{) or written with vertical bars
around the matrix.

rr Y1~
defA) = [Al =] 22 y2 2

T3 Ys Zz3
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Example 2.1.1 Write the volume of the parallelepiped given by the vectars=
(1,0,1), y =(1,1,0),andz = (0,1, 1) as a determinant.
2

Answer:

Volume of parallelepiped

1 10
01 1
1 01

We will now learn how to compute this and other determinants. There are numerous other applicatior
of the determinant. A few of them will be shown below, and others you will encounter later on. Our main
application will be to determine the solvability of linear systems.

2.1.1 One and Two Dimensional Determinants

Suppose we have a single linear equation in one variable= 6. We know that we can solve this
equation for: whenever # 0. The generalization of this condition for solvability to linear systems with

n equations im variables leads to the criterion that the systém = b is solvable whenever dex) # 0.

Our goal here is to give the rules for the computation of this quantity. In particular, we have just seen the
foral x 1 matrix:

A = (anr), def A) = ay;.

If you worked problem 9 in section 1.5, you obtained the condition for solvabilityok& system. This
leads to the definition of the determinant af & 2 matrix:

For a matrix

(a1 G292

A= ( a1 Q12 ) 7 de(A) = a11029 — A21012.

This can be easily remembered by multiplying the main diagonal elements and subtracting the produ
of the off diagonal pieces. This is an important formula to know, because it is needed to compute th
determinants of larger matrices. In two dimensions, volume doesn’t make sense. Instead, the determin:
of a two by two matrix represents the area of the parallelipiped spanned by the two column vectors.

The conditions for solvability of larger systems are most easily derived by breaking the system intc
smaller pieces. This leads to the “cofactor” method for computing determinants.

22



2.1.2 The Cofactor Method of Calculating Determinants

Although there are formulas for the determinants of larger matrices, they get complex very quickly. In
stead of memorizing formulas, there are properties of matrices that allow easy computation. The cofact
method is a brute force method for obtaining determinants: it is guaranteed to work, but it is not the easie
method to use. We will show in the next subsection that row operations lead to easier methods. Howeve
it sometimes best to use cofactors (for example, when you compute eigenvalues, as you will in Chapter :

If a square matriA is represented by its elements, then
det A =Y (1) a;; det(Cy;), forany rows.
7=1

whereC;; is theminor of element, ;. The minor matrix is found by removing the
" row and;™" column of the matrixA..

Example 2.1.2 Find the determinant of

1 1 6
4 -3 =2
2 3 1

Answer: Using the properties of the the cofactors, we can expand the determinant along

the top row:

1 1 6

-3 -2 4 -2
4 -3 =2 = 1(-n'*! - +1(=1)'*2 -
2 3 1

4 -3

_ 1143
+6(=1)" L T |

Example 2.1.3 Find the determinant of the matrix in example 1.1.2,

2 -1 0 0
-1 2 -1 0
0 -1 2 -1
0 0 -1 2
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Answer: If we expand across the bottom row, the first two elements are zero, so the
determinant reduces to two three by three matrices.

2 -1 0 0

1 s 1 o 2 -1 0 2 -1 0
= (-D(=1)** -1 2 o |+2(-D)*| -1 2 -1
0 -1 2 - 0 -1 -1 0 -1 2
0 0 -1 2]
2 0 -1 0
- (2 N —1)
2 —1 -1 -1
+2(2 -1 2 +‘ 0 2)
5

2.1.3 Properties of the Determinant

Elementary row operations can be used to simplify the computation of a determinant. The reason is tt
following important property of determinant (reminder—only square matrices have determinants):

0. If A is upper or lower triangular, then the determinant is the product of the diagonal
elements.

As we have seen, elementary row operations can be used to transform a matrix to upper triangul
form. Thus if we know how these operations change the determinant, we can use them to compute it.

1. Under the swap operatioR,;, the determinant changes sign, i.e., if two rows of a
matrix A are swapped to give a new matithen detA) = —deiB).

2. Under the operationk, — R,, the determinant is multiplied by Alternatively, if
a scalarg is factored ouf a row of A leaving a matriXB, then detd)=c det{B).

3. The operatiorR, + R, — R, leaves the determinant unchanged.

These properties are useful in computing the determinant in an alternate way which is often easier th
cofactors. There are a couple of other interesting, but slightly less useful properties of determinants.

¢ If the matrixA has a row of zeros then détj=0.

¢ If the matrix A has two identical rows then det{=0.

¢ If any two matricesA andB are the same size then d&tB)=det(A)detB).
e The transpose operation doesn’t change the determinanA det¢t(A ™).

Can you derive these from what you know so far? (Hint: the third property is hard, and the first two follow
from row operations).
We now try a few examples.
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Example 2.1.4 Find the determinant of

1 1 6
4 -3 =2
2 2 1

Answer:

To compute this matrix using row reduction, our goal is to obtain an upper (or lower) tri-
angular system and then calculate the determinant using property 0. The first step is to row
reduce the matrix in a Gaussian elimination sense. We use property 3 to accomplish this.

1 1 6 ARy 4 Ry Ry, 1 1 6
4 -3 _2:—2R—|—R—>R 0 -7 —26
2 2 1 ! 3 1o 0 —11

The two row operations reduced it to an upper triangular matrix without changing the de-
terminant (property 3). By reading off the diagonal elements (property 0), the determinant
is (1)(-7)(-11)=77, the same answer that we found in example 2.1.2, and in this case much
less work.

Example 2.1.5 Find the determinant of

2 -1 =7
3 0 6
-5 -4 2
Answer:
3 0 6 The first and second rows are swapped

Sig, —1| 2 =1 =7 |. (property 1). This is why a-1 appears
-5 -4 2 out front.

We factor out a 3 from the first row of the
r 0 2 matrix in order to get a row witha 1 in the

1
§R1 — Ry, =3 2 -1 -7 . firstcolumn (property 2), The factor of 3
-5 -4 2 and the previous step is why-&8 appears
out front.
1 0 2
—2R1+ Ry — Ry, These two steps (property 3) are used to
-3/0 -1 -—-11 . .
5R1+Rs — Rs, 0 -4 1o get zeros in the first column.
10 9 This step zeroed out the second column of
_ARy + Ry — Ra, 30 -1 —11 the third row Igavmg itin upper triangular
0 0 56 form. Now, using property 0, we can read

off the determinant.

(=3)(1)(=1)(56) = —168.

Notice that the steps involved are precisely that of Gaussian elimination (without back substitution)
However, unlike Gaussian elimination, to compute determinants we have to keep track of the rows that w
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swap, since each gives a factor of -1, and any constants that we multiply by, since these also change
determinant.

2.2 Inverses

When you studied high school algebra, you learned how to solve simple equations kké. This was
done by dividing both sides by 2 to get= 3. Why is it that we have to do Gaussian elimination to get
the solution to a linear system? If we have a matrix equatian= b, why isn'tx = b/A?

The answer lies in the difference between numbers and matrices. You learned a long time ago how
divide numbers, but there isn’t a division operation for matrices.

However, we can look at the equatiom = 6 in a different light. We can solve this by finding the
reciprocal of 2 and multiplying by 6 to get= 1(6) = 3. The factor} can be thought of as the inverse of
the number 2.

This is how we can treat matrices. Let's assume that there is a nihtitvat has the forrx = Bb,
wherex is the solution tcAx = b. What can we find out abol? If we multiply (because we do know
how to multiply matricesx = Bb by the matrixA, we getAx = ABDb.

So we have two equations

Ax=b and Ax = ABb,
= b= ABb,
= I=AB.

This means that the matr that we are looking for multiplied to give the identity matrix. We calB
theinverseof A and denote it byA ',

2.2.1 Calculating the Inverse matrix
We want to know how to find\ . The only property that we know about the inverse is that=! = 1.

Recall that in problems 8 and 9 of chapter 1, we learned how to solve systems simultaneously for differe
right hand sides. Take a few minutes to look back at these problems.

Example 2.2.1 Find A~! whenAA~! =T and

Answer:
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10 3] 100 The matrix equation
-2 1 - 1 . AA"! = 1 is rewritten
3 1 110 0 1 as an augmented matrix.
R+ Ry — R 10 3 100 These row operations get a 0
—3R1 —I—Rz N R? 01 1 1 . in the first column of the sec-
’ 01 8] =3 01 ond and third rows.
1o 3 ! 00 The matrix is now in upper
~la Iy = R, 01 1 21 triangular form.
0 0 -9 -5 -1 1
10 3 1 0 0 Now_ that the matrix on t.he
—lR R 11 5 1 0 matrix has ones on the diag-
97 » onal, we work to get zeros

00 1] 5/9 1/9 -1/9 above the diagonal.

The last two row operations

1 0 0| —-2/3 —-1/3 1/3 . . . .
—Rs+ Ry — Ry, / / / give the identity matrix on the
3R;+ Ry, — R O L 0T 13/9 8/ L/9 | 1ot side, therefore the right

. . i ) . side is the inverse matrix. o
Notice that the coefficients of the inverse matrix are not the inverses of the coefficients of the matrix, i.e.,

1
-1

a”

Example 2.2.2 Solve the system of equations given in example 1.3.1,

20 —y—2z = 0,
r4+y+2z = 6,
-3z 42z = 3,

by using the inverse of the coefficient matrix.

Answer:
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-1 -1 1 00 We rewrite the matrix
, equationAA~! = I as an
-3 0 2,00 1 augmented matrix

Swap rows one and two to get

Sat; _g _(1) _; (1) o 1 ) @alintheupperleft corner
_9R 4+ R, — R 11 270 10 These row operations get a 0
3R1 i R2 . R27 -3 =5 | 1 =2 0 |, inthe first column of the sec-
s > 0 3 8|0 31 ond and third rows.
1 2 1 0 These row operations get a 0
Ry + Rs — Rs, 0 -3 =5| 1 =2 0 |, inthe first column of the sec-
0o 0 3|1 11 ond and third rows.
1
_gRQ -l L1 2 0 ! 0 The matrix is now in upper
0 1 5/3 1 =1/32/3 0, triangular form PP
1 .
LRy o B 00 1| 1/3 1/3 1/3
3 Now that the matrix on the
_3R3 t Ry = Ry, L1000 =2/3 1/3 —2/3 matrix has ones on the diag-
0 1 0| —-8/9 1/9 -5/9 |, | K
00 1 U3 173 13 onal, we work to get zeros
2R3+ Ry — Ry, above the diagonal.
Lo o ) e e o onens
“Ro+ R Ry, | 001 0| =8/9 1/9 —5/0 |, JEE IS ICEREY A0 1S
00 1 /3 1/3  1/3 eft side, therefore the rig

side is the inverse matrix.

From the steps above we know that the inverse matrix is
2/9 2/9 —1/9
A'=| —-8/9 1/9 —-5/9
1/3 1/3  1/3

Therefore the solution to the linear system can be found by the matrix-vector multiplication
x = A" 'b.

2/9 2/9 —1/9 0 1
—8/9 1/9 -5/9 6 | = -3
1/3 1/3 1/3 3 3

This solution;z = 1,y = —3, andz = 3 agrees with that we found in example 1.3.1.

The above method shows an alternative method to solving linear systems using Gaussian eliminatic
You should compare this example with example 1.3.1. Both methods involve using Gaussian eliminatiol
but the above method involves first computing the inverse and then computing matrix-vector multiplica

tion, whereas using only Gaussian elimination as in example 1.3.1 takes fewer steps.

There are other methods that are used to solve linear systems, including one that uses determina
However, when the linear systems get large Gaussian elimination is still one of the most efficient (fewe

steps). Many computer routines that solve linear systems are based on Gaussian elimination.
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2.2.2 What's the relationship between inverses and determinants?

In problem 6 of this chapter, you are asked to find the determinant of

2 2 -1
4 0 7
-3 -1 =3

If you have not yet done this problem, you should do so. Here we will compute the inverse of this
matrix.

—231 + RQ — RQ, 2
3 0 —4 9 —2
531 +Rs — Rs, 0

—_

1 2 2 —1 1 0 0
§R2+Rg—>R3, 0 —4 9 2 1 0
0 0 0] 1/2 —1/2 1

As you can see, the last operation yield three zeros in the last row, making it impossible to solve th
augmented matrix. Therefore, there is no inverse for this matrix. The determinant for this matrix is zerc
This is an example of an important theorem.

Theorem 2.1 If the determinant of a matrix is O, then the inverse of does not exist. Conversely, if a
matrix A has no inverse then its determinant is zero.

How can we use this theorem? Now you know two ways to decide whether or not a matrix is invertible
The first is taking the determinant of the matrix and seeing if it is zero. The second involves trying to finc
the inverse using Gaussian elimination. Sometimes one method will be easier than another, so it is alwe
good to know more than one method. This theorem will also be extended in the next section.

2.3 The Existence and Uniqueness Theorem for Linear Systems

This section discusses the existence and uniqueness of solutions of linear systems. It is important to kn
when a solution will exist. For instance, we would like to have a way of determining whether or not there
is a solution without using Gaussian elimination. If we know that a solution exists, we would like to know
if it was unique (had only one solution).

We will consider three cases of the linear systém = b, consisting ofn equations and unknowns:
m > n, m < n,andm = n. We also discuss the existence and uniqueness of solution of both homoge-
neous and non-homogeneous systems.

2.3.1 Caselm >n

Consider the non-homogeneous syst&m = b of m equations and unknown. IfA can be reduced by
Gaussian elimination to the form of anby » identity matrix followed below byn — n rows of zeros,
then the systemx = b has a unique solution.
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Example 2.3.1 Explain the system in example 1.3.4,

r+y = 6,
20 —y 3,
Tx —2y = 15,

using the statement above.

Answer: The augmented matrix on the left was reduced to the augmented matrix on the

right of
1 1 6 1 0| 3
2 -1 3 ~ 0 1| 3
7T =21 15 0 0| 0

where the~ means that Gaussian elimination has been done.
In this example, the 3 by 2 matrix reduced to a 2 by 2 identity matrix3and = 1 row of
zeroes. Therefore, we know that there is a unique solution to this problem.

This doesn’t mean that every non-homogeneous system wieren has a unique solution. This is
true only if the left hand side of the augmented matrix can be reducedstdgm identity matrix. Their
are two other possibilities: the system of equations may have no solutions (i.e., the syistensssten,
or an infinite number of solutions. There is usually no easy way to check, but the results of Gaussia
elimination will let you know.

2.3.2 Case2m<n

Whenm < n, there are fewer equations than unknowns and if any solution exists, then there are an infinit
number of solutions.
Example 2.3.2 Does the system from Problem 7 in Section 1.3,

8rq1 + dbry — 43
3$1—|—2$2—$3 = 5

have a solution? If so, is it unique?

Answer: There not enough equations to determine all the variables; however, it is still
possible that the system is inconsistent (and has no solution). However, whe we reduce the

augmented matrix we find
8 5 -4 |1 1 0 -3 | —-23
3 2 -1 5 01 4 37 |

This 2 by 3 system is consistent, and has infinitely many solutions.

Can you make an example oRax 3 system that is not consistent?
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2.3.3 Case3m=n

Unless otherwise indicated, from now on we will only consider the systeim= b, whereA is square.

In fact this is the most common case—diligent engineers usually find just as many equations as they he
unknowns! Moreover, in this case, we can use the theory of determinants and inverses, since we knc
how to compute these for the square case. The following theorem gives us guidance.

Theorem 2.2 (Existence and Uniqueness Theorem for Non-homogeneous SysteBispposeA is a
square matrix, then

i) if det A # 0, then the inverse ok exists and the solution gfx = b is unique.

i) if the det A = 0, thenA~! does not exist andx = b either has infinitely many solutions or no
solution.

Example 2.3.3 Does the system of example 1.3.2,

201 +wp — w3 = 5,
ry + 4
3$1—|—$2—|—3$3 = 6.

Il
|
w

have a solution?

Answer: First, we check the determinant.

1 -1
0 4 |=0.
1

W = N

You should verify this.

Because the determinant is 0, we are assured that a unique solution does not exist, but we
still don’t know whether there are infinitely many or no solutions. Sometimes, checking
does create a bit of extra work.

Example 2.3.4 Does the system in (Eq. 1.4),

r+y+6z = 17,
4z — 3y — 2z = 4,
204+3y+2 = -1,

have a solution?

Answer: Checking the determinant,

1 1 6
4 -3 -2 [=103#£0
2 3 1

shows that since the determinant is nonzero, the solution will have a unique solution. We
found the solution in section 1.3

To summarize the results of the theorem, the following statements are equivalent:
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o det A #0,
e Aisinvertible (A~ exists),

e Ax = b has a unique solution.

2.3.4 Existence and Uniqueness of Homogeneous Systems

Above, a theorem for the existence and uniqueness of a non-homogeneous matrix equation was presen
There is also a theorem for homogeneous matrix equations.

Theorem 2.3 (Existence Theorem for Homogeneous Systenit)he determinant of a square matrix
is non-zero, then the only solution of the matrix equathan = 0 is x = 0. Conversely i{det A) = 0
then there is a non-trivialx # 0) solution ofAx = 0.

Example 2.3.5 Does the homogeneous version of the system in example 1.3.3,

201+ 29 — 323 = 0,
5$1 - 3$2 + 23 = 07
3$1 —4$2—|—4$3 = 07

have a solution? If so, is it unique?

Answer: The coefficient matrix is

2 1 -3
A=1]5 -3 1
3 -4 4

The determinant oA is zero (you should check this), and since the linear system is homo-
geneous, then using Theorem 2.3, we can say that a non-zero solution exists to this system.

With the theorems in the section, you should be able to discuss the solutions of both homogeneous a
non-homogeneous linear systems, without solving the systems. You should know also know whether:
not a solution to a system is unique.

2.4 Problems

1. Determine the volume of the parallelepiped with edges, 1), (0,3,1) and(—1, —2,0).

2. Using both the cofactor and row reduction methods, find the determinant of

21 -1
6 5 —2
4 3 1
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10.

11.
12.

Using both the cofactor and row reduction methods, find the determinant of

2 2 -1
4 0 7
-3 =5 1

For each of the properties of the determinant give an example using a 2 by 2 matrix.

Using the property deA) = det A”) and the cofactor method, show that you can extend the
cofactor method to reducing determinants by expanding along a column.

Compute the inverse in problem 2 if it exists.
Compute the inverse in problem 3 if it exists.

How can you determine whether or not the inverse is correct? (Hint: what equation did we use t
find the inverse? Does the solution satisfy this?) Show that the inverse in example 2.2.1 and i
problem 7 is correct.

a b

c d |’

Is there a condition when the inverse cannot be found? Solve problem 9 of chapter 1 using th
inverse. Write down a statement that includes the results of problems 9 and 10 of chapter 1 and th
problem using theorems 2.1, 2.2, and 2.3.

Compute the inverse of

Does the system
0 0 0 4 1 4
1 000 x| |5
I =2 0 0’| 23| | 3
0 0 30 x4 6

have a unique solution? Does the inverse of the coefficient matrix exist?
(Hint: Don’t find the solution!)

~

Show by finding a solution, that the system in example 2.3.5 has a non-zero solution. Is it unique”

Discuss the conditions for existence and uniqueness of both homogeneous and non-homogene
linear systems.
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Chapter 3

Eigenvalues and Eigenvectors

Eigenvalues and eigenvectors arise naturally from differential equations and are found throughout eng
neering and the sciences. This chapter discusses eigenvalues and eigenvectors from a geometric poir
view. The eigenvalues and eigenvectors of a matrix provide information about the matrix which we will
find of great use when we solve differential equations.

The first section examines linear transformations which are matrix-vector products. Understandin
these transformations will provide an understanding of eigenvalues and eigenvectors.

3.1 Linear Transformations

In this section, we would like to think of matrices on a geometric level. More specifically, a matrix can
multiply a vector to give another vector. We will examine what happens geometrically during such &
transformation.

Example 3.1.1 In one-dimension, considér(z) = 22, wherex is any real number. Then
L(1) =2(1), L(10) = 20, .... What is the result of this transformation

Answer: .

This is a seemingly stupid example, but this is similar to the Chili recipe example in section 1.1.
Actually, there really aren’t any interesting linear transformations in one-dimension a transformation will
either move a point towards zero, away from zero, or leave it fixed (the identity transformation).

Example 3.1.21s P(z) = sin « a linear transformation?

Answer: No, because the functicin = is not linear.

3.1.1 Linear transformationsin 2D

All linear transformations have the forffx) = Ax + b. In this section, we consider transformations
from the plane to the plane (we also say friRhto R?), thus theA matrices are 2 by 2.

3 4

Example 3.1.31If L(x) = Ax, whereA = ( 0 8

), then what isL(x), wherex =

(1,2)T?
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Answer: (11,16)7? A linear transformation is found simply by matrix-vector multiplica-
tion.

Linear transformations can be visualized easily in the plane if we plot both the original vector and the
resultant vector.

Example 3.1.4 What happens to the vect(?, 1) with the linear transformation given

by the matrix
0 11,
()

The result of the linear transformation {$, —2)7.
This is easy to compute, but it hard to see what is hap-
pening.

Answer:

A graph of the original vecto2, 1)” and the resultant 1 2
vector (1, —2), will make the form of the transfor-
mation more apparent.

Notice that in this example, the original vector has 11
been rotated clockwise b¥0°. The matrix that pro-
duced this transformation is part of a larger class of
matrices that are callegtation matrices. You will -2
investigate them more in Problem 1.

Although every matrix defines a linear transformation, rotation matrices have the important propert:
that they rotate any vector by a given amount. The following example shows another type of linear tran:
formation.

Example 3.1.5 What type of behavior is generated by the linear transformation given by
the matrix
( 1/2 0 ) )
0 1/5 /"

'%%S%eréxample, let's take the vectoro, 10)” and

see what happens under transformation. The resultant
vector is(5,2)7.

The first component is reduced by a half and the sec-
ond by a fifth. o
This matrix is special because it's a diagonal matrix. T
The element on the diagonal multiplies the first ele-
ment of the vector. And the second diagonal element
of the matrix multiplies the second element of the 5 |
vector. In this example, both diagonal elements are
less than 1. This causes the vector to shrink. An ele-
ment greater 1 will expand the vectd¥hat will hap-

pen to a vector if a diagonal element is negative? (Try |
it!)
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Example 3.1.6 Consider the transformation given by the matrix

A:(;f).

What are the first 4 transformations of the mathxwith the vectorx, = (1,0)7?

Answer: The first transformation is given bx, = (1,2)7. Letx; = (1,2)7. We can
apply the matrix more times. For the second time= Ax; = AAxy, = A?xq. The
following table gives the results for the first few applications of the mafrix

Xy = A2X07

X3 = 1&3X07 X3 =

41
X4:1A4X07 X4I(40)

15

10

vector relative length

number| length | (|xi+1]/]x:l) 7.5
1 2.23 2.23
2 6.40 2.86 °
3 19.11 2.98
4 57.28 2.998 20

12.5 15

The figure showsg, x1, x2 andxs, wherexg is the smallest ands; is the largest vector.

It appears that the linear transformation will triple the length of the vector, and the vector is
approaching one where both elements are equal, or the vectors approashlihe. This

will be explained in the next section.

3.1.2 Linear Transformations in Higher Dimensions

The same ideas can be applied to higher dimensions. Linear transformatio®¥toR " are represented

by 3 by 3 matrices. Among the possibilities are rotations and dilations as before. The major difference |
that it is harder to visualize what is going ondmlimensions. Of course, if you think this is hard, #rpr

more dimensions!
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3.2 Eigenvectors and Eigenvalues

In the previous section, we considered what happens to a typical vector under a linear tranformation. It
also possible to look for special vectors that transform in some simple way. For example, we call a vecic
whosedirectionstays the same under transformatioreagenvectorwhen we apply the matrix to a such

a vector it stretches by a factor which we call gigenvalue More formally we define these as follows:

A eigenvectow of a matrixA is a nonzero vector for which

Av = )v,

The vectow cannot be the zero vectorhe scalar is called an eigenvalue of.

3.2.1 Computing Eigenvalues

We start with the problem of finding eigenvalues, i.e., valués which the equation above has a solution.
Using our linear algebra skills, we can rewrite the equation as

Av = v
Av—-—JXiv = 0
Av—-JAIv = 0
(A—X)v =0 (3.2)
The matrix form of this equation is
a1 — A a1 ce a1p U1 0
a1 oo — AL dop (%) _ 0 7 (32)
Gl G et Gy — A Uy, 0
We can write the previous equation as the augmented matrix
a1 — A a12 ce a1p 0
a1 oo — Ao aop 0
ant G ces g — A | O
Using Theorem 2.3, there is a nonzero solution to this systei;mwhen
det (A —XI) = 0. (3.3)

If we expand the determinant in (3.3), we obtain a polynomial expresgionof degree: for which
we must find the roots:
det (A — AI) = p())

The polynomiap( ) is called thecharacteristic polynomial of the matrixA..
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Example 3.2.1 Find the eigenvalues of the matrix from example 3.1.6

A:(;f).

Answer: The characteristic polynomial & is

1—2A 2

det (A — AI) = 5 1_

‘:/\2—2/\—3

The characteristic equation is
M 20 -3=0

which can be factored to
(A=3)(A+1)=0.

Therefore\; = —1 andAy = 3 are the eigenvalues .

Recall the table from example 3.1.6. The relative lengths of the series of vectors seem
to approach 3 because the eigenvalue is 3 dominates the other smaller eigenvalues. Notice
from the plotin 3.1.6 that each successive vector flips acrossthae because the second
eigenvalue is negative.

Example 3.2.2 Find the eigenvalues of the matrix

B=| -

L

1
0
3

=]

Answer: The characteristic polynomial @ is

2-A 1 0
pA=] -1 X 1 |[=2-)AN-1-3)-(A-2).
1 31—

Hint: if you are careful not to fully expand this polynomial, you can often avoid the problem
of having to factor a cubic polynomial.

—A=2) (A=A =2)=-(A=2)(A=2)(A+ 1) =0.
Thereforeh; = —1 andX; = A3 = 2 are the eigenvalues &.

The eigenvalues of a matrix are found from the characteristic polynomial. The degree of the poly-
nomial for ann x n matrix isn. Since there are at mostsolutions to a polynomial of degreg there are
at mostr distinct eigenvalues. However, some of the roots of the polynomial may be “double” or higher
order, so itis not guaranteed that you will findlistinct eigenvalues. For example, in 3.2.2, there are only
two distinct eigenvalues.
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3.3 Computing Eigenvectors

Having found the eigenvalug we substitute it into (3.1) and solve forin the equation given by

(A-X)v = 0.

Example 3.3.1 Find the eigenvectors of the matrix in example 3.1.6,
1 2
- (33)

We know from example 3.2.1 that the eigenvaluedarer; = —1 andX; = 3. There will

be two eigenvectors for this system. Each eigenvector corresponds to one of the eigenvalues.
First let’s look for the eigenvector associated with We do this by substitutingy; into

the system{A — A\I)v =0, or

Answer:

1= 2 0

2 1-XM | 0)
(220
“\22]0)

2 2] 0

0 0/[0)

this system can be written in terms of the individual vectors:
20+ 2y =0,
or

T = —y.

This system has an infinite number of solutions, in other words the eigenvectors are not
unique. We can choose any value foandy which satisfy the relationship = —y. Let's
choosey = 1 andz = —1. Thus, the first eigenvectorig = (-1, 1)7.

The second eigenvector is found in a similar manner. Mse- 3 instead and proceed as
above. Finding the second eigenvector involves reducing the augmented matrix:

-2 210
2 =210 )’
-2 210
0 0|0/
The relationship for this matrix is = y. If we lety = 1 andz = 1, the second eigenvector
is (1, )T,

Notice that the plot in example 3.1.6 approachesifitine. This line corresponds to the
eigenvector(1,1)”. The intitial vector approaches this eigenvector upon transformation
because this eigenvector correspondsite= 3, which is the dominant eigenvector.

39



Also recall that in problem 2, part (a), you found a series of vectors starting with1 ).
Because this vector is an eigenvector of the matrix, it flips betwedn1)? and(1, —1)7.
(It transforms between these two vectors becayse —1.)

The last thing to notice that in problem 2, part (b), is that the transformed vectors go toward
the eigenvectofl, 1)” even though the starting vector is close to the eigenvéetor1)”.

The eigenvectof1, 1)7 is the dominant eigenvector, so no matter how close we are to the
(-1, 1)T eigenvector, thel, 1)T eigenvector will dominate.

3.3.1 Finding the Eigenvectors of Real Eigenvalues

Example 3.3.2 In Example 3.2.2, the eigenvalues for the matrix

B=| -

— = N
=

1

0

3

where); = —1 and\; = A3 = 2. Find the corresponding eigenvectors.

Answer: ForA; = —1, (B — A\ I) v = 0 simplifies to:
2—(-1) 1

0
-1 (=1 1 v =
1 3 1-(-1)

o oo o o o

w

|

>

i

==

o

e

|

|
— =W
L = =
N = D
o O
O OO ——,—

The solution of the homogeneous system for any scaigr

r/4 1/4
=3r/4 | =r| —-3/4
r 1

The eigenvectow; is given by this vector for any nonzero scatar This solution is not
unique becauséet (B — A1) is zero. For the final answer anycan be used. It is perhaps
nicest to choose a value that that gets rid of the fractions. For example, if we cheosge

then we have
1

Vi = -3
4
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The calulation we have just done must must be repeated for the other eigekyaiu

1 0] o0
B-XI0 = | -1 =2 1|0 ],
1 3 —1]0
10 —1]0
~ o1 oo
00 00

A solution to this system for any scalais

s 1
=s| 0
s 1

Here,s = 1 is an appropriate choice. The final answer is

1
Vo = 0
1

Note: Even though we had a repeated eigenvalues, there is only one corresponding eigen-
vector. A matrix with fewer eigenvectors than its dimension is calleficient

3.3.2 Eigenvectors of Complex Eigenvalues

The eigenvalues of a system are not necessarily real numbers, the the characteristic polynomial can h
complex roots.

If the matrix A is real, that is all entries are real, then the coefficients of the characteristic polynomial
are real. When this is true, if there are complex roots of the polynomial, then they come in comple:
conjugate pairs. That is, K is a root ofp(\) then so is\. (Recall that the complex conjugate of a number
)\:a—l—biiSX:a—bi.)

Thus, when a real matrix has a complex eigenvalyethen the complex conjugate, is also an
eigenvalue. Recall that whanis an eigenvector of a real matrix with an eigenvalug, it is a solution
of

(A - X)v=0.

The complex conjugate of the equation is
(A-31)v=o0,

and thereforer is an eigenvector with corresponding eigenvalugBecauseA andlI are real matrices,
A=Aandl=1)

Example 3.3.3 Given the matrix

find the eigenvalues and eigenvectors.
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Answer: The characteristic equation &f is

—1-A 2

|A_M|:‘ ~1  -3-2A

‘:/\2+4/\+5:0.

The eigenvalues atg = —2+: andA; = —2—i. Next, find the eigenvector ofy = —2++,
by substituting\; into (A — AI)z = 0,

(5= (6)

The solution to this system is

25 B 2
(—1+d)s )~ "\ =1+

Choosings = 1, the final answer is

B 2
zZy = —1—|—Z .

You can check that the eigenvector foris

()

As you can see, finding the eigenvalues and eigenvectors of a matrix is a relatively simple procedur
First, the eigenvalues of the matrix are found by taking the determinant of the matrixI, and setting
it to zero. For am by n matrix, the resulting characteristic polynomial is of order Whenn = 2,
the characteristic polynomial is a quadratic and can be solved by either factoring or using the quadrat
formula. Whem is 3 or greater the characteristic polynomial is a cubic or higher order. There is no simple
“cubic formula”, so factoring is the key to solving these polynomiddss recommended that you don’t
expand the individual terms of the determinant.

Lastly, recall that finding the eigenvectors of a matrix involves substituting the eigenvalues into the
matrix the solving the homogeneous system using gaussian elimination. We are allowed to choose o
solution of this homogeneous equation to fix the eigenvector.

3.4 Problems

1. In section 3.1 we encountered one example of a rotation matrix. Any rotation matrix can be writter
as
cosf sinf
—sinf cosf |’
(&) Show that the matrix in example 3.1.4, in fact is a rotation matrix. Wh& is

(b) For any other angle of your choice, write down the rotation matrix corresponding to the angle.
Perform the linear transformation on the vector= (1 1)* and graph both the vector as
well as the resultant vector to show that the matrix does perform a rotation.
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(c) What is the determinant of the rotation matrix above?
(d) Find the inverse of the rotation matrix above.

(e) Geometrically, how does the inverse of the rotation matrix transform a vector? Give an exam
ple.

(@) Ifxo = (—1,1)T, perform the same steps as in example 3.1.6 tofinet,, x3, x4. Construct
a table also as in example 3.1.6.

(b) If 2o = (—1,1.1)T, perform the same steps as in example 3.1.6 tofine,, x5, x4. Construct
a table also as in example 3.1.6.

(c) Are the results the same for both? If not, how do they differ? This will be explained in the next
section.

Explain why the eigenvalues of a matrix are found by solvieigA — AI) = 0.

. Find the eigenvalues and eigenvectors of the rotation matrix in problem 1. What are the magnitude

of the eigenvalues? (hint: the magnitude of a complex nurabeb: is v/a? + b?)

For the system

T+ T3
o = b
1 — T3 = ¢C

find the eigenvalues and eigenvectors.
For
3 0
»-(13)

find the eigenvalues and eigenvector®pfB?, andB?, whereB?* = BB. What is the relationship
between the eigenvalues and eigenvectors of each matrix?

(1)

find the eigenvalues and eigenvectorstofand C~!'. Can you see the relationship between the
eigenvalues and eigenvectors of each?

. For

Explain why eigenvectors are not unique.

Find the eigenvalues and eigenvectors of

01 00
-3 0 20
00 01
00 =50
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