1.7 Some Theoretical Consequences of the FT Method

When analyzing the scan data of an object, collected as shown in Figure 2.3.2, it is
practical to work with a new coordinate systémx,  that is rotated together with the transmitter

and receiver:

Sx’lz X1 COSO +X5 sin @ Oxy = Xxj cos® — x5 sin® (L ab)
OXp=-X1SiNB+x2co0s8 ' gxp= x;sin® +x5cos8 ’
or in matrix notation
Dx/l O 0 Ox, C
O;0=-0 U [m~-0
O0X2 0 O X2 O
O ' L . .
where the matrixU = DCO_SG sin® 0 is orthogonal (i.e.'U =1). Hence
[J-Sin® cosO [
Ux, U O 0 x/1
O-0=0 U 087
OX2 0 O 0 gX2

Figure 1 illustrates this change of variables, as well as a corresponding one for Fourier space.
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Figure 1 a,b. Original and rotated coordinate systems in physical- and Fourier space (Part
matches Figure 1.3-4).



When6 =0 ,the two physical-space systems agree. For each @adle< 1t , the scan data can be
written

9(x5,0) = [ f(xux2) dx] . )
Immediate back projection, as shown in Figure 1.5-2, gives

h(x1,X2) = g g(x5,0) de (3)

(note here that fax,, x, given,x, becomes a function @). This functiorh(xy,xz) for our model
problem was shown in Figure 1.5-3. It amounts to a 'smeared’ approximation of the original
object, represented by the functidiixq, X»). In the following two subsections, we will see how
the FT method tells how to modify the integrand in (3) so that the result becomes exact (i.e. equal
to f(x,,x,) instead ofh(x,,x,) ). The two verssions below are mathematically equivalent:
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1. replaceg(x,,0) by I éfm g(x’z,e)e‘i‘*’/zx/de’z@Iw’zlei“’éx/2 dw, , and
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2. replacey(x.,0) b
placeg(x,,0) by o s WA
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Case (1), derived next, leads again to the BP method - and provides analytically the form of the
filter to use. We then also derive Case (2), which is Radon's original closed-form inversion
formula. This latter version is mathematically elegant, but is numerically inappropriate, both

because its derivative and its principal value integral.

1.7.1 FT Method Cast as a BP Procedure

We showed in section 1.6.1 that the FT method provided an exact reconstruction of the
original object. This fact forms the key ingredient in the following argument:
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f(x1,X2) = [ [ f(eon,wp) el @Xt Xz doy doop =

8

Inverse double Fourier transform; change the double integral
into polar coordinatesb; =—p SinB, wy = p cosd
d(o,002) _
i(p.0) P
2moo ,

— g I f(p,e)e—ipsinexlﬂp cosO Xz P dpde:
0



Change notation fromp Im’z and alter the description of the
domain from 0<p<c,0<B<2M to -w < <o,
0<b<sm

[ f(ch,0) el || duf, dO=

Now use the key result of the FT method;
f(w), ) = 5= [, 9(x5,0) e 192X2dix) .

:%TE {_}o é}o 9(x5, 8) e 192Xz dx), @lu{zl gl02Xz dcoz}de

Comparing this with (3), we see that immediate back projection would have offered an exact

reconstruction, had we modified the integrag(d’ ,0) to
[ éf 9(x}, 6) e-iwéxédx’zglwgleiwéxé dod, (4)

(we are ignoring multiplicative factors). A modification such as this is knowncasvalution,
described in Table 1, Section 11.2.3-2. Implemented in physical space, we would need to find a
function (in physical space) whose Fourier transform is equaljto Gonvolving the scan data

with this function would cause filtered back projection to become exact. We will next try to find
this function and, in particular, see if it bears any resemblance to the discrete funatian o,

-0.4, 1.0,-0.4yp, ..., 0, othat we found experimentally to work so well (in Section 1.5).

When using the BP approach, we can apply (4), as it stands, to each scan function
g(x’z,e). However, this would cost two FFTs per function (scan line). A computationally much
cheaper approach is to use the insight from (4) to devise a BP filter, i.e. to find the physical-space
filter which, in Fourier space, corresponds to a multiplication \*\onfg| . In simplified notation,
we are looking for a functioh(x) that has the Fourier transfottol , Le.

o =2 [ f(x)e19 dx
or "
f= [ |l e 79X d o . ©))

This attempt runs into a road block - the integral (5) is divergent.

A simple way to gain insights into what(x) would 'look like' (if it existed) is to discretize
(5) and look for the discrete Fourier transform of a functn(for finite number of pointhl, the
sum corresponding to (5) has to be finite - the pattehh asc will reveal what (5) could not).
We assuming the DFT code we are using has its frequencies ordered the 'natural’ way (as in the
code fftc rather than fft in the code sections ?? and ?? resp.):



Frequency: -¥+1, ¥+2,..2-1,01,2 .%-2,&-1
Enter value: G-1, &-2, ... 2 1,012 .5-2.4-1

After having normalized the FFT output by multiplying it with M 7, we get

N= 32 ... -0176 0.0 -.0464 0.0 -4066 1.0000 -4066 0.0 -0464 0.0 -.0176 .....

N= 64 ... -0165 0.0 -.0454 0.0 -4056 1.0000 -.4056 0.0 -.0454 0.0 -0165

N=128 ... -0163 0.0 -.0451 0.0 -.4054 1.0000 -4054 0.0 -0451 0.0 -0163

IMitN- o ....... -.0162 0.0 -.0450 0.0 -.4053 1.0000 -.4053 0.0 -0450 0.0 -.0162 ... =

2 2 2
= 2T 002l o00-A2T 10 -B2F oel2E od2T L.
The center three entries
- 4053 1.0000 -.4053

very much dominate the other entries. We have arrived at the same type of filter as was
empirically proposed in equation (1.5-2) and also to the @du@.4 that was found there to be

near-optimal.

1.7.2 Derivation of Radon's inversion formula

Our first attempt to analyze the FT-BP link failed when the integral in (5) turned out to be
divergent. Although the numerical approximation of the integral proved so successful, let us
return once more to the analysis, but now focus on (4) instead. In simplified notation, the key

result here is

pp ik i gz 1 49@)/dE
LEL 9® e deHlcde do= g [ S o (©)

Derivation of (6):Assuming both the scan dat&)génd its Fourier transform decay sufficiently fast to make all the
integrals below convergent, equation (6) can be shown as follows:

Note that the LHS of (6) is the (inverse - Fourier-to-physical) transform of the function

HJ 9® e7e* dg ol . (7)

We can then establish (6) by

i rewriting the RHS of (6) (using in the first step integration by parts):

“ dg(&)/d “
_L QX(E_)E EdE= _-Ioo g(g)d%gz_

[Go®=5 [FE  @®

dx J x



and

ii. showing that its Fourier transform agrees with (7):

bl “ g _:
[ [ e
Integrate by parts
_iw T g(E) ToX gy =
=5 Joo I dé e7 "Xy =
Swap order of integration

_iw ¢ e Hp et O i
=17 [ 90 S dD de

Setx — & =t ; the inner (principal value) integral then
.00 .00 i

evaluates asf M dt- J' S'nt‘*x dt=
—00 —00

.0 1ifw>0 D |l
O-itrx -+ .
E—lifm<0 E w -

00

= @m g(&) e 1% dE%DwI This identically matches (7).

The analytical procedure of applying the RHS of (6) to the scan data before performing
the back projection can now be summarized as follows:

Radon transform theorem:

Let g(x5,6) = [ f(x1,x2)dx] be a path integral of a functidr(x, x,) along the rayx,=
constant (forming the angeto thex,-axis). Thenf (x,,x,) can be recovered through

59)/05

ds de . 9)

f(x1,x2) = %

[L°

Xz

This inversion formula is analytically exact, mathematically elegant but - as mentioned
above - numerically impractical.



1.7.3 Example of application of Radon's formula

We noted in Section 1.5.3 - and verified by direct integration - that back projecting from
all angles with the scan data

1 Irj <1

k(r) = I >1 (10)

T
H

produced a circular constant-intensity object on a zero background. With Radon's result, we can
derive this functionk(r) in (10) as follows:

True scan data of a circular cylinder of unit radius (same for all angles) becomes
g@-ngE i1

g g >1

To achieve an exact reconstruction under back projection, this function must be modified
according to (6). Writing (6) in the form of the last part of (8), we get

km=11}“ L8 g-dg T =t .
Tar J dr gr-sign(nyr2-1  |r|>1
E 1 Ir| <1
= 011 Irl>1
0 rZ-1

1.7.4 Compact summary of FT-derivation

Given a density functiorf (x,,x,), a detector measures

g(x5,6) = _UI; f(x1,x2) dx1 (cf. equation 2)



For a point on the,-axis (see Figure 1 a,b, or s¢t=x0 in eq. (1b))

— o i
A an
Multiplication by sin8 and co® resp., and adding gives
Xy = —X1SiN@ + X, COSO
We next determine the Fourier transform of our desired density function
f(n,02) = Ghs [ [ f(x1,xp)e OB gy dx, (12)

Along the line co’l =0, we find (in analogy with (11))

Ecol: ~uf, sin®
Ow = o cosd

Hence, the integral in (12) becomes

f(0o,02) = G [ [ f(xa,xg) @ 1 (6hsind aves, cosOs) gy iy, =
= ks [ fxa,xp)e T A s b cas0) gy, g, =
Note: i (= X1 sinB® +x, cosB) = x2

i. coordinate changeix, , dx, to dx}, dx2 has Jacobian = 1

(2‘[‘[)2 éf f(Xl X2) dxl%_i w/zx/Z dX/2 = (23_'[)2 _J'oo g(X/z,e) e—i (JL)/ZX/Z dX/2 —

= (w5, 6) .

This establishes the complete FT-method (as shown in Figure 1.6-2).



