1.3 Scaling

Scaling addresses the ambiguity we found in how to non-dimensionalize the dependent
and independent variableg (andt” ). Although both of the versions we considered were
successful in simplifying the ODE and in identifying how the independent parameters could be
consolidated into one single one=(g—; ), they are unsatisfactory if we want to apply the very

powerful techniques known as perturbation methods. These allow the present, difficult-to-solve
ODE, to be replaced by a series of simpler ones, whose solutions provide successiytyénms
expansions of the form
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A useful expansion of this type requires, as a minimum, that the solutier-fBrmakes sense as
a limit of e - 0. Puttinge = 0 gives in the first case (l11.2-2) the impossible requirement
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and in the second case (111.2-3)
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implying thaty(t) < O for allt > O, i.e. the projectile will never rise at all. Both cases are obviously
nonsensical. The problem is that, as.0, the non-dimensionalization also causgsandt to

change in such ways that the time- and space ranges we are interested in get stretched out or
compressed away, rather than converging to some fixed ranges.

We need the non-dimensionalization to have the following structure:
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This requires some physical arguments:
1. Decide what parameter regime we are interested in:
At present, this i¥ small, i.e small,

2. In the simplified case of € small, find dimensional constants that are proportional to the
physical variables:

With V small, the projectile will not reach very high, and the acceleration of gravity
becomes approximately (constant). We can then easily solve for the height that
will be reachec(%vzlg) and the time this will tak&/¢ for each of the up- and
down paths). Not needing to be concerned about numerical constants, this
suggests choosingy = V2/g angd=Vig

Carry out the change of variables:
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ite = V.2
(as before witle = oR ).

We get

Finally, we have a formulation in which letting - 0 causesy(t,e) to converge, ang (t") to
recover the physical behavior of this limit. The equation (1) is ideally suited for perturbation

analysis.

It is quite common that equations are encountered in an already non-dimensionalized
form. A first task is then to check whether some re-scaling is needed, er=f0 indeed
corresponds te — 0. It is also common that no single re-scaling is appropriate for the complete
spatial domain. One such case of 'singular’ perturbation concerns boundary layers in fluids.

Different scalings need to be used at a boundary and throughout the bulk of the domain.

Separately scaled perturbation expansions from these two (or more) regions have to be 'matched’
to agree where they spatially meet. In the next chapter, we focus only on ‘regular' perturbation

problems, in which one single scaling suffices for the entire problem.



