3.1 Fourier series

With very mild conditions on afgm]-periodic functionu(x), it can be written as a sum of
all the sines and cosines that also are periodic over the same interval. This result, due to Joseph
Fourier (1768-1830) is one of the most fundamental ones in mathematics:

u(x) = ag+ 2 ay coskx + 2 by sinkx . (1)
k=1 k=1

Supposing that this is true, it is then very easy to find the appropriate coeffigientd a,, b, , k
=1,2,... For example, to find, for some integem, we consider
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Because of

coskx sinnx = % sin (k+n)x — % sin (k—n)x and
sin kx sinnx = - % cos(k+n)x + % cos(k—n)x

every term in the right hand side of (2) integrates to zero apart from the one term which

corresponds tg cos(k—n)x = 3 ithe case ok =n. Hence [T u(x) sinnxdx = by Ot giving

the value ob,. The coefficients,, anda, are found similarly:

ap= _}:Tu(x)dx
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It is often inconvenient to have three types of terms in (1), and correspondingly, the three
different formulas above for the coefficients. By Euler's equation

eX = cosx + isinx
which implies
iX yo-iX )
COSX = % : sinx =

we can also expresg(x) as



u(x) = i c e 1kx . 4)

k=—00
Instead of the three equations (3), we get

Tt .
Ck = %T Jﬂu(x)e"kxdx , K= =0, ... o0, )

Equations (4) and (5) correspond to case 2 "Continuousy)'(shown in Figure 1114.0-1.

In the usual situation ofi(x) real, c, is real, andc_, =Cx k=1, 2, ... e (with the bar
denoting complex conjugate):

Cy =+ ”u(x)eikdezi nu(x)e-ikde:i [ u(x)e*dx =tx (6)
-k = o —ITT 2n —ITT 2n —ITT “

If u(x) has a jump-discontinuity, its Fourier series will, at the jump, converge to the
average value for the two sides. Near the jumggilegbs’ phenomenon occurs: Partial sums
S\ ke KX will at each side "overshoot' the jump by about 9 %NAs», the region in which
this occurs gets narrower, but the height persists. In this case, the error of the partial sum - in
max-norm - will be O(1) near the jump, and @(l/away from it. If u(x) is smoother,
convergence rates become faster:

Order of max-norm errors in partial Fourier sums caused by
irregularities of a function

Max-norm of errors (order)

Function Near irregularity ~ Away from irregularity
f discont. 1 N
f/ discont. 1N W\
f” discont. 1N 2 1N
f analytic e, ¢c>0
(periodic)

Another version of the Gibbs' phenomenon occurs if one performs equi-spaced
interpolation with trigonometric functions. In this case, the overshoot approaches 14 % of the
height of the jump am - denoting the number of interpolation points - tends to infinity. Figure 1
illustrates this latter case (but marks also the limiting overshoot height in the case of a truncated
infinite expansion).



Fourier interpolation of a step

function.

0 Enlargement
of overshoot
area
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Equi-spaced Fourier 1.1411 128
interpolation —_— T 32
Truncated Fourier —_— 1.1 1.0895 m=
series
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Overshoots (at each side of
jump) approx. 14 % and 0.9
9 % resp. of its height
(as m — o).
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Figure 1. Gibbs' phenomenon for trigonometric interpolation and for truncated Fourier

series.

The result that a Fourier series convergesi(¥) is piecewise differentiable can be
weakened somewhat, but attempting to do this leads to surprisingly tricky mathematics.

In spite of the fact that a truncated Fourier serIqEé__N cie ik always gives the best approximaiponotoall
possible sum&_ y dxe'** in the sense of least squaresfTj,@i(x) - Ty dxe*¥)2dx is minimized, the
Fourier series of a continuous functiaifx) can still diverge to infinity at one (or more) points lds- . However,

such mathematical subtleties play no role in the utility of Fourier series in modeling.

It is always permissible to integrate (term-by-term) both sides of the Fourier expansions
(1) or (4); taking derivatives works only on condition that the resulting series converge.

The uses of Fourier expansions in analysis / modeling / engineering are too many to even
start to list. In Section 4.2, it is used to solve a simple 1-D initial-boundary value problem for the
heat equation.



