
APPM 4/5560

Solutions to Review Problems for Exam One

1. (a)

P (X1 = 0) = P (X1 = 0|X0 = 0) · P (X0 = 0) + P (X1 = 0|X0 = 1) · P (X0 = 1)

= (0.8)(0.5) + (0.5)(0.5) = 0.65

(b)
P (X3 = 1|X0 = 0) = the “0-1 entry” of P(3) = 0.278

(c) The answer is π0, where π0 is the solution to the following system of equations.

π0 = 0.8π0 + 0.5π1

π1 = 0.2π0 + 0.5π1

π0 + π1 = 1

The answer is π0 = 5/7 ≈ 0.7143.

2. The communication classes are {0, 1, 2}, {3}, and {4}. Since this is not one big set, the chain
is reducible. (So, no, it is not irreducible.) As for the classification of states:

• State 4 is very clearly recurrent, since, starting at 4, the chain will definitely return to
4 with probability 1. (In fact, it will stay at 4 forever!)

• State 3 is transient because there is a positive probability you will leave this state and
never return. Specifically, with probability 1/3, you will leave state 3 forever.

• States 0, 1, and 2 are recurrent since they all communicate and there is no leaving this
class. Sometimes it is difficult to envision that we will return to a state with probability
one– instead, look at this the opposite way: from each of these states, is there some
positive probability that you can move to a place from where you can’t return? In other
words,

Pi( will return to i ) < 1

happens if and only if
Pi( won’t return to i ) > 0.

happens if and only if

If there is a way out of the class C1 := {0, 1, 2}, then the states in there would be transient
because have found a positive probability of not returning. ie: If, for i ∈ {0, 1, 2} and
j /∈ {0, 1, 2}, we had i → j, then there will be no way back to i. If there was a way back,
then i and j would communicate and so j should have been in C1 to begin with.



3. Let Xn be the number of red balls in the urn at time step n. (We could have instead defined
this to be the number of yellow balls in the urn at time n.)

The state space is {0, 1, 2} and 0 is an absorbing state since, once there are zero red balls,
there will always be zero red balls. (We are only replacing balls with yellow ones.)

The transition probability matrix is

P =

0 1 2
0 1 0 0
1 1

3
2
3 0

2 0 2
3

1
3

Let T = min{n ≥ 0 : Xn = 0} be the duration of the process. Let ui = E[T ]|X0 = i]. Then,
we want u2.

• Since, starting with two red balls, we have to go at least one time step to move this
Markov chain towards zero, we write

u2 = 1 + · · ·

• With probability 2/3, we will have moved to state 1 and then we must start counting the
expected number of time steps to reach state 0 starting from state 1. This is precisely
u1. So

u2 = 1 +
2

3
u1 + · · ·

• With probability 1/3, we will have moved to (stayed at) state 2 and then we must start
counting the expected number of time steps to reach state 0 starting from state 2. This
is precisely u2. So

u2 = 1 +
2

3
u1 +

1

3
u2

Preceeding in the same manner, we get

u1 = 1 +
1

3
u0 +

2

3
u1

and
u0 = 0 by definition.

The answer is then u2 = 9/2.

4. Let Xn be the compartment the rat is in at time n. The state space is {1, 2, 3, 4, 5, 6}. As for
the transition probability matrix, should we make “shock” and “food” absorbing states, or
do we assume that the rat keeps randomly wandering even after he, for example, finds food?
It doesn’t matter, you will arrive at the same answer since we are stopping the chain at shock
or food and we don’t need to consider transitions from there. In these solutions, I will not
make them absorbing because, technically, it doesn’t say that the rat stops moving when he
finds food (or a shock!).



P =

1 2 3 4 5 6
1 0 1 0 0 0 0
2 1/2 0 1/2 0 0 0
3 0 1/2 0 1/2 0 0
4 0 0 1/3 0 1/3 1/3
5 0 0 0 1 0 0
6 0 0 0 1 0 0

(a) Define T = min{n ≥ 0 : Xn = 1 or Xn = 6}. Also, define pi = P (XT = 6|X0 = i). Then
we want to find p4.

• Starting at 4, we will move to 3 with probability 1/3, and then, since transitions are
independent in a Markov chain, we will have to multiply by the probability that we
are 6 at time T given that we started at state 3.

p4 =
1

3
p3 + · · ·

• Starting at 4, we will move to 5 with probability 1/3, and then, since transitions are
independent in a Markov chain, we will have to multiply by the probability that we
are 6 at time T given that we started at state 5.

p4 =
1

3
p3 +

1

3
p5 + · · ·

• Finally, starting at 4, we will move to 6 with probability 1/3, and then, since transi-
tions are independent in a Markov chain, we will have to multiply by the probability
that we are 6 at time T given that we started at state 6. This probability is p6 = 1

p4 =
1

3
p3 +

1

3
p5 +

(

1

3

)

(1)

We get the remaining equations in the system in a similar fashion:

p1 = 0

p2 =

(

1

2

)

(0) +
1

2
p3

p3 =
1

2
p2 +

1

2
p4

p5 = 1 · p4

Thus, we have a system to solve!

(Note: The pi need not add up to one. They are “different universe” probabilities.)

(b) The way I have set this problem up, all states communicate. (The rat can walk from
anywhere to anywhere else.) If you considered 1 and 6 to be absorbing, then all states
do not communicate and your answer will be different.

In my system, every state has period 2. (Since the state space is irreducible, you only
have to consider the periodicity of a single state.) This is like a random walk: when
you are at 1, for example, you will definitely leave 1 but you could come right back in



two time steps: 1 → 2 → 1, or four: 1 → 2 → 3 → 2 → 1, etc... The greatest common
divisor of all time steps to return is 2.

All states are periodic with period 2!

(If you set up the transition matrix so that states 1 and 6 are absorbing, then states 1
and 6 have period 1 (aperiodic states) while the rest of the states have period 2 (periodic
with period 2). The entire chain is said to be (a)periodic if all states are. Since we have
two kinds of states, the chain is neither periodic nor aperiodic.)

5. (a) The answer is π1 which is obtained by solving the system:

π0 = 1
3π0 + 3

4π2

π1 = 1
3π0 + 1

2π1 + 1
4π 2

π2 = 1
3π0 + 1

2π1

π0 + π1 + π2 + π3 = 1

The solution is
π0 = 1/3, π1 = 10/27 , π2 = 8/27

(b) Let T = min{n ≥ 0 : Xn = 1} and define ui = E[T |X0 = i ]. Then we want u0.

• Since we must take at least one step in our path towards 1 when we start from 0,
we have that

u0 = 1 + · · ·

• With probability 1/3, we will be back at 0 and have to start counting again from
there:

u0 = 1 +
1

3
u0 + · · ·

• With probability 1/3 we will move from 0 to 1 and stop counting. ie: we count zero
more steps:

u0 = 1 +
1

3
u0 + +

1

3
(0) + · · ·

• With probability 1/3, we will be at state 2 and have to start counting from there:

u0 = 1 +
1

3
u0 + +

1

3
(0) +

1

3
u2

Similarly, we get that
u1 = 0

and

u2 = 1 +
3

4
u0 +

1

4
(0).

Solving this system gives

u0 = 16/5 , u2 = 17/5



(c) Let T = min{n ≥ 0 : Xn = 1 or Xn = 2} and define pi = P (XT = 2|X0 = i). Then we
want p0.

• Starting from 0, with probability 1/3 we stay at zero and have to now compute the
desired probability from the beginning:

p0 =
1

3
p0 + · · ·

• With probability 1/3, we move to state 1. Then we will have probabilty zero of
ending our path in state 2 since we travel only until we hit state 1 or state 2.

p0 =
1

3
p0 +

1

3
(0) + · · ·

• With probability 1/3, we move to state 2. Then we will have probabilty one of
ending our path in state 2 since we travel only until we hit state 1 or state 2.

p0 =
1

3
p0 +

1

3
(0) +

1

3
(1)

This is the only equation we need to solve for p0:

p0 =
1

2
.

(d) Let T = min{n ≥ 0 : Xn = 2} and define wij to be the mean amount of time the process
spends in state j when started in i and ended at 2. (Actually, we really don’t need to
define T here.)

Then we want w01.

• Starting at state 0, with probability 1/3, we move to state 0 and then we have
count the mean number of times the process spends in state 1 before hitting state
2, starting all over again from state 0:

w01 =
1

3
w01 + · · ·

• With probability 1/3, we move to state 1 and now we have to start counting the
mean number of times a process, starting in state 1, visits state 1 before hitting
state 2:

w01 =
1

3
w01 +

1

3
w11 + · · ·

• With probability 1/3, we will go straight from state 0 to state 2, at which time we
stop observing the process without having counted any ones:

w01 =
1

3
w01 +

1

3
w11 +

1

3
(0)

Similarly, we give the expression for w11:

w11 = 1 +
1

2
w11 +

1

2
(0)

(We started with “one plus”, because, starting in state 1 and observing a process that
ends in state 2, we count at least one 1.)

Solving this system gives
w01 = 1 , w11 = 2.



(e) This one is very similar to part (d) above. We just count things a little differently
because we are looking at a cycle from state 0 to state 0 which includes a first and
second hitting of zero as opposed to simply a first hitting of zero.

If we let wij be the mean time the process spends in state j when started from i before
returning to zero, we get the system

w01 =
1

3
(0) +

1

3
w11 +

1

3
w21

w11 = 1 +
1

2
w11 +

1

2
w21

and

w21 =
3

4
(0) +

1

4
w11

which has solution

w01 = 10/9, w11 = 8/3, w21 = 2/3.

So, the answer is 10/9.

(f)

P (X2 = 1|X2 6= 2,X1 6= 2,X0 = 0) =
P (X2 = 1,X2 6= 2, X1 6= 2|X0 = 0)

P (X2 6= 2,X1 6= 2|X0 = 0)

=
P (X2 = 1,X1 6= 2|X0 = 0)

P (X2 6= 2,X1 6= 2|X0 = 0)

=
q
(2)
01

1 − q
(2)
02

where q
(2)
ij is the i − jth entry of the matrix Q(2) = Q2 where

Q =

0 1 2
0 1

3
1
3

1
3

1 0 1
2

1
2

2 0 0 1

q
(2)
01

1 − q
(2)
02

=
5/18

1 − 11/18
= 5

7 .

If we already know that X2 6= 2, then it can only be 0 or 1, so the probability that it is
1 given that it is not 2 is higher than the probability that it is 1 given that it could be
any of 0, 1, or 2. Therefore,

P (X2 = 1|X1 6= 2,X0 = 0) ≤ P (X2 = 1|X2 6= 2,X1 6= 2,X 0 = 0).

6. Let {Xn} be a Markov chain on {0, 1, 2} with transition probability matrix

P =

0 1 2
0 0 1 0
1 0 0 1
2 1 0 0

Then every state is periodic with period 3.



7. (a) Using “R” to denote “rain” and “N” to denote “no rain”, the four states are
RR,RN,NR, and NN . Since the weather today depends only on the weather on the
last two days and since two days has been lumped into one state, the system is a Markov
chain. The transition probability matrix is

P =

RR RN NR NN
RR 0.6 0.4 0 0
RN 0 0 0.6 0.4
NR 0.6 0.4 0 0
NN 0 0 0.3 0.7

(b) The pattern is N,N, ,R. ie: it is N,N,R,R or N,N,N,R which can be thought of as

NN → NR → RR or NN → NN → NR

but which also can be thought of as going from NN to RR or from NN to NR in two
steps. I will take the second approach.... after squaring the matrix P, the NN to RR
entry is 0.18 and the NN to NR entry is 0.21.

So, the final answer is
0.18 + 0.21 = 0.39

(c) Let the states RR,RN,NR, and NN be denoted by 0, 1, 2, and 3, respectively. Then
the stationary distribution is given by the system

π0 = 0.6π0 + 0.6π2

π1 = 0.4π0 + 0.4π2

π2 = 0.6π1 + 0.3π3

π3 = 0.4π1 + 0.7π3

along with the condition π0 + π1 + π2 + π3 = 1.

The solution is then

π0 = 9/29, π1 = 6/29, π2 = 6/29, π3 = 8/29.

8. If i → j, there exists some integer n ≥ 0 such that p
(n)
ij . By definition of stationarity,

πj =
∑

i∈S

πi p
(n)
ij

which is
≥ πi p

(n)
ij > 0

by assumption.



9. (a)

P (X2 = 2) = P (X2 = 2|X0 = 1) · P (X0 = 1) + P (X2 = 2|X0 = 2) · P (X0 = 2)

= 1
2p

(2)
12 + 1

2p
(2)
22

= 1
2 (0.52) + 1

2(0.61) = 0.565

(b) We want π2.
π1 = 0.6π1 + 0.3π2

π2 = 0.4π1 + 0.7π2

Also, π1 + π2 = 1.

The solution is π2 ≈ 0.571429.

10. Let Xn = the number of red bugs in the urn. Then {Xn} is a Markov chain on X = {0, 1, 2}.

The probability transition matrix is

P =

0 1 2
0 1 0 0
1 1/2 1/2 0
2 0 2/3 1/3

Let T = min{n ≥ 0 : Xn = 0}. Define ui = E[T |X0 = i]. Then we want u2.

u2 = 1 +
2

3
u1 +

1

3
u2

u1 = 1 +
1

2
(0) +

1

2
u1

⇒ u1 = 2

⇒ u2 = 7/2.

11. (a) Let T = min{n ≥ 0 : Xn = 0 or Xn = 2}.

Let pi = P (XT = 0|X0 = i). Then we want p1.

p1 = (0.2)(1) + 0.7p1 + (0.1)(0)

(Okay, we can solve this! p1 = 2/3.)

(b) Let ui = E[T |X0 = i]. Then we want u1.

u1 = 1 + (0.2)(0) + 0.7u1 + (0.1)(0)

(Okay, we can solve this one too! u1 = 10/3.)



12. The communication classes are

{0}, {1, 2}, {3, 4}, {5}

• State 0 is recurrent.

• States 1 and 2 are recurrent.

• States 3 and 4 are transient.

• State 5 is recurrent.

13. Define

Q =

0 1 2
0 1

3
1
3

1
3

1 0 1 0
2 3

4
1
4 0

Now,
P (X5 = 2|X4 6= 1,X3 6= 1,X2 6= 1,X1 6= 1,X0 = 0)

=
P (X5 = 2,X4 6= 1,X3 6= 1,X2 6= 1,X1 6= 1|X0 = 0)

P (X4 6= 1,X3 6= 1,X2 6= 1,X1 6= 1|X0 = 0)

=
q
(5)
02

1 − q
(4)
01

where q
(n)
ij is the i − jth entry of the Q(n) = Qn.

14. (a)
π0 = 1

3π0 + 3
4π2

π1 = 1
3π0 + 1

2π1 + 1
4π2

π2 = 1
3π0 + 1

2π1

... and let’s not forget π0 + π1 + π2 = 1!

(b) Let T = min{n ≥ 0 : Xn = 0} and define wij = the expected number of times the chain
visits state j when started in state i, before time T . Then we want w21. We need to
solve

w21 =
3

4
(0) +

1

4
w11

w11 = 1 +
1

2
w11 +

1

2
w21.

for w21.


