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Solutions to Review Problems for Exam Two

Let T'=min{n >0: X,, = Bor X,, = C}. Let u; = E[T| Xy = i]. We want to find u4.
Starting out with at least one purchase,

ug =14+ 0.6us + 0.2(0) + 0.2(0)

(Those zeros are because we have switched brands so we stop counting.)
So, we have that uq = 2.5 purchases.

Let w;; be the mean time. starting from state 4, spent in state j, before hitting state C'.
We want to find wyp.

wap = 0.6wap + 0.2wpp + 0.2(0)

Note that we did not start out using “1+” since we are not counting purchases (time
steps) but rather purchases of brand B. We may go from brand A to brand C without
ever hitting B at alll (Even if the matrix was such that we are forced to go through B
on the way from A to C, we would not count hits on B until we actually hit B as in the
next equation.)
Now

wpp =14 0.1wap + 0.7wpp + 0.2(0)

Solving this system of 2 equations, gives us

and wpp = 4.

Let w;; be the mean time. starting from state 7, spent in state j, before hitting state A
again. We want to find wap.

Even though we are starting at A, we want to stop counting if we make a move to A,
so, we get
wap = 0.6(0) + 0.2wpp + 0.2wep

and
wpp =1+ 0.1(0) + 0.7wpp + 0.2wep

and
wep = 0.1(0) + 0.1wpp + 0.8wep.

Solving this system of 3 equations gives us

wap = 1.5, wpp = 9, and weop = 2.5.

2. Let X ~ exp(rate = X\). The lack of memory property of the exponential says that, for any

s,t >0,

P(X >s+tX >s)=P(X >t).



4.

In words, if X represents the time until something happens, if we have already waited at
least s units of time, the probability that we will have to wait at least ¢ units more is the
probability we have to wait at least ¢ units in the first place. It is as if the fact that we already
waited more than s units of time is irrelevant!

Proof:
P(X >s+1X >5) = PEZdtXze) PG _ e MO0 — oM = P(X > 1)
(a)
P(N(2)=3,N(6)=3) = P(N(2)=3,N(6) - N(2)=0)

(a)

Forget all about the cars that won’t stop. The cars that will pick up the hitchhiker follow
a Poisson process (thinned from the original) with rate A\; = (200)(0.05) = 10 cars per
hour. The amount of time the hitchhiker has to wait is the expected value of one of the
exponential, rate 10, interarrival times. This is one-tenth of an hour or six minutes.

Let T be the time until the hitchhiker gets picked up. We know that
T ~ exp(rate = 1/10)

Let Ny(t) be the number of cars that didn’t stop by time ¢. This is a thinned Poisson
process with rate Ay = (200)(0.95) = 190.

We want
E[N2(T)].
Well
EINS(T)] =[5 EINS(DIT =] fr(t) d
= JoPE[N2(t)|T = t]- 10e~1% qt

= JoPE[N2(t)] - 1010 gt

That last equality follows from the fact that thinning a Poisson process into two Poisson
processes produces independent processes. N(t) is a quantity from the second process
and T is a quantity from the first process.



Continuing...
E[No(T)] = E[N2(t)] - 10e 10 gt

= (190t) - 10e~ 19 dt
= 1900te 1% dt

= 19

Note: This is what we expect since the expected time for a pickup is 1/10 of an hour
and the expected number of cars passing in 1/10 of an hour is 190(1/10) = 19. Warning:
One could not use this more naive (yet intuitive!) approach if the two processes were
dependent.

This is very similar to part (b). It is not worded ver well though. Are the partol
cars included in ones that will pick up or ignore the hitchiker? This would have to be
worded better on an actual exam. For this solution, I'm going to have three distinct
(non-overlapping) groups:

e 1: cars that will pick up the hitchiker

e 2: cars that will pass the hitchiker

e 3: patrol cars that will bother the hitchiker

My interpretation is that

Ni(t) is a Poisson process with rate (200)(0.05) = 10 cars per hour.

N3(t) is a Poisson process with rate (200)(1/100)(0.7) = 1.4 cars per hour.

Ns(t) is a Poisson process with the remaining rate 200 — 10 — 1.4 = 188.6 cars per hour.

Letting T3 be the first time the hitchiker gets bothered by police, and 77 be the first
time the hitchiker gets picked up, we want

P(Ty < T3).
Now this is like many problems we have had (but easier— exponentials in place of gam-
mas!).
We have

T) ~ exp(rate = 10), T3 ~ exp(rate = 1.4)

where T7 and T5 are independent.
P(Ty <T3) = [P(T<t)lde 14at
= J5° Jy 10e710% du 1.4~ 14t gt
= ---=0.87719298
Note: We didn’t have to do an integral at all. Ignoring the type 2 cars. The pickup cars

and patrol cars make one Poisson process with rate 10 + 1.4 = 11.4. The probability
that the next arrival in this process is a pickup car is simply

10
— 0. 19298.
14 0.87719298



In fact, in general, for X7 exp(rate = A1) and independent X5 exp(rate = A\q9), we always
have that
A1

P(X1 < Xp) =

5. The maximum of two numbers is below a value y if and only if each number is below the
value y. Therefore, we get the second inequality in

Fy(y) = P <y)=Pmax{X;, X2} <y)
= PXi<y,X2<y)

indep

e PG <y

So, the pdf is

for y > 0.

6. (a) The arrival time is uniformaly distributed between 0 and 60, so, the desired probability

1s
20 1

60 3
(b) Let X = the number that arrive during the first hour. Then X ~ bin(2,1/3).

P(X=1)=<f><%>l<§>l

P(at least one) = P(X >1)

_ _ _ P(X: X+Y= ) _ X=z,Y=n—
PX=xz|X+Y=n) = P()?erzn)" _ P(§+an)x

Since X is a Poisson random variable, this probability will be zero if = is less than 0. Since
Y is a Poisson random variable, this probability will also be zero if n — x gets negative. So,



continuing under the assumption that x = 0,1,2,...,n, and using the fact that the sum of
independent Poisson random variables is again Poisson with rate parameter equal to the sum
of the individual rate paremters (this can be/was shown using moment generating functions),
we have

PX—alX+Y=m) = Smple

indep P(X=z)-P(Y=n—z)
= P(X+Y=n)

-\ x —Ag\n—x
e 1)\1 .e )\2
z! (n—x)!
e~ tA2) (3 4ag)n
n!

_ n! M NP T
- zl(n—2z)! \ A1+)2 A1+A2

_ n A T A n—x
- < T ) (>\1+1)\2) (1 o )\1+1>\2)
for x =0,1,2,...,n. The probability is 0 otherwise.
So, X|X +Y =n ~bin(n,\1/(M + A\2)).

8. In order to take advantage of “independent increments”, let us rewrite this as
EIN(t)N(s+t)] = E[N(t)- (N(s+t)— N(t)) + N?(t)]
= E[N(t)- (N(s+1) — N(t)] + E[N*(t)]
The first expectation can be computed as
E[N(t) - (N(s +1t) — N(t))] = E[N(£)] - E[(N(s + t) — N(£))] = At - As = A2st.
The second one is
E[N?(t)] = Var[N(t)] + (E[N(1)])* = Xt + (At)%.

So,
EIN(t)N(s +t)] = st 4+ Mt + (\t)2.

9. (a) If 1 minor defect is found in the first 10 feet, it’s location is uniformly distributed over
those 10 feet, so the probability it is in the first 2 feet is 2/10 = 1/5.



P(N,(10) = 1IN(10) = 1) = POA0-LNGO=)

P(N1(10)=1,N3(10)=0)
P(N(10)=1)

P(N1(10)=1)-P(N2(10)=0)
= P(N(10)=1)

e 1021 (10x7) 71022 (101,)0
— 11 : Q!
e~ 10N FA2) (107 +29)]1
T

A1
A1+

Note: You did not need to do this “from scratch”. Since the big overall defect process
is a Poisson process with rate A = A1 + Ao, it can be thinned down to a minor defect
process by assigning defects as “minor” with probability p. This means that the minor
defect process has rate Ap. Since we already know that the minor defect process has rate

A1, we then know that
A1 A1
p=

A _>\1+)\2.

Um, well, okay... zero! There are no minor defect between two successive minor defects!
But, let’s suppose that the question was:

“What is the expected number of minor defects between two successive
major defects?”

The time between two successive major defects is an exponential random variable with
rate Ay. So, we want the expected number of minor defects in an interval of length
T ~ exp(rate = Az). Since the Poisson process is stationary, we can just consider the
expected number of minor defects in the first 7' units of time. That, is, we want

EINU(T)] = Jo~ EINU(DIT = t] - fr(t) dt
= Jo EINi()IT = t] - fr(t) dt
= Jo E[Nu(B)]- fr(t) dt

since {N1(¢)} and {N2(t)} are independent Poisson processes and since T is an interar-
rival time for the {Na(¢)} process.

Continuing,

EINUT)] = [P EINi(t)] - fr(t)dt
= Joo Mt fr(t)dt =N [0t fr(t)dt

= ME[T] = A\ /A




10.

P(N(1) =5)|N(2) =12) = ( 152 ) (%)5 (%)7

Alternatively, you can write

P(N(1) = 5)|N(2) = 12) = PN

P(N(1)=57N(2)*N(1)=7)) _
N(@2)=12 =

Since, by time 1, we have the first 3 arrivals, the total expected time to wait for 5 arrivals
is 1 plus the expected time to wait for 2 arrivals.

E[S5|N(1) =3] =1+E[Sy] =1+2/A

Since Sy ~ T'(2, \).

Let T1,T1,ldots be the interarrival times. (So, S, = T} + -+ + T,.) First, note that
Sl = Tl. So

E[S5’Sl > t] = E[S5‘T1 > t]
= E[T1+T2+T3+T4+T5’T1>t]
= E[Tl‘Tl > t] + E[TQ‘Tl > t] + -+ E[T5‘T1 > t]

= E[Tl‘Tl > t] + E[TQ] —+ -+ E[T5]

since the interarrival times are independent. By the lack of memory property of the
exponential, T1|T7 > t ~ exp(rate = X\). So E[T1|T1 > t] = E[T}]. So

E[S5’Sl > t] = E[Tl] + E[TQ] + -4 E[T5]

_ 1 1 _
= 3+t 3x=

>lot

E[N(t)|S1 > t] = E[N(¢)|T1 > t] = 0 since the first event happens at a time greater than
t therefore no events have happened by time t!

Since E[N(t)|S1 < t] = E[N(t)|T} < t], we know at least one event has happened before
time t. One way to do this problem is to condition on the time of that first event.
(Note that you would have to use the conditional density for 77 given that T} < t.)
Alternatively,

EIN(t)] = E[N@)|Ty <] P(Ty < t)+E[N®)|Ty > t] - P(Ty > )
= E[N@)|T1 <] P(Ty <t)+0-P(T} > t)

= E[N@)|Ty <4 P(T1 <t

which implies that
E[N(t)] At
EIN)|TL < t] = = .
[ ()| 1 < ] P(T1<t) 1_67)\15




11. X has the same distribution as the time of the nth arrival of a Poisson process with rate A.

Therefore,
P(X <z) = P(S,<ua).
Well,
n—1 n—1 e_)‘t()\t)k
P(Sy>t)=P(N(t)<n)=> P(N({t)=k)=>_ —
k=0 k=0 ’
SO

P(X<z) = PS,<z)=1-P(S,>x)

_ n—1 e 2 (\x)F
= 1=



