The Polar Transformation for Drawing N(0,1) Random Variables
Let U; and U, be independent uniform(0,1) random variables.
Let V; =2U; — 1 and V3 = 2U, — 1. (These are independent uniform(-1,1)’s.)
If S:=V2+ V7 <1,let

—2

C= ?ln(S).

Then X; = CV; and X, = CVj; are indepdent N(0, 1) random variables.

Proof:
Recall that from the Box-Muller Method, we know that

Y1 :=1/—21n(Uy) cos(27Us) and Ys :=1/—21In(Uy) sin(27Us)

are independent and normally distributed N (0, 1) random variables.

Let’s write this as

Y1 :=1/—21n(U;) cos(h) and Y, :=4/—21In(U;) sin(6)

where 6 ~ unif (0, 2).

Now Vi =2U; — 1 and V5, = 2U; — 1 can be thought of as coordinates of a point that
is uniformly distributed on the square shown below.
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If this point (V4, V) happens to fall in the unit circle (ie: S := V2 + V2 < 1), then it

will also be uniformly distributed in the circle.

We assume that S <1 (ie: (V4,V3) is uniformly distributed on the unit disk). (If not,
we have to start over from the begining with new U; and Us,.)



We can transform V; and V5 to polar coordinates and write:
Vi=Rcos©® Vi=Rsin®
where R and © are random variables.

Let’s find the joint density of R? and ©.

(Vi, Va) uniform on the unit disk implies that the joint pdf is

1
fviva(v1,v2) = ;I(o,l)(vf + v3)

This is again a standard transformation problem.
Write (V1, V3) in polar coordinates:

Then
vy = g7 (r?, 0) = r sin(0)

and
vy = g5 ' (r?,0) = r cos(f)

Notice that R? = S := V? + V3

So
v = g;'(s,0) = Vs sin(6)
and
vy = gy '(5,0) = /5 cos(f)
So
fS,@(Sa 0) = fVl,V2(gl_1(8: 0): g2_1(81 0)) ) |J‘
where
v Ou 2%/;575”(9) V/s cos(0)
g 9 90 | _ _sin2(9) B cos?(6)
| ow aw | 2—\1/5 cos(0) —/ssin(f) | 2 2
as 00
So,

fse(s,0) = fuwn(Vssin(d),\/scos(0))-| -1 =—3

= 2101)(s)(0.2m)(0)-

So we see that S and © are independent and are uniform on (0,1) and (0,27),
respectively.



We can now rewrite the Box-Muller transformations):

—21In(
\/—2In(U;) cos(f) = /—21n(S \/_ ;1 S)V2
= Vi

\/TnS)

and

Y, =
Y1 :=1/—2In(U;)sin(f) = /—21n(S



