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Abstract

We introduce a rapid algorithm for simulating from the stationary distribution of the
ARCH(1) model based on many components of existing perfect simulation algorithms.
The algorithm itself is based on the Harris coupler of Corcoran and Tweedie which is
closely related to the multi-gamma coupler of Murdoch and Green. It exploits a curious
monotonicity structure in the ARCH(1) model. Simulation results are provided.

1 Introduction

Autoregressive Conditional Heteroskedasticity (ARCH) models are used to model processes
where changes in variance are a function of time. Such techniques have enjoyed wide
popularity in financial applications, typically serving as models for asset price volatility.
The ARCH econometric model for this, introduced by Engle [6], describes the variance of
a time series as another time series. Specifically, it is modeled as an autoregressive (AR)
process that is generally taken to be linear.

In this paper, we consider the class of autoregressive processes with ARCH(1) errors given
by the stochastic difference equation

Xn=aX,_1+e,- \/ ﬁ + '7X72L—1 (1)

for some o € R, 3,7 > 0, and {e¢,} a sequence of independent and identically distributed
(iid) errors.

If the €, have a density f.(-) that is symmetric about zero with support on IR, then it is
easy to see that {X,} form a Markov chain with transition density

P y) = —— f(y““‘x). )
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That is, given the Markov chain is at state x, it will move in one time step into the set
A C IR with probability P(x, A) where

P(z,A) = /Ap(w,y) dy.

For most applications of the ARCH(1) model, it is assumed that the error terms have a
normal distribution centered at 0. Throughout this paper, we will assume that €, N (0,1)
although the techniques described can be extended to more general error distributions.

Our goal is to examine the stationary (invariant) measure of the Markov chain {X,,} which
we will denote by 7(-). By definition, 7(-) satisfies

7(A) = / w(z) P(x, A)dw, VY AcB (3)

where B is the set of all Borel sets in IR.

For a Markov chain {X,} with the transition density given by (2), it is not possible to
explicitly determine parameters for which a stationary distribution exists. Even in the case
of normal errors, stationary inducing domains for «, §, and 7 are not known except in a
few cases. For example, Embrechts et al. [5] have shown existence of a stationary measure
for @ = 0 and v € (0,2¢") where T is Euler’s constant. Borkovec and Kliippelberg [2] also
give conditions on the existence of 7(+).

In this paper, we describe a particular perfect simulation algorithm as it relates to this
Markov chain to simulate the stationary distribution for parameter values where it is known
to exist. This algorithm will also be a useful tool for studying the existence of a stationary
distribution for other parameter domains.

2 Perfect Simulation

Perfect simulation, also known as perfect sampling, backward coupling, or coupling-from-
the-past, is terminology used to describe a class of Markov chain Monte Carlo (MCMC)
algorithms that are free of error caused by convergence issues. They are essentially algo-
rithms that allow the simulator to “see infinity” in a finite amount of time. The essential
idea is to find a random epoch —T in the past such that, if we construct sample paths
(according to a transition law P(x,y) that is invariant for 7) from every point in the state
space starting at —7', then all paths will have coupled (met) successfully by time zero. The
common value of the paths at time zero is a draw from 7. Intuitively, it is clear why this
result holds with such a random time 7. For consider a chain starting at —oo with the
stationary distribution 7. At every iteration it maintains the distribution 7. But at time
—T it must pick some value x, and from then on it follows the trajectory from that value.
But of course it arrives at the same place at time zero no matter what value x is picked at
time —7": so the value returned by the algorithm at time zero must itself be a draw from .

Perfect sampling algorithms can be particularly efficient if the chain is stochastically mono-
tone in the sense that paths from lower starting points stay below paths from higher starting



points. In this case, one need only couple sample paths from the “top” and “bottom” of
the space, as all other paths will be sandwiched in between. It is possible to generalize one
step further to monotone chains on an unbounded state space by considering stochastically
dominating processes (see Kendall [7]) to bound the journeys of sample paths.

Though the ideas behind perfect simulation existed, (see eg. Asmussen, Glynn, and Thoris-
son [1]), it was Propp and Wilson [10] who introduced these ideas in a simulational setting.
Since this seminal 1996 paper, many variations of the algorithm appeared, addressing de-
tails such as coupling on a continuous state space, devising random processes to bound the
process of interest on an unbounded state space, and restructuring of the state space in
order to realize monotonicity. In this paper, we use a particular algorithm of Corcoran and
Tweedie [4] known as the “Harris Coupler” in order to achieve a perfect simulation of the
stationary distribution of the ARCH(1) model.

2.1 The Harris Coupler

The Harris Coupler, applicable to Harris recurrent chains, was developed by Corcoran
and Tweedie [4]. It is a variation of the “multi-gamma coupler”, previously developed by
Murdoch and Green [9].

A chain with transition law P(x, A) and stationary measure 7(-) is called Harris recurrent
if, for every A with w(A) > 0 we have

P(X,, € A infinitely often) = 1

for all z in the state space of the chain.

A set C is called small if the k-step transition law P®)(z, A) := P(X) € A|Xo = z) is
“minorized” for some 0 < § < 1 and for some density v in the sense that

P®)(z, A) > 00(4), zeC (4)

where W(A) = [,¥(y)dy. It is known that for aperiodic Harris chains, every set with
m(A) > 0 contains a small set of positive m-measure [8]. We may also consider (4) in terms
of densities:

P (a,y) > 00(y), weC,

where p*)(z, y) is the density corresponding to P*)(z, A).

Borkovec and Kliippelberg [2] have shown that the Markov chain described by the ARCH(1)
model given by (1) is Harris recurrent with k£ = 1 for interval sets of the form C' = [—c,c|.
(Note that when k = 1, aperiodicity is ensured and this is sometimes known as the strongly
aperiodic case [8].)

We may simulate sample paths of a Markov chain satisfying (4) with & = 1 as follows.
Suppose that the chain is in state state z at some time n (ie: X, = x), and we wish to
simulate a value y for the chain at time n + 1.

e If v ¢ C, we produce y using the transition law P(z,dy).



o Ifz €,

— with probability 4, we produce y by simulating a value drawn from (dy),

— with probability 1 — §, we produce y by simulating a value drawn from the
“residual” transition law R(z,dy) := [P(z,dy) — ¢ (dy)]/(1 — 9).

It is easy to see that X, has the correct marginal distribution with this construction.
Note that if z € C, then with probability § we draw the next value from the distribution
with density ¢ regardless of the specific value of x. Therefore, in the context of perfect
simulation, we can achieve a coupling of all possible sample paths with probability § in the
case that all possible sample paths simultaneously enter C.

3 Perfect Simulation for the ARCH(1) Model

For the purpose of illustration, we consider the ARCH(1) model given by

Xn=€n-/B+7X2_, (5)

for some 3,7 > 0, and {e,} a sequence of independent and identically distributed normal
errors each with mean 0 and variance 1.

For ease of algorithm exposition, we will, in this section, make the (unsatisfactory) as-
sumption that the state space is restricted to an interval [— K, K| where K > 0 is presum-
ably large. Specifically, if X,, > 0, we take X,, = min(X,,K) and if X,, < 0, we take
X, = max(X,,, —K). In Section 6, we remove this assumption.

3.1 Monotonicity

A Markov chain with transition density p(z,y) and transition law

P(z,A) :=/Ap(x,y) dy

is said to be stochastically monotone if
x1 < @9 implies that P(z1,y,00)) < P(xa,[y,0)).

In terms of simulation, this means that if two sample paths are run from points 1 and x»
where 1 < x5, they will maintain their ordering and will not cross. In terms of perfect
simulation, where the goal is to follow trajectories of all possible sample paths, stochastic
monotonicity allows one to follow the progress of only two bounding sample paths, since all

other paths will be “sandwiched” in between.
Suppose that 3:%1) < mﬁf) represent the positions of two sample paths at time n. A natural
way to update the sample paths of the ARCH(1) model given by (5) to values at time n+1

would be to generate a value of €,41 ~ N(0,1) and to set x,(llll = €psl - ﬂ—i—’y(afgl))?



and 3’3512421 =€pt1-\ O+ v(xg))?. This, however, does not necessarily result in the ordering

:L"S}rl < 73512421- However, we do, in fact, have a “sandwiching property”. Define, for fixed

frr1(2) = eng1 -/ B+ 22,
we have that for any z € [—K, K], either
0 < fut1(0) < fot1(z) < fri1(K) or fr1(K) < fata1(z) < fos1(0) <O.

Furthermore, for 0 < :c%l) < acg) < xslg) or wg) < xg) < xslg)

€En+1,

< 0, application of f,+1 will
(1)

again result in a value fn+1(acg)) that is sandwiched between the values of f,4+1(zy’) and
fn+1(1‘513)), regardless of the ordering of fn+1(1‘511)) and an(mff’)). So, in order to achieve
a coupling of all possible sample paths on [—K, K|, we may follow only two paths forward
in time. That is, at each time —n, n = 1,2, ..., we will start sample paths in state 0 and in
state K until we have reached n = T where T is the first time such that paths started at

time —7 in states 0 and K end up in the same place at time 0.

3.2 Minorization

We consider a small set of the form C' = [—¢,c] where 0 < ¢ < K. The goal is to find a
density 9(-) and a number 0 < § < 1 such that the minorization condition

p(z,dy) = 6 - ¢(dy)

holds uniformly for all z € C.

Recall that p(z,y) is a normal density with mean 0 and variance 3+~z2. In order to achieve
a minorization, we will essentially “push” the “tallest” normal density with mean zero and
variance 8 down, at the origin, to the level at the origin of the “shortest” normal density
with mean zero and variance 3 + vyz? for z € C. (See Figure 1.) This “shortest” density
is the normal density with mean zero and variance 3 4 vyc?. That is, we will multiply the
N(0, 3) density by a factor of v/273/+/2m(8 + vc?) = \/B/(B + vc?). Tt is simple to check,

for all z € C = [—¢, ¢], that
| B
p(z,y) > m ¥(y)

where 1 (y) is the N (0, 3) density. Hence, we take

_ | B
0= el

3.3 Residual Density

The residual density from which values must be drawn with probability 1 — § is

~ plxyy) —6-9Y(y)
r(z,y) = 5




Figure 1: Visualization of a Minorization

The tallest curve (dashed line) is the N(0, 3) density. The middle curve is the N (0, 8 4 vc?) density which
is the “shortest” normal density with mean zero and variance 8 + yz?2 for € C. The lowest curve (bold

line) is the N (0, 8) multiplied by /8/(8 + vc?).

where p(z,y) is the normal density with mean 0 and variance 3 + 2.

We can easily compute its cumulative distribution function(cdf) with respect to y, obtaining

R(z,y) = ——(@(—L—) — 5 a(

S 1-6 B+ a?

where ®(-) is the cdf for a standard normal.

y
\/—B))

To draw a value y from this density for a fixed z, we can use a root finding routine to
compute the inverse of this function given some realization v of a uniform random variable
V on (0,1). Thus, y = R~!(z,v). There are better ways to simulate from this density, (for
example via an accept/reject algorithm), but the inverse cdf method is the easiest way to
preserve the practicable monotonicity of the residual density.

For typical values of ¢ = 8 = v = 1, which imply 6§ = v/2/2, we can generate plots of
R(xz,y) for different values of x € [—1,1]. Figure 2 shows the curves for R(0,y) (small
dash), R(0.5,y) (long dash), R(1,y) (solid line). Given any random number V on (0,1), we
see from the plot that the closer x is to 0, the closer the resulting y is to 0. This suggests
that the residual density possesses a sandwich property.



Figure 2: Residual cdf: R(0,y) (small dash), R(0.5,y) (long dash), R(1,y) (solid line)

3.3.1 Residual Monotonicity

In the case where the transition law P(z, A) is stochastically monotone, it is easy to verify
that the residual transition law

R(e,A) = [ r(oy)dy = 1 [ o) - 5e(w)] dy

is also stochastically monotone.

In the case of the ARCH(1) model, we do not have monotonicity of P(x, A), but we do have
the sandwiching property described in Section 3.1. Recall that all possible sample paths
are always between the path started from K and the path started from zero. The difference
here is that these paths may themselves be crossing. We now investigate formally how this
behavior translates to the residual density.

Proposition 3.1 For values © € C, the residual density r(x,y) possesses the same sand-
wich property as fni1.

Proof:

In order to prove this proposition, we only need to show that y(l) = R‘l(w(l),v) and
y® = Rz, v) imply ") < y® for the case where 1/2 < v < 1and 0 < z() < z®) < ¢.
All other cases can be shown analogously. So, given 1/2 < v < 1 and 0 < M < 2@ < ¢
the equalities yY = R~ (2™, v) and y® = R~1(z® v) imply that v = R(zM),yMV)) =



R(x(z),y(z)) and that y(l),y(z) > 0 . In generic terms,

5 <v=R(e,y) = ——(B(——L—5) ~ 8- B(-L))

VB + ya?

Suppose that in the above, x increased to ™ but y decreased to y~. Then, the value of
both ® integrals above would decrease, but the first one would decrease even more due to
two facts: one, its integral’s upper limit would have a reduced numerator and increased
denominator; two, since the upper limit of the first integral is greater than 0 but less than
the upper limit of the second, the value of the Gaussian integrand is greater near the upper
limit of the first integral than near the upper limit of the second. Therefore, because of the
preceding two facts, the loss of value (area) will be greater in the first ® integral . So, let
the decrease in the first one be denoted by d* > 0 and the decrease in the second one by
d~ > 0. Then,

3

_ 1 y - y
R(z™, = P —dT4+5-d —6-0(—%=
(@™, y7) 1—5((\/W) (\/B))
Since 0 < § < 1and d™ > d~ > 0, we have that d™ > 6-d~, which implies —d™+4§-d~ < 0.
Therefore, R(x,y) > R(z*,y~). So, if the equality R(z(M,yM) = R(z®,y?)) must be
satisfied for 0 < 2 < 2 < ¢, we cannot have y(2) < y(l). Hence, we must have y(l) <
y@, which proves the proposition.

4 Perfect Simulation Algorithm for the ARCH(1) Model

In order to simulate from (5), we need to choose a value ¢ > 0 to define the small set used in
the minorization. Ideally we choose a value for ¢ that makes the set C' large enough so that
paths will visit it often, and, at the same time, a value for ¢ that will result in a suitably
large value of §, which is the probability that paths will couple if they are all inside C'. In
this Section, we restrict the state space to [— K, K| for some given K > 0.

Since the state space is uncountable, we will only be monitoring the paths generated by the
following two processes: Y, and Y, , which are, respectively, upper and lower bounding
processes to the original X,,. Since all possible values of X,, are in between Y, and Y, |
once these bounding processes couple at some value ¢, we must have that X; = z;, and
from there on, we just need to follow the process X, from time n =t to time n = 0. The
value Xg = x¢ will be the resulting draw from the stationary distribution for the restricted
ARCH(1) model.

Also, in order to move the processes forward, we will need realizations of the following
random variables (with n =0,—1,—-2,-3,...):

e ¢, with a N(0,1) distribution

o W, with a N(0, /) distribution

e U, with a uniform distribution on (0, 1)



e V,, with a uniform distribution on (0, 1)

We generate these realizations as needed, storing them for reuse for forward sweeps from
negative time starting points.

We will start our simulation at n = —2, by assigning Y, = K and Y, = —K. We then
move both processes forward, as described in the following subsections, until n = 0. If
coupling occurs, (ie: if we at any time draw a value from ), the final value Xy = ¢ is
the value returned by our algorithm as a draw from the stationary distribution. If coupling
did not occur, we start again, but this time at n = —3. We once again move the processes
forward, and if no coupling occurred by n = 0, we keep starting the simulation one step
further back, running it forward until n = 0. Once coupling occurs, the final value X¢ = xg
is our perfect simulation output. The minimum number of backward time steps to achieve
this coupling at or before time zero is our backward coupling time.

4.1 Moving the bounding processes forward before coupling

Before the upper and lower bounding processes have coupled, we can only have one of the
following cases:

Case 1: —K<Y,  <-candc<Y, <K
Case 2: —-K<Y, <-cand0<Y}<c¢
Case 3: <Y, <0andc<Y <K
Case4: —c<Y, <0and0<Y, <c

(Case 4 is the only case where coupling can occur by moving one step forward)

Moving the processes forward is not as simple as moving the upper and lower processes
forward. We must take into account the possible positions of all paths that are sandwiched
between the bounding processes. Thus, moving the processes forward involves computing a
list of candidate values, and then assigning the largest candidate to Yntrl and the smallest

candidate to Y, ;. Computing the candidate values depends on which case above we are

at step m. A description for each one follows, with y; representing the it candidate.

4.1.1 Moving under Case 1

At step m, our chain could be anywhere in between Y, and Y, but since not all paths
are inside C', coupling cannot occur. Due to monotonicity, any path in between Y, and —c
must end up in between f,,1(Y,") and 0. Also, any path in between ¢ and Y,;” must end up
in between f,,+1(Y,F) and 0. We must not forget that paths in [—¢, 0] will end up either, with
probability 9, at a specific location W, 11, or, with probability 1 — §, sandwiched between 0
and the value obtained from the residual distribution applied to —c. The same must not be
forgotten for paths in [0, c]. Finally, we restrict the paths to the interval [— K, K|. Taking
into account all these details, we can compute candidate values for the bounding processes
at step n + 1.



We will let y1 = frr1(Y,). If Upyq < 6, then yo = W,,11, otherwise, yo = R™1(—c, Via1).
Also, we will let y3 = frr1(Y,7). And, if U,pq < 8, then yy = W11, otherwise, ys =
R~Y(¢, Vyiy1). Now, with our four candidates, we are ready to proceed:

e If all our four candidates are greater than or equal to 0, we let

Y, 1 =0 and Yntrl = min(K, max(y1,y2, Y3, Y4))-

e If all our four candidates are less than or equal to 0, we let

Y1 = max(—K,min(y1, y2,y3,v4)) and Y5, = 0.

e Otherwise,

Yn_-l—l = max(—K, min(y17y27y37y4)) and Yn—z—l = min<K7 max(y17y27y3ay4))'

4.1.2 Moving under Case 2

At step m, our chain could be anywhere in between Y, and Y, but since not all paths
are inside C, coupling cannot occur. Due to monotonicity, any path in between Y, and
—c must end up in between f,1(Y,") and 0. We must not forget that paths in [0, Y, ] will
end up either, with probability d, at a specific location W,,11, or, with probability 1 — §,
sandwiched between 0 and the value obtained from the residual distribution applied to Y.
The same is true for paths in [—¢,0]. As in Case 1, we restrict all paths to the interval
[-K, K]. Taking into account all these details, we can compute candidate values for the
bounding processes at step n + 1.

We will let y1 = frr1(Y,"). If Uypyq < 6, then yo = W11, otherwise, yo = R™1(—c, Via1).
Also, if U,;1 < 6, then y4 = W, 41, otherwise, y4 = R™1(Y,F,V,,11). Now, with our three
candidates, we are ready to proceed:

e If all our three candidates are greater than or equal to 0, we let

Yn_—i-l =0 and Yn—:-I = min<K7 ma'X(yl7 Y2, y4))

e If all our three candidates are less than or equal to 0, we must

Y, .1 = max(—K, min(y1,y2,y4)) and Yntrl =0.

e Otherwise,

Y, .1 = max(—K, min(y1,y2,y4)) and Yntrl = min(K, max(y1,y2,y4))-



4.1.3 Moving under Case 3

At step n, our chain could be anywhere in between Y, and Y, but since not all paths
are inside C, coupling cannot occur. Due to monotonicity, any path in between ¢ and Y,
must end up in between f,+1(Y,F) and 0. We must not forget that paths in [Y,;,0] will
end up either, with probability 4, at a specific location W11, or, with probability 1 — ¢,
sandwiched between 0 and the value obtained from the residual distribution applied to Y, .
The same is true for paths in [0, c]. Again we restrict paths to the interval [— K, K]. Taking
into account all these details, we can compute candidate values for the bounding processes
at step n + 1.

If Uyp1 < 0, then yo = Wyy1, otherwise, yo = R™YY,",Vii1). Also, we will let y3 =
o1 (Y,5). If Upyq < 6, then y4 = W,,41, otherwise, y4 = R~ (¢, V,11). Now, with our
three candidates, we are ready to proceed:

e If all our three candidates are greater than or equal to 0, we let

Y, 1 =0 and Yn':_l = min(K, max(y2, y3,Y4))-

e If all our three candidates are less than or equal to 0, we let

Y, .1 = max(—K, min(ys,y3,y4)) and Yntrl =0.

n
e Otherwise,

Y, 1 = max(—K, min(y2,y3,y4)) and Yn':_l = min(K, max(y2, y3, y4)).

n

4.1.4 Moving under Case 4 (coupling may occur)

At step n, our chain could be anywhere in between Y, and Y, but this time all paths
are inside C', thus, coupling can occur and will occur if U,4+; < §. Therefore, X,,+1 =

1 = Yntrl = max(— K, min(W,11, K)). From this point, we need not continue moving

the bounding processes forward. We only need to move the original chain from n + 1 until
0, according to the rules described in the next subsection.

If coupling did not occur, then we let our candidates be yo = R_l(Yn_,VnH) and y4 =
R=YY,F,V,11). Now, with these two candidates, we are ready to proceed:

e If both our candidates are greater than or equal to 0, we let

Y, .1 =0 and Y,"; = min(K, max(y2,y1)).
e If both our candidates are less than or equal to 0, we let

Y, 11 = max(—K,min(y2,y4)) and Y, ; =0.
e Otherwise,

Y, ;1 = max(—K, min(yz,y4)) and Yntrl = min(K, max(y2,v4)).

n

10



4.2 Moving the chain forward after coupling occurred

Once coupling occurs at step n = m, we finish by moving the original chain X, forward from
n = m until n = 0. The value obtained for Xy will be a perfect draw from the stationary
distribution of our process of interest. The rules to move the chain forward at this stage
are:

o If X,, ¢ C, then, X,, 11 = max(—K, min(f,+1(X,), K))
e If X,, € C and Uy,41 <6, then, X,,41 = max(—K, min(W,,41, K))

e Otherwise, X,,.1 = max(—K, min(R™(X,, Vh11), K))

5 Sample case for =1 and v =1

Looking back at the model given by (5), we know that solutions exist for 0 < [ and
0 < < 3.56. Due to symmetry, E[X]| = 0. Trying to compute the second moment, we get
that for the second moment to exist, we need v < 1, as shown below.

B

EIX*] = E[)B[8 +7X*] = BIX*] = S+ vEIX*] = BIX*] = 1 —

The following are trivial cases that can be solved analytically.

e If 3> 0 and v =0, we have that 7 ~ N (0, 3).

e If 3=0and 0 < < 1, we have that w(z) = Jp (Dirac’s Delta at 0), because both
first and second moments are equal to zero.

In order to solve for the non trivial cases, we need to resort to simulation. We can obtain
fast and accurate results with the algorithm described in the previous section.

We applied the algorithm described in the previous section to find the stationary distri-
bution of X,+1 = €541/ 1 + X2. We simulated 100,000 draws in order to construct a his-
togram that will have the same shape and form of the density function 7 of the stationary
distribution.

We have chosen (rather arbitrarily) K = 10 and ¢ = 1. This choice of ¢ results in a value
§ =1/2/2. As expected, a larger ¢ will result in a smaller §. That is, if we increase the size
of the set in which the paths may couple, we decrease the probability that they will couple.

After 100,000 draws, we were able to construct the histogram in Figure 3, representing the
shape of the stationary distribution of the restricted ARCH(1) model.

Figure 4 shows the histogram for the backwards coupling time for the 100,000 represented
in Figure 3. The minimum backward coupling time was 116, with a mean was 11.4. This

11



Figure 3: 100,000 Draws from 7w for a =0, 6=1,vy=1,¢c=1, K =10
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tells us that on average we need less than 12 backward steps to obtain a perfect draw, with
the worst case needing 116 steps for a draw to be obtained.

A simulation was also run for the trivial case 8 = 1 and v = 0 using 100,000 draws with
c =1 and K = 10. The empirical cdf obtained was a perfect match with that of a standard
normal distribution, as expected.

6 Removing the artificial boundaries

In order to be able to simulate the process with an unbounded state space, we must find
some distribution with cdf G such that Vx > 0,G(x) < F(z), where F' is the cdf of the
unknown stationary distribution .

6.1 A Suggested CDF G

Finding some distribution with cdf G such that for all x > 0, G(z) < F(z), where F' is the
cdf of the unknown stationary distribution 7 is not an easy task.

If v < 1, our process {X,,} satisfies the conditions of Theorem 8 in Borkovec and Kluppel-
berg [X], and we have that

F(z) ~1—az"" as z — oo,

where
o L ElleyFEAX — |eya X2
2k Elley/7FIn|ey/Al]

and k is the unique positive solution to

Pllevit] = 1= 2= (v&) T (57 ) =1 )

Equation (6) above can be solved numerically for k. As examples of solutions, v = 0.5 =
k=4.7303 and v = 0.9 = k = 2.3043.

Once we have k, the problem lies in solving for a. The denominator in the expression for a
is easy to handle, but the same cannot be said about the numerator. Since we are looking
for some function G that is less than F', it is sufficient come up with an upper bound value
b for a and use b to construct G. If we let k be the smallest integer greater than or equal
to k, and as long as § > -y, we have that

Bllev/B++X2" — eV X2*] < Ellel*] - EIVB + Al XI1* = | AIXIF] =

< ’yk/2EHe]’f] -E[(V/B]y + | XDk — |X|¥]
Therefore ~ ~
< L Elle*] BI(VB/y + X)) — X"
- 2k E[|€|kln |6\/'7|]
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If we define G(z) = 1 — bz~*, we have that G(z) < F(x) for large values of x. Since b is
any upper bound to a, we can use the above expression to come up with a value for b, as
shown in the following example.

Example

Consider the process X, 11 = €,41v/0.9 +0.9X2. Then, 8=~ =0.9 = k = 2.30434 = k=
3.Also, E[X?] =0.9/0.1 = 9.Thus,

Ellel*] - E[(V/B/ + |X])F - |X|¥) E[Ielk] - B[1+3|X| +3X?) <
F

[le|*] - (1 4+ 3\/E[X2] + 3E[X?)])

with the last inequality due to Jensen’s inequality. Hence, we have

IA

1 E[ef]- (1 +9+27)
=% E[leFInjeyAl]

therefore, by letting b = 21.2, we have that G(z) < F(z) for large values of z.

< 21.1917

Back to the general case, if we are to draw values from G, we will need its inverse, which
turns out to be G~(z) = (b/(1 — x))'/*. Since we are only drawing from a uniform (0.5,1)
to apply the inverse, the function G need only be defined on [(2b)!/*, 00). Thus, we came
up with the following suggested function G to be used in Subsection 6.1:

G(z) =1 —baz™", with z € [(20)'/%, 00), and b some upper bound for a.

We know that the above will have the property G(z) < F(x) for “large” values of x, and
we make the conjecture that it will hold for all z = [(2b)'/*, 00). Empirical studies strongly
support this conjecture.

Figure 5 shows the plot (bold) of the cdf obtained by simulating 100,000 draws from the
process in the example above (8 = v = 0.9) with ¢ = 1 and K = 10. It also shows the curve
(not bold) for the function G(z) with b as suggested in the example above. We already
know that G(x) < F(z) for large values of z, and from what we see in Figure 5, further
affirms that the relation will also hold for all = > (2b)'/%.

6.2 An Empirical Unrestricted Perfect Simulation Algorithm

The approach to simulate with an unbounded state space will be an empirical one, as
described in this subsection.

We start by simulating the desired process as in Section 4 with the appropriate values for
(B and ~, making sure they respect the conditions 0 < v < 1 and 8 > . These conditions
are necessary for the properties of GG, as suggested in the previous subsection, to hold.
Reasonable values for ¢ and K must be chosen.

14



Figure 5: Simulated Curves F' (full curve) and G (partial curve)

1F

-10

Once we have our preliminary simulation results, we compute G and compare it to the
empirical cdf obtained from the simulation in order to check that G will be below the cdf
not only for large x, but also for all other values of .

We now should look at the histogram, average and largest value of the collection of back-
wards coupling times from our preliminary simulation. This will tell us how many steps
backwards were needed at most in order to achieve coupling and give us an idea of how
likely it is for it to take so many more steps back than the largest one observed.

With this information at hand, we will run a second simulation for the same process, this
time without the restriction that the paths are always inside [— K, K]. The algorithm will
be similar to the one described in Section 4, with just a few slight modifications.

We will begin each simulation at some fixed step ¢ < 0. We must be confident that coupling
will be achieved before we get to step 0. Thus, we will estimate what the value of ¢ should
be according to the results obtained for the backward coupling time in the preliminary
simulation. We don’t want ¢ too large in magnitude, but if it is too close to 0, then we may
not achieve coupling in all simulated draws, and the simulation results won’t be perfect.

With t chosen, we will draw values for Y,~ and Y, from the distribution G.

When moving the bounding processes forward from ¢ until coupling is achieved or step 0 is
reached, we no longer need to restrict our bounding paths to [— K, K]. The same applies to
moving the chain X, after coupling occurs. Thus, we show below how to move the original
chain forward after coupling occurs. By comparing the below with the rules from Subsection
4.2, one can see how to modify the rules described in Subsection 4.1, in order to free the
algorithm from the restriction of all paths being inside [— K, K].

15



o If X,, ¢ C, then, X;,11 = fri1(Xy)
o If X, € Cand Upyq <9, then, X;, 11 =Wy
e Otherwise, X,,11 = R~Y( Xy, Vir1)

If we are able to successfully draw from each particular simulation (i.e. coupling is achieved
in every single simulation), we then have a perfect simulation of the stationary distribution.

6.3 Sample case for 7 =0.9 and v =0.9

We now use the empirical approach described in the previous subsection to find the station-
ary distribution of the process considered in the example in Subsection 6.1 (8 = 0.9 and
v =10.9).

The preliminary simulation has already been performed (with ¢ = 1 and K = 10), and in
Subsection 6.1 we saw that the suggested G(z) = 1 — 21.22 7230434 seems to be well below
the true cdf for the stationary distribution.

Figure 6 shows the histogram of the backward coupling time for the preliminary simulation.
The farther back we had to go in all 100,000 simulations in order to achieve coupling was 74
steps. Based on the shape of the histogram, it looks unlikely that we might need to go back
more than 100 steps to achieve coupling. But to be on the safe side, we will run our second
simulation (without bounds) starting the upper and lower bounding processes at t = —200.

Figure 6: Simulated Distribution of the Backward Coupling Time
g000 -
E00D i
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£000 -

1 L L M -h--llllllllllIIIllIllH“‘|
40 —20. -Z0.

=70, -0, =50, = =10,

Applying the algorithm from the previous section 100,000 times with ¢ = —200 gives us the
empirical cdf for the stationary distribution shown in Figure 7.

16



Figure 7: Simulation Output for the CDF of 7

1}

Overlaying the empirical cdf computed with bounds and without bounds does not show
much of a difference. But we definitely see better results with the empirical approach.
Obvioulsy, with the empirical approach we were able to obtain extreme draws, such as 135,
117, -108, -191. Also, as shown in the example in Subsection 6.1, the second moment of
the process is 9. Thus, one would expect a sample standard deviation close to 3. In the
preliminary simulation, the sample standard deviation was 2.00 (due to the chain being
artificially bounded by [— K, K]). For comparison, the sample standard deviation obtained
in the second (unbounded) simulation was 2.80.

Figure 8 shows a histogram of the sample obtained with the empirical (and unbounded)
approach. The shape of the histogram is that of the density function of the stationary
distribution. Although the same shape could have been obtained with the bounded simu-
lation, the empirical approach gives us better results when we are interested in tabulating
values for the cdf or when exact draws from the stationary distribution are needed for some
experiment.

7 Concluding Remarks

We have introduced a rapid algorithm for simulating from the stationary distribution of
the ARCH(1) model based on many components of existing perfect simulation algorithms.
Future work includes a simulation exploration of the parameter space in order to identify
additional regions where the ARCH(1) stationary distribution exists. Possible extensions
of the techniques described in this paper include application to higher dimensional ARCH
models (ARCH(p)) models and to generalized ARCH (GARCH) models. Additionally, we
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Figure 8: 100,000 Draws from 7 fora =0, 6=1,vy=1,¢c=1, K =
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10000 :—
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=15, =10, 15, Z0.

intend to obtain a proof of the conjecture that the distribution given by the cdf G in
Section 6.1 stochastically dominates that of the target distribution. An obvious question to
be posed at this point is that of why we should bother to implement a perfect simulation
algorithm for the ARCH model at all given that we are, at this point, forced to use a
conjecture and an empirical algorithm. There is mounting empirical evidence that such
“psuedo-perfect” backward coupling algorithms outperform (see for example [3]) traditional
approaches in terms of both speed and accuracy and are therefore worthwhile endeavors.
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