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Abstract

In this paper we look at a discretization of a continuous-time threshold AR(1) process
(CTAR(1)) and show how to apply perfect simulation to find the stationary distribution
of the resulting stochastic difference equation. Such method leads to perfect solutions
of stochastic difference equations of this kind. Depending on how sensitive the original
CTAR(1) process is to the discretization, the method may give an approximate solu-
tion to the original continuous-time process. Also, we introduce the phenomenon of
decoupling in a perfect simulation algorithm.

1 Introduction

A fundamental assumption of time series modeling is that the value of the series at any
given time depends only on its previous values in a deterministic way and on an additional
stochastic disturbance. If this dependence is assumed to be linear, we get a traditional and
well-studied ARMA (autoregressive moving average) model

p q
Xn =Y orXek=Zn+ Y O0Zi_y. (1)
k=1 k=1

Here, the coefficients are real constants and {Z,} is a mean zero white noise process.

Discrete time series, however, are often obtained by observing an underlying continuous-
time process at a discrete sequence of observation times. It therefore can be quite natural to
model the underlying process driving the observed time series as a continuous time series.
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This point of view is particularly useful for modeling data observed at irregularly spaced
time points.

A CARMA process, {X(t)}, is defined to be the continuous-time analogue of (1) and is
given by a stationary solution of the stochastic differential equation

p q
DPX(t)+ 3 ¢ DPHX(t) =0 |DB(t) + > 6 DFVB(#)| +ec. (2)
k=1 k=1

Here, ¢1,¢2,...¢p, 01,02,...0,, o, and c are constants, D® denotes i-fold differentiation
with respect to ¢, and {B(t)} is standard Brownian motion.

A continuous-time threshold ARMA process allows coefficients in (2) to depend on X;. For
example, we might write

of , if X(t)>T

¢1(X (1) =
o1 , X)) <T

where 7 is some threshold.

There are only a small number of cases where the stationary distributions for solutions of
such models can be written down explicitly. (See, for example, [3],[2],[1].) In the rest of
the cases, simulation is a valuable tool for the study of these distributions as well as other
properties of CTARMA processes. For purposes of simulation, time discretized models must
be considered, effectively turning the defining stochastic differential equations into stochastic
difference equations. At this point, one would then introduce a second level of simulational
error. In this paper, it is this second level error that we seek to eliminate through the use of a
perfect simulation algorithm. In Section 2 we describe CTARMA models and discretization
in more detail. In Section 3 we give a brief overview of the principles of perfect simulation
and detail the specific perfect simulation algorithm we use which include a “slice and folding
coupler” of Corcoran and Schneider [5]. Finally in Sections 4, 5, and 6, we apply a perfect
sampling algorithm to a simple CTARMA model and discuss the results of a simulation.

2 CTARMA Models

The CTARMA(p,q) 0 < ¢ < p process, {X(t)}, with threshold at 7 is defined to be a
stationary solution of the pth order linear differential equation

DWX (1) + X0, op(X()DPNX() = o(X() [DB(E) + S, 06(X (£)DEVB()]

+e(X (1))
, 3)
where D) denotes i-fold differentiation with respect to t, and {B(t)} is standard Brownian
motion.



The coefficients in (3) vary depending on whether X (¢) is above or below a threshold .
That is, for k =1,2,...,p, we have

o, if X(t) > 7

or(X(t) = :
¢, , it X(t)<T
for k=1,2,...,q, we have
07, if X(t)>7
Or(X(t)) = :
6, , if X(t) <7
and
ot , if X(t)>71 ct o i X(t) > T
o(X(t)) = , o o(X(1) = :
o- , if X(t) <7 c o, X)) < T
Discretization:

For the purpose of simulation, we must approximate (3) with a discrete-time analogue. For
example, for the CTAR(1) model

dX(t) + ¢X(t)dt = 0dB(t),
we instead consider the discrete-time process given by
X(t+ At) — X(t) + o X (t)At + o(B(t + At) — B(t)). (4)
for t = tg, t1,t2,..., where tg =0, t,, = t,_1 + At, for n=1,2,.... So,
X(t+ At) = (1 — pA)X(t) + oW (t)

where {W(t,)}22, is a sequence of independent and identically distributed normal random
variables with mean zero and variance o?At. Here, ¢ and o2 are threshold dependent.

Of course, since we have strayed from the continuous-time model, we will be simulating only
an approximation of the stationary distribution of the original model. This approximation
introduces a “first level error”. Standard Monte Carlo simulations introduce a sampling
error or, “second level error”. In this paper we use so-called perfect simulation techniques
in order to completely eliminate the second level error. We will simulate an approximate
version of the continuous-time model which will be a perfect simulation of the difference
equation model given, for example, by (4).

3 Perfect Simulation

There has been considerable recent work on the development and application of “perfect
sampling” algorithms that will enable the simulation of the invariant (or stationary) measure



m of a Markov chain, either exactly (that is, by drawing a random sample known to be from
m) or approximately, but with computable order of accuracy. These were sparked by the
seminal paper of [14], and several variations and extensions of this idea have appeared
since — see [7, 8, 9, 10, 11, 12], and [13]. These ideas have proven effective in areas such
as statistical physics, spatial point processes and operations research, where they provide
simple and powerful alternatives to methods based on iterating transition laws, for example.

The essential idea of most of these approaches is to find a random epoch —T' in the past such
that, if we construct sample paths (according to a transition law P(z,y) that is invariant
for 7) from every point in the state space starting at —7", then all paths will have coupled
successfully by time zero. The common value of the paths at time zero is a draw from 7.
Intuitively, it is clear why this result holds with such a random time 7. For consider a
chain starting at —oo with the stationary distribution 7. At every iteration it maintains
the distribution 7. But at time —7T it must pick some value x, and from then on it follows
the trajectory from that value. But of course it arrives at the same place at time zero no
matter what value z is picked at time —7": so the value returned by the algorithm at time
zero must itself be a draw from 7.

Perfect sampling algorithms can be particularly efficient if the chain is stochastically mono-
tone in the sense that paths from lower starting points stay below paths from higher starting
points. In this case, one need only couple sample paths from the “top” and “bottom” of
the space, as all other paths will be sandwiched in between. It is possible to generalize one
step further to monotone chains on an unbounded state space by considering stochastically
dominating processes to bound the journeys of sample paths.

For this to be practicable we need to ensure that T is indeed finite. [14] show that this occurs
for irreducible aperiodic finite space chains, and for a number of stochastically monotone
chains possessing maximal and minimal elements. Indeed, [6] show that if the distribution
at —oo is any fixed (or even random) value z(, then under fairly standard conditions the
value at time zero is still distributed according to 7, and this observation is crucial in what
follows.

There are several easy-to-read perfect sampling tutorials available, and we refer interested
readers to [4]. In this paper we only wish to emphasize that the key idea in the search
successively further and further back in time for the so-called backward coupling time T
requires that one reuse random number streams. That is, if sample paths run forward to
time 0 from time —1 using a random number (or random vector) U_; have not coalesced
by time 0, then one must go back further, say to time —2 and run paths forward for two
steps using a random number U_5 and then the previously used U_;.

We now describe a particular coupling approach that will be used in our CTARMA sampling
algorithms.

3.1 Methods of Coupling

We now briefly describe two methods of coupling that will be used in this paper. Further
details may be found in [5].



3.1.1 Slice Coupling

Slice coupling, which should be recognized as distinct from the closely related idea of slice
sampling, was developed by Wilson [15] and later expanded upon by Corcoran and Schneider
[5]. Both slice coupling (also referred to by Wilson as layered multishift coupling) and
slice sampling are based on the idea that one can sample from a distribution by sampling
uniformly from the region under the plot of its density function. While both procedures are
based on considering horizontal and vertical “slices” of a density of interest, the goal of slice
sampling is to simulate or draw a value from the distribution with the given density whereas
slice coupling assumes we already have a technique for drawing such values. The goal of the
latter is to draw a value from each of two different distributions with given densities and
potentially have them be the same values for the purpose of coupling sample paths.

We now briefly describe slice coupling and refer the interested reader to [15] and [5] for
details.

As mentioned, one way to sample from a distribution is to sample uniformly from the region
under the plot of its density function. Suppose we can draw a value x for a random variable
X with density function 7(x) = ¢ - h(z) where the constant of proportionality ¢ is possibly
unknown. We then draw a value Y given X = x uniformly over the interval (0, h(z)) and
finally draw a value X' uniformly from H(y) where H(y) is defined to be the “horizontal
slice”

H(y) ={z: h(z) > y}.
It is not difficult to show that X’ has density m(x). This algorithm is simply a one-iteration
stationary version of Gibbs sampling from the density

(2, y) o< I(y)0<y<h(z)}

where Iy is the indicator function. Slice sampling assumes one cannot start with a “draw”
from ; the goal is to get this draw through many Gibbs iterations. If we instead assume that
we already have a way to draw values from the distribution with density =, slice coupling
is a means for drawing a second value from m,and when used in tandem for two densities,
say w1 and my, it is a way to obtain potentially common draws from the corresponding
distributions.

A naive slice coupling strategy for drawing potentially common values from two different
densities
m1(x) = ¢1 hy(z) and mo(x) = ¢ ho(x)

is to
1. Draw values x1 and z9 from 7 and w9, respectively.

2. Draw values y; and yy uniformly from the intervals (0, h1(z1)) and (0, ha(z2)), respec-
tively.

3. Define the corresponding horizontal slices

Hi(y1) ={x: hi(x) > y1} and Hs(y2) = {x : ho(x) > ya2}.



4. If Hy(y1) C Ha(y2) (Ha(y2) € H1(y1)), draw a value uniformly on Ha(y2) (Hi(y1)).

e If this value is also contained in the other horizontal slice, it is uniform over that
slice as well, and is therefore a common value drawn from 7 and ms.

e If this value is not contained in the other horizontal slice, we have a resulting
value from one distribution. Draw the resulting value from the other distribution
uniformly from the other horizontal slice.

In step 4 the assumption that one horizontal slice is contained in the other is taken merely
for illustration purposes and can be removed when applying different techniques on drawing
the uniform random number in that step. As written, the algorithm may not have a high
success rate for achieving common draws. Furthermore, for purposes of coupling sample
paths of Markov chains, one must take care to run each path in the same way. This includes
using the same random numbers to draw both x1 and x5 in step 1, using a single uniform(0,1)
random number to produce y; and y, in step 2, and drawing the final value in part 2 of
step 4 in a “meaningful” way (for example, with a series of accept/reject steps).

We refer the reader to [15] and [5] for further information on this technique including
shifting and scaling methods for increasing the likelihood of a successful coupling between
distributions with different locations and shapes.

3.1.2 The Folding Coupler

The “folding coupler” is a method for drawing a potentially common value from two uniform
distributions where the support of one is contained within the support of the other using
a single random number. This may be extended to other distributions using standard
slice sampling ideas. The use of a single random number is a simple alternative to a more
standard accept/reject algorithm that requires an a priori unknown number of random
numbers. This is especially useful in a perfect simulation setting where one stores and
reuses random numbers.

We now define and illustrate the folding coupler for a uniform distribution only. For details
on its extension to other distributions, we refer the reader to [5].

Suppose that we want to generate a random variable X that is uniformly distributed on the
interval [a,b] and another random variable Y that is uniformly distributed on the interval
[c,d] where a < ¢ < d <b. The containment of [¢,d] in [a,b] is not a requirement to couple
uniform draws in general, but this simple case is sufficient for the algorithms provided in
this paper.

The folding coupler, illustrated in Figure 1 proceeds as follows:

1. Draw a value X ~ Uniform|a, b].

2. If X € [¢,d], accept this also as a uniform draw from [c,d] and set Y = X.



3. If X ¢ [c,d], map X onto the interval [c, d] by “folding it in” according to the function

%(d—c)jtc, if x € [a,c)

f(z) = f(z;a,b,¢,d) = (5)
d——b=2__(d—c), if x € (d,b]

and set Y = f(X).

It is routine to show that the resulting Y value will be uniformly distributed on the interval
[c,d] and easy to see that Y = X whenever X € [c,d].

We have two particular cases holding that will be of interest when we use this technique to
generate random transitions for Markov chains:

1. If ¢ = a and d < b, (The interval for Y is contained in and left aligned with the
interval for X.) then this algorithm will result in draws z, y, where y < x.

2. If m := (¢+d)/2 = (a + b)/2, (The interval for Y is contained in and centered
in the interval for X.) then this algorithm will result in a draws x and y, where
ly —m| < |z —ml|

Figure 1: (a) Step 2 of the Folding Coupler, (b) Step 3 of the Folding Coupler

uniform[a,b] is uniform[c,d] uniform[a,b] isfolded into [c,d]
% | | — %
a c d b a c d b
~_ \/
() (b)

3.2 An Unbounded State Space

Perfect simulation requires that one be able to achieve a coupling between every potential
sample path of the process of interest. For a Markov chain on a finite state it is possible
(though perhaps not desirable) to construct sample paths from every point in the state space
in order to ensure that we are able to track the progress of any particular sample path of
interest. For an infinite, continuous, or even finite but large state space, one can often
take advantage of monotonicity properties of the Markov chain (either natural or imposed
through a creative reordering of the state space) in order to track a particular sample path
by sandwiching it between “extreme” sample paths started at the top and bottom of the
space. At first sight, the assumption of finiteness, or at least compact support, of the state



space may appear to be critical to the success of perfect simulation algorithms. However,
we may use an idea due to Kendall [11] of an upper bounding random process in order
to remove this restriction. David Wilson (personal communication) has also developed a
system for doing this.

For the purpose of illustration, we suppose that the state space of our process of interest
is [0,00) although it may just as easily be (—o0,00). Let our Markov chain of interest
be denoted by {X,}, and let m denote the stationary distribution for {X,}. We wish
to identify an “upper bounding process” {U,}, with stationary distribution my with the
following properties.

1. A sample path of {U,} started above a sample path of {X,} and simulated forward
with the same random deviates will always stay above {X,}.

2. One can simulate (draw) values directly from 7.

3. The process {U,} is reversible in the sense that

7"'U(‘T)PU(‘Tvy) = FU(y)PU(y,IL'), for all T,y
where Py denotes the transition law of {U,}.

4. One can reverse the process {U,} in practice. This means that if one uses a random
deviate R,, (possibly a vector) to generate a value U, given U,, one can use R, to
reproduce U, starting only with the knowledge of Uy, 1.

If these conditions are satisfied, assuming monotonicity of the process {X,,} we proceed as
follows.

Let n = 0. Generate a value Uy ~ my. For n =1,2,3,...,

1. Generate U_,, from U_,,11 and store the random deviate R_,, that will reproduce this
transition forward using Py from —n to —n + 1.

set

2. At time —n start two sample paths of {X, }; one from X_,, = 0 (the “bottom” of the

space) and another from X_, % U_,, (the artificial “top” of the space).

3. Run both of these paths forward to time zero using the stored random deviates
R_,,R_n41,...R_1.

4. (a) If both paths have the same value at time zero, stop. We have achieved a coupling
and the common value at time zero is a draw from 7.

(b) If the two paths have a different value at time zero, let n = n+ 1 and go back to
step 2.



4 Perfect Simulation of the CTAR(1) Model

4.1 CTAR(1) Model

The CTAR(1) model to be considered here is of the form
dX(t) + ¢ X (t)dt = odB(t) (6)
with threshold value 7. ¢ and o assume the positive constant values ¢ and o™ when

X(t) > 7, and the positive constant values ¢~ and o~ if X (¢) < 7.

For the purpose of illustration, we consider only the case with 7 = 0 and o™ > o~. With
minor adjustments, everything that follows also applies for 7 # 0 and/or 0~ > o.

4.2 Discretization of the Model

Time discretizing (6) with n steps between time ¢t — 1 and ¢, we get

Xt = (1 — ?)Xt—l +O'(Bt - Bt—l)

n
Letting Y be X, we arrive at the following stochastic difference equation,

=2+ Wi, , if Yy >0
Y, =
(1-— %)Yk_1 + Wk_—l , if Y1 <0

. . . . +)2 .
where W,j is a normal random variable with mean zero and variance (Jn) and W~ is a

(0

normal random variable with mean zero and variance

4.3 Moving Sample Paths of {Y;} Forward

Given the value of Y, one can easily compute the value of Yj1. But since our goal is to
use slice coupling to couple paths, we will need to generate our normal random variables
(namely W; and W, ") through a slice sampling procedure.

At each time step k, we generate a vector (Ug, Vi, Z), where

e Uj is a uniform (0,1) random variable

e Vj is a uniform (0,1) random variable

(e*h)?

e 7, is a normal random variable with mean zero and variance



Let f,+ and f,- denote, respectively, the density functions for mean zero normal distribu-
tions with variances (07)?/n and (07)?/n.

‘Yk+1\Yk7 Yy > 0‘

To generate Yjy1 given Yy > 0, we generate W,j as follows.

1. Use Zj as the location of a vertical slice under the normal (f,+) density. That is,
define a vertical slice from the point (Z,0) to the point (Zk, fo+ (Zk))-

2. Define a horizontal slice across the normal (f,+) density at height Uy - f,+(Zx). That
is, find left and right endpoints of H(Uy, - f,+(Zx)) where

H(y) =A{z: for(z) Z y)}.
Let a and b denote the left and right endpoints, respectively.

3. Use Vj, to draw a value uniformly from the interval [a,b]. Call this value W,".

Since we have completed one iteration of a slice sampling procedure that was started in
stationary mode (started with a value drawn from the N(0,(07)%/n) distribution), the
result is a value

WF ~ N(0,(c™)?/n).

We then let
_l’_

‘Yk+1|Yk, Y <O

Since our ultimate goal is to achieve a coupling of sample paths, in order to generate Yj 1
given Y; < 0, we do not simply rehash the steps above in the Y > 0 case. Instead we
proceed as follows.

1. Compute Y* = (1 — %)Yk

2. Rescale and shift the value Zj to give a value
* o * -
Z,=Y*+ A~ N (o )2 /n).

3. Using fy« ,—, to denote the normal density with mean Y™* and variance (07)2/n we
now proceed as above, using the same uniform deviates:

e Use Zj, as the location of a vertical slice under the normal (fy+ ,-) density. That
is, define a vertical slice from the point (Z},0) to the point (Zj, fy« ,-(Z})).



o Define a horizontal slice across the normal (fy«,-) density at height Uj -
fy+o-(Z}). That is, find left and right endpoints of H(Uy, - fy« ,-(Z;,)) where

H(y) =A{z: fyro-(x) 2 y)}.
Let ¢ and d denote the left and right endpoints, respectively.
4. To get the final value of Yj;11|Yyx ~ N (1 — %Yk, w—;)), we consider two cases.

Case One: If the interval [c,d] is completely contained in the interval [a,b], we scale V} to
be uniformly distributed on [a,b] and using the folding coupler as described in
Section 3.1.2 to produce a value uniformly distributed on [c,d]. At the last step
in a stationary slice sampling procedure, this value is normally distributed with
mean Y* and variance (07)?/n, and is potentially the same as the result above
in the Yj > 0 case. This value is Yi11.

Case Two: If the interval [c, d] is not completely contained in the interval [a, b], we scale V}, to
be uniformly distributed on [c,d]. At the last step in a stationary slice sampling
procedure, this value is normally distributed with mean Y * and variance (o) /n.
This value is Yj41.

5 Solving the Stochastic Difference Equation with Perfect
Simulation

Now that we know how to move the unbounded process {Y}} forward, we need to be able
to move it backwards from & = 0 in the same fashion in order to generate an upper process
as described in Section 3.2. Since the process {Y%} is unbounded, we now describe how to
generate bounding processes {Q; '}, {Q; } that will bound the sample paths of {Y}} from
above and below, respectively. We require these bounding processes to be reversible and to
be such that we are able draw values from their stationary distributions for their starting
positions at k = 0, namely, Q(J{ , Qo -

5.1 Choosing Upper and Lower Bounding Processes

If we let A > max{(1— ‘%), (1— %)} with 0 < A < 1 (to ensure stationarity of the CTAR(1)
process), we can choose our upper and lower bounding processes to be

; = max{)\Q;_l—i—le'_l,O}
Qp = min{AQ,_, +W;_,,0}.

It is routine to verify that, @, <Y} < QZ’ = Qg < Y < Q;;_l.

Consider now the process
Qr = AQk—1+ Wi—1,

10



where W}, is a normal random variable with mean zero and variance o2/n. Then, the
process {Qy} will be a collection of normal random variables. For it to be stationary, we

require that
2

E[Qr] =0 and Var|Qy] = ﬁ.

Therefore, we can compute an upper (lower) bound draw for Q¢ (Q ) by taking the absolute
value (negative of the absolute value) of a draw from some normal random variable with
mean zero and variance (o1)2/[n(1 — A2)] (or (67)%/[n(1 — A\?)]) and adding (subtracting)
any positive value we want.

5.2 Moving the Bounding Processes Backwards

Moving the upper bounding process {QZ’} backwards is quite simple.

Given Q;, we look at the slice draw W];"_l using Ug_1, Vi_1, Zi_1 and let

+ +

OF | — max {Mo} ,
A

Moving the lower bounding process {Q, } backwards poses more of a challenge. If we move
forward from @} to @), we wish to reverse the process so that starting with @, , we
may reproduce the value of ;. The problem is that we don’t know whether the forward
move would have come from the Case One or Case Two situation described in Section 4.3.
So, to reverse this lower bounding process, we consider a “worst case scenario”.

The procedure is to look at the interval [a,b] generated when slicing to get W,:r_l and at
the interval [c, d] generated when slicing to get W, _ ;.

If Q;; < a, no coupling could have occurred, and we let

— -
Q},_; = min {M,O} .

If @, > a, coupling could have occurred, and we are forced to assign to @, _; the lowest
value possible that it might have achieved . Thus, we let

4
Qr — 5

Q1 =

>

5.3 Drawing Values from the Process {Y};}

Starting at Q(J{ and @)y, we move the bounding processes backwards to Qfl, Q-,. So,
at k = —1, all possible values for Y_; lie in between QT and Q~;. We then generate
a forward move for the {Yj} process starting at Qfl and another starting at Q—;. Let’s
call the process originating at the upper bound position {Y,:r}, and the one from the lower

11



bound position {Y} }. Thus, we start moving the processes forward with Y+ = Qi’l and
Y-, = Q—;. As we move forward, if Y0+ =Y}, coupling was achieved and Yy = Y0+ =Yy is
a draw from the stationary distribution for {Yj}. If Y0+ # Y, , coupling was not achieved,
and we must go further back in time.

We then move Q7 back to QT and Q~; back to Q. Weset Y, =Qt, and Y, = Q_,
and start moving the processes {Y,"}, {Y,”} forward from k = —2 until k = 0. If Y, = Y7,
coupling was achieved, and we move both processes to Y0+, Y, If Y_+1 # Y, we still move
the processes forward to k = 0, for coupling might occur then. In the case they both end
up at k = 0 with the same value, such value is a draw from the stationary distribution for
{Y}:}. If this is not the case, we must go farther back in time.

Eventually, we may find ourselves i steps back in time, with in and Q—;. We let Y_JFZ- = J_FZ-,

Y, = Q_, and start moving the processes {Y;"}, {Y; } forward from k = —i until k = 0.
If, once we get to k = 0, Y0+ = Y, , no matter where the process {Y}} started at time
minus infinity, at & = 0 it must have the value Yy = Y;" = Y, and that is a draw from its
stationary distribution. If Y0+ # Y, , we have not achieved a successful coupling, and we
must go farther back in time in order to attempt it again.

It might be clear to the reader at this point that if coupling doesn’t occur as we move both
processes forward, at k = 0 their values will not be the same, and we will need to start the
process farther back in time. What may not be clear yet is that if coupling occurred as
we moved forward, the values of the two process might actually differ at time zero. This
is a phenomenon that we call decoupling which arises from reversing paths with a worst
case scenario, and it contradicts one of the basic tenets of perfect simulation that coupled
paths remain forever coupled. In fact, it is possible to give perfect simulation algorithm for
the CTAR(1) model where decoupling will not occur, but it is excessively complex and not
amenable in practice.

One thing to notice is that we must move the processes {Y,"}, {Y, } forward according
to the rules explained in Section 4.3, but with one remark. Since we know the upper and
lower bound values for the process (given by {Q7,,...,Q¢} and {Q~,, ..., Qg }), none of the
following situations can arise:

Yk+ > Qli_a Yk_ > Qli_a Yk+ < lev Yk_ < Ql; (7)

These situations would never occur if we took into account the values of the upper and
lower bound @-processes in the rules of Section 4.3 to come up with conditional one step
transition probabilities for each Y-process move. Such approach would further complicate
what already is a somewhat complex algorithm, but without taking this into consideration,
the Y-process paths could jump outside of the bounding Q-process paths. To avoid the
more complex updates required for Y-process sample paths, in the case that one of the
four scenarios in (7) happens, we simply set the value of the violating process at k to be
that of its bounding @)-process at k, as we know that if we moved the Y-processes forward
correctly, they would have to be sandwhiched between the ()-processes. This is precisely
where a decoupling may occur in the event that the processes have already coupled. As an
example, consider moving from Y. to Y. If we compute the value of Y5 to be greater

12



than that of Qi’G, we must reset the value of Y_+6 to being equal to that of Qi’G, for we don’t
know where in between QQ—g and QJ_F6 the value of Y_+6 should fall, but we know that it
must be greater than any value that the process {Y;} could have at k = —6. Analogously,
ifY, <@ orY, > Q;, we must set Y,© = Q.

Such approach to fix the lack of conditioning when moving forward is what leads to the
possibility of decoupling. Suppose our paths had coupled at k = —9, and as we moved
forward they remained coupled, until we reached k¥ = —6 and Y5 = Yy > QT¢. Since
in this scenario both processes violated the boundaries, they both must be reset to the
lower and upper bounding processes values, decoupling what originally was two coupled
paths. Notice that when implementing this algorithm, once decoupling occurs, there’s no
need to keep moving forward to k = 0, for there’s not a chance for coupling the paths again
(otherwise we would already have gotten a draw and would not be in this situation). But
if only one of the processes must be reset at a particular k, one should keep going forward
until k£ = 0, for there’s still a chance of coupling.

This section explained exactly how to get perfect draws from the stationary distribution
of the process {Y;}. Once you have a reasonable amount of draws, they can be used to
construct an approximation of the distribution function for the stationary distribution of
the process {Yj}.

6 Solving a Sample Case

Consider the following CTAR(1) process
dX(t) + 1.0X (t)dt = 1.0dB(t),if X(t) >0

dX(t) + 05X (t)dt = 0.5dB(t),if X(t) <0

It has threshold 7 = 0 and it can be discretized into the following stochastic difference
equation (with n = 10):

Y = 0.90Y; 1 + Wyt |, if Y4y >0

Y, =0.95Y, 1 + W__,, ifYp_1 <0

where W,j is a normal random variable with mean zero and variance 0.1 and W, is a
normal random variable with mean zero and variance 0.025.

So, in the notation of the previous section, 7 = 0, o7 = 1.0 > 0.5 = 0, so all we have
to do now is choose an appropriate value for A in the upper and lower bounding processes.
Since the model requires that 0.95 < A < 1, we arbitrarily choose A\ = 0.99.

The algorithm described in this paper uses two “worst case scenario” steps. One is in-
volved when we simulate the lower bounding process {Q, } and the other is introduced in
order to more efficiently run the {Yj} process while keeping it between the bounding Q-
processes. This may significantly increase our backward coupling times. While, in theory,
we can perfectly execute the algorithm, in this example we have truncated our search for
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a backward coupling time. This introduces bias into the algorithm (for example, see [7]),
but we minimize this bias by choosing a sufficiently large backward coupling time cutoff
limit (determined through simulation) so that approximately 99% of the time we will have
a successful coupling in the time alloted. In this example, we choose to search back for 200
time steps.

Then, solving the above using perfect simulation as explained in the previous section to
generate 100,000 draws, gives the curve in Figure 2 as the approximate solution for the
process cumulative distribution function (cdf) of the stationary distribution. This curve
is indistinguishable from stationary distribution cdf obtained by simulating 100,000 draws
through a standard forward simulation for 100,000 time steps.

Figure 2: The CDF of the Stationary Distribution of a CTAR(1) Process
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6.1 About Coupling, Decoupling and Backwards Coupling Steps

Due to decoupling, out of the 100,000 sample paths, only 98,691 were able to provide us
with draws. The 1.3% of the paths that were not used introduced some bias in the final

result, but this error is negligible when compared with the error introduced by the initial
discretization.

The histogram depicted in Figure 3 shows the distribution of the number of backward steps
needed in order to achieve a perfect draw.

In 100,000 trials, we found that the backward coupling time had a median of 65 backward
steps, a mean of 69 and standard deviation 20 backward time steps.
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Figure 3: The Distribution of Backward Coupling Times
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Figure 4 shows (that for one particular draw) the upper and lower bounding processes {Q;},
{Q; } had to go 25 steps back in time in order for the processes {Y,"}, {Y; } to couple at
k = —10 and remain coupled until £ = 0, generating a draw.

Figure 5 shows an example of decoupling, with the processes {Yk+}, {Y,} coupling at
k = —11 and decoupling at k = —1.

6.2 About the Original CTAR(1) Process

The CTAR(1) process considered in this section can be solved analytically, and the station-
ary density of {X(¢)} is given by Brockwell [3]:

2

(z) = ce * ,x >0
T 2ee " 2 <0

with ¢ = (2v/2 — 2)//7.

Figure 6 shows the plot of the cdf for the CTAR(1) overlayed with that for the solution of
its correspondent discretized version.

Clearly the solution of the discretized model doesn’t even come close to the solution of the
original CTAR process. But this is not a flaw of the technique developed to use perfect
simulation to solve this type of Stochastic Difference Equation. This is simply showing
that the original CTAR process is very sensitive to discretization, and thus it is not well
represented by its discretized version. Attempts were made with different values of n, all
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Figure 4: A Depiction of a Successful Coupling (The thin Lines are Y+ and Y ~.)

Figure 5: A Depiction of Coupling and then Decoupling (The thin Lines are Y+ and Y ~.)
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Figure 6: The CDF for a CTAR(1) model (in bold) Overlayed With the CDF for a Dis-
cretized CTAR(1)
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leading to the same correct solution of the respective difference equation, but not gaining
any accuracy on the solution for the original continuous-time process.
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