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Abstract

We describe and develop a variation on a layered multishift coupler due to Wilson that
uses a slice sampling procedure to allow one to obtain potentially common draws from
two different distributions. Our main application is coupling sample paths of Markov
chains for use in perfect sampling algorithms. The coupler is based on slicing density
functions and we describe a “folding” mechanism as an attractive alternative to the
accept/reject step commonly used in slice sampling algorithms. Applications of the
coupler are given to storage models and to auto-gamma, distribution sampling.

1 Introduction

In recent years, adaptations of perfect simulation or “coupling-from-the-past” algorithms
have greatly expanded the applicability of such schemes. These methods often rely on the
investigators ability to couple sample paths of a Markov chain. This is often a non-trivial
task, and, in the case of a continuous state space, it may depend on the development of
tedious minorization conditions as in Corcoran and Tweedie [3] and Murdoch and Green
[11]. In this paper, as an alternative, we describe and develop a variation on a layered
multishift coupler due to Wilson [15] that allows one to obtain potentially common draws
from two different continuous distributions.

Simulation of stochastically ordered variables having potentially common realizations is
certainly not a new idea, however as each method is subject to implementational limitations,
out aim here is to broaden the reach of a class of techniques. For example Lindvall [9] gives a
method for drawing stochastically ordered variables X <Y that maximizes the probability
P(X =Y), but this technique requires that we know proper densities fx and fy (as opposed
to likelihoods), that we are able to compute [(fx A fy)dz, and that we are able to work

*Postal Address: Department of Applied Mathematics, University of Colorado, Box 526 Boulder CO
80309-0526, USA; email: corcoran@colorado.edu, Uli.Schneider@colorado.edu; phone: 303-492-0685
9Keywords: invariant measures, backwards coupling, coupling from the past, exact sampling, perfect
sampling, slice sampling, storage models, auto-gamma
AMS Subject classification: 60J10, 60K05, 60K30



with the generalized inverse of the distribution function H(A) = [,(fx A fy)dz. These are
requirements that we can not meet in, for example Section 4.2.1.

In Section 2, we give a “folding coupler” method for drawing a potentially common value
from two uniform distributions where the support of one is contained within the support
of the other using a single random number. We then extend to other distributions us-
ing standard slice sampling ideas. The final step in slice sampling, described in detail in
Section 2.2, requires that one make uniform draws on subsequently narrower and narrower
slices, and this is typically achieved with an accept/reject algorithm that uses an a priori
unknown number of values from a random number generator. In a perfect simulation set-
ting, described briefly in Section 2.3, it is essential that one organize and reuse random
numbers. It has been our experience that newcomers to perfect simulation have benefited
from the streamlined storage and retrieval offered by the folding coupler.

In Section 3, we describe Wilson’s layered multishift coupler which allows one to draw
potentially common values from two distributions with the same shape but with different
locations (such as two normal distributions with a common variance but different means)
and extend the procedure to non-invertible distributions. In Section 4, we combine both
folding and shifting methods to allow potentially common draws from distributions that
differ both in shape and location and we apply our results to a simple storage model.

2 The Folding Coupler

Out goal is to draw a potentially common value from two differently shaped distributions
for the purpose of coupling sample paths of a Markov chain. The “folding coupler” requires
that only a single random number be generated and is hence a simple alternative to a more
standard accept/reject algorithm that requires an a priori unknown number of random
numbers. This is especially useful in a perfect simulation setting where one stores and
reuses random numbers.

2.1 The Uniform Distribution

We begin by defining and illustrating the folding coupler for simple uniform random vari-
ables. Suppose that we want to generate a random variable X that is uniformly distributed
on the interval [a,b] and another random variable Y that is uniformly distributed on the
interval [c,d] where a < ¢ < d < b. In Section 3 we remove the requirement that [c,d] be
contained in [a,b] by combining the folding coupler with a shift coupler of Wilson [15].

The folding coupler, illustrated in Figure 1 proceeds as follows:

1. Draw a value X ~ Uniform][a, b].!

!Due to the large number of similar statements in this paper, we do not distinguish, except when necessary,
between a random variable X and a realization z. For example, this particular statement should be read as:
“Draw a value X = « where X ~ Uniform|[a, b].”



2. If X € [¢,d], accept this also as a uniform draw from [c,d] and set Y = X.
3. If X ¢ [c,d], map X onto the interval [c, d] by “folding it in” according to the function

%(d—c)—l—c, if z € [a,c)

f(z) = f(z;a,b,¢,d) = (1)
d— (c_a’;*%(d—c), if z € (d,b]

and set Y = f(X).
It is routine to show that the resulting Y value will be uniformly distributed on the interval
[c,d] and easy to see that Y = X whenever X € [c,d].

We also have two particular cases holding that will be of interest when we use this technique
to generate random transitions for Markov chains:

1. If ¢ = @ and d < b, (The interval for Y is contained in and left aligned with the
interval for X.) then this algorithm will result in draws z, y, where y < z.

2. If m := (¢c+d)/2 = (a + b)/2, (The interval for Y is contained in and centered
in the interval for X.) then this algorithm will result in a draws z and y, where
ly —m| < |z —m].

2.2 Other Distributions
We now extend the procedure of Section 2.1 to enable us to draw a common value from
other non-uniform distributions.

One way to sample from a distribution is to sample uniformly from the region under the
plot of its density function. To formalize a method for achieving this, we describe the basis
for the slice sampler approach.

Suppose we can draw a value z for a random variable X with density function 7(z) = c¢-h(z)
where the constant of proportionality ¢ is possibly unknown. We then draw a value Y =y
given X = z uniformly over the interval (0, h(z)) and finally draw a value of X' uniformly
from H(y) where H(y) is defined to be the “horizontal slice”

H(y) = {z : h(z) > y}.
Then X' has density 7(z) since Y has density
frly) = J2 frix(yle)m(z)de
= [2% wy Lon) (W) (2)dz
= cJugde

= c|H(y)|



and so X' has density
fxi(x) = [25 fxry (@ly) fr (y)dy
= [ Ty (@) [H()ldy
= Cfoh(w) dy
= ch(z)
= 7(z).

In the above, 1 4(-) is the indicator function.

The final step of the slice sampler requires that one draws uniformly from a horizontal slice.
Using the folding coupler at this step allows us to potentially draw a common value for two
differently shaped non-uniform distributions. We illustrate this approach with the normal
distribution.

Assume that our goal is to draw from two normal distributions N(u, 0?) and N (u,03) where
o1 > 09.

Let h1(z) and ha(z) be the likelihood (or density) functions for the N(u,0? ) and N(u,03)
distributions, respectively.

1. Draw X1 ~ N(u,0?) and, in tandem (using the same random numbers), draw Xy ~
N(u,02) distribution. In this example, we can simply re-scale and let Xo = g—le.
See Figure 2(A).

2. Draw U ~ Uniform(0,1) and let Y1 = U - h1(X1) and Yo = U - ha(X3).

3. Compute the left and right endpoints for each horizontal slice:

Ly = —o1v/—2log(o1Y1) + Ly = —o09y/—2log(02Y2) + p
R = o1/ —2 10g(01Y1) +u Ry, = 02\/—2log(02Y2) +u

Note that Ly < Ly < Ry < R; and that the intervals (L1, R;) and (L9, Ry) are both
centered at p. See Figure 2(B).

4. Draw a value X ~ Uniform(L;, R;). This uniform distribnution is conditional on
the previous steps of this algorithm. Unconditionally though, X has the N(0,0%)
distribution. Furthermore:

If X € (La, Ry), then X is uniformly distributed over (L, R2) and hence the uncon-
ditional distribution of X is N(0,03) and so we have achieved a common draw from
both normal distributions. See Figure 2(C).

Otherwise, if X ¢ (L2,Ry), we will not get a common draw for both normal
distributions, and we finish by drawing from the N(u,03) distribution by folding
X ~ Uniform(Ly, R1) onto the interval (L9, Ry) according to (1).



We note that when X ¢ (Lg, Ry) at the end of step 4 above, we could instead finish drawing
from N(u,02) by independently drawing a uniform on (Lg, Re) but our intention is to use
this construction in a specific way to drive transitions of a Markov chain while preserving
Markov and monotonicity properties. Specifically, for purposes of perfect simulation (see
Section 2.3), we are wanting to observe, at time zero, the state of any possible sample path
that has traveled forward from time —co. We do not want it’s transitions to be conditional
on the transitions of another sample path.

2.3 Examples

There has been considerable recent work on the development and application of “perfect
sampling” algorithms that will enable the simulation of the invariant measure 7 of a Markov
chain, either exactly (that is, by drawing a random sample known to be from 7) or approx-
imately, but with computable order of accuracy. These were sparked by the seminal paper
of Propp and Wilson [12], and several variations and extensions of this idea have appeared
since (see Fill, Foss and Tweedie, et al. [4, 5, 6, 7, 8, 10, 11]). These ideas have proven
effective in areas such as statistical physics, spatial point processes and operations research,
where they provide simple and powerful alternatives to methods based on iterating transi-
tion laws, for example.

The essential idea of most of these approaches is to find a random epoch —7' in the past
such that, if we construct sample paths from every point in the state space starting at —7,
then all paths will have coupled successfully by time zero. If at —T we were to draw from
7 then intuitively, since the paths couple regardless of the state we choose, the resulting
common value at time zero also has distribution 7.

Perfect sampling algorithms can be particularly efficient if the chain is stochastically mono-
tone in the sense that paths from lower starting points stay below paths from higher starting
points. In this case, one need only couple sample paths from the “top” and “bottom” of
the space, as all other paths will be sandwiched in between. It is possible to generalize one
step further to monotone chains on an unbounded state space by considering stochastically
dominating processes to bound the journeys of sample paths.

There are several easy-to-read perfect sampling tutorials available, and we refer the reader
to Casella, Lavine, and Robert [2], a shorter description can be found in Ross [13]. In this
paper we only wish to emphasize that the key idea in the search successively further and
further back in time for the so-called backward coupling time T requires that one reuse
random number streams. That is, if sample paths run forward to time 0 from time —1
using a random number (or random vector) U_; have not coalesced by time 0, then one
must go back further, say to time —2 and run paths forward for two steps using a random
number U_5 and then the previously used U_;.

The details of the use of the folding coupler in a backward coupling algorithm is given in
the following example.



2.3.1 The Attractive Auto-Exponential Distribution

We apply the folding coupler to updates within the Gibbs sampler in order to draw from
the density

m(z1,T2) X exp{—L171 — Baza — 512551162} (2)
where 1 >0, > 0, f12 < 0,0 <1 < —5%, and 0 < 9 < — 4L
We restrict (12 to be negative (which then forces restrictions on the ranges of z; and z9)

only for ease of algorithm exposition. This restriction is unnecessary and will be removed
in Section 2.3.2.

To run the standard Gibbs sampler, we wish to alternate draws from the conditional trun-
cated exponential distributions

X1|Xo =29 ~ truncated exp(rate = [ + Pi2x2)
Xo| X1 =2z1 ~ truncated exp(rate = [ + Pi2z1),

where the truncated exponential densities are simply exponential densities truncated to and
renormalized over the appropriate support sets. We denote these densities (likelihoods) by
Ty () (hgy(z)) and 7y, (z) (hy, (2)), respectively. To be precise,

_ Pi + Piaza _ B2
Toa(") = T exp(— (81 + Brawa) (—Bafra))] < F1 P ¥ Pramalal, - or O <z < =g
and

_ B2 + Braz1 B _ﬂ
") = T exp(— (e + Braoan) (<A Br))] P ¥ Pramlal, - for << =g

Since f12 is negative, this model is attractive in the sense that a small (large) 1 will produce
a small (large) z2 and vice versa. The Gibbs sampler is then stochastically monotone if we
consider the partial ordering

(@1,91) = (2,72) = z1 < zp and gy < yo

with a “lowest point” of (0,0) and a “highest point” at (—ﬁ —%)

That is, a sample path started at any point (z1,z2) in the state space will always stay in
between sample paths started from (0,0) and (_E’ _@)'

Updating sample paths

{0 )

, and that the “upper process”, started in state (ugo),UQ )

QRN

Suppose that at time 7, the “lower process” , started in state (3

(0,0) is at some

point (I ( ﬂﬂfw_%>’

is at some point (uj



We want to draw values for

l%’”” from truncated exp(rate = (i + ﬂl?lgn))’ and
u§"+1) from truncated exp(rate = 1 + ﬁ12“gn))’

and we want these to potentially be the same value in order for the sample paths to coalesce.
Suppressing time notation, this means that we want to draw potentially common values for

l1  from the truncated exponential density m,(z) o hy,(z), and
u; from the truncated exponential density 7y, (z) o hy, ()

where both densities have common support ( , —%)

To achieve these common draws, we

1. Draw, in tandem (using the same random numbers), coupled values I} and v directly
from m,(z) and m,, (z) so that I} < u}. One could, for example, evaluate the inverses
of the distribution functions at a single value U; drawn from the Uniform(0, 1) dis-
tribution. These values give the locations of the initial vertical slices for each density.

2. Draw Vi ~ Uniform(0,1) and set Y; = V4 - hy, (1) and Y, = V1 - hy, (u}). These values
give the heights of the horizontal slices for each density.

3. Find the right endpoints of the horizontal slices, Ry = R;(Y;) and R, = R,(Y,), where
R, = hlzl(Yl) and R, = hy}(Y,). Note that the left endpoints are always at 0 in this
example and that R; < R,.

4. Draw uniformly from the horizontal slices as follows

(i) Draw W7 ~ Uniform(0,1) and set W] = —%Wl. This value is uniformly
distributed over (0, —%), the widest possible horizontal slice.

(ii) If W{ < R, then W] is uniform over (0, R,), so we set u; = W{. On the other
hand, if W{ > R,, we obtain the outcome u; by folding W/ into the interval
(0, Ry) according to

R

“=R-R, ™

where R = —5—2.
12

(iii) Similarly, if W] < R;, then W] is uniform over (0, R;), so we set [; = W{. On
the other hand, if W] > R;, we obtain the outcome I; by folding W/ into the
interval (0, R;) according to

W! — R,

=1
" R—R,

R

where R = —ﬂﬂ—2.
12



Note that coupling of the lower and upper sample paths is achieved when W{ < R;. That
is, coupling is achieved when the low process accepts a horizontal uniform draw without
folding. In this case, I1 = u3 = W7, so it is not necessary to run the upper process at all.

We have described only the updates for one the first components of the lower and upper
processes. The second components

lo = l§n+1) from truncated exp(rate = (B2 + ﬂlzlylﬂ)), and
Uy = ugn+1) from truncated exp(rate = (B2 + ﬂuu%’””),

are updated similarly with independent uniform variates Us, V5, and Ws.

We can now describe the algorithm for generating a perfect sample from 7.

Folding Backward Coupling Algorithm

1. Draw three independent sequences of Uniform(0,1) variables Ul(n), Vl("), and Wl(")
for the first component of the Gibbs chain, and three independent sequences of
Uniform(0, 1) variables UQ("), Q(n), and WQ(") for the second component of the Gibbs

chain, for n =0,-1,-2,....

2. For each time —n = —1,—2,. .., start a lower path (l%fﬂ),lgfn)) at (0,0).

3. (a) For the first component:

For k =n,n—1,...,1, update from lg_k) to lg_kﬂ) by
i. using U1(_k+1) to draw a value [} directly from (k) (z)
2

ii. setting vi = v{ Y = vTF ()
2
(the height of the vertical slice)
iii. setting R, = R\ FTY) = hl_é}k) (v7)
(the right endpoint of the horizontal slice)
iv. setting W{ = W{(_Hl) = —%Wl(_kﬂ) and setting

(k1) _ Wi if Wi<R

. HoiRy if Wi >Ry
where R = —5—2.
12

(b) For the second component:
For k =n,n —1,...,1, update from léﬁk) to léfkﬂ) by

i. using UZ(_kH) to draw a value l5 directly from 7 ) (z)
1
ii. setting Yo = ¥+ = VT (1)
1

(the height of the vertical slice)



iii. setting Ry = Ry "7 = hi !, ()
1
(the right endpoint of the horizontal slice)
iv. setting Wy = WQI(ka) = _%Wéik_kl) and setting

J(kFD) I;[V/IQI . if Wy< Ry
' R, Re if W;> Ry
where R = —g—l.
12
4. Continue until time 7" = maz (T, T>) where T; is the minimum 7 such that Wil (—n+1) <

R,

Simulation Results

We simulated 100,000 draws from the distribution given by (2) using £ = 2, §2 = 3, and
P12 = —1. Table 1 gives resulting estimates for the probabilities that draws come from
selected regions in the plane and Figures 3 and 4 show the estimated marginal densities
for X1 and X5 from 100,000 draws along with curves showing the true marginal densities.
The mean backward coupling time in 100,000 draws was 3.44 with a minimum of 1 and a
maximum of 26. A histogram of backward coupling times is given in Figure 5.

2.3.2 The Repulsive Auto-Gamma Distribution

The following example uses an accept/reject step instead of a folding coupler which seems
to be more appropriate for this problem. It is, however, a natural counterpart to the auto-
exponential distribution described in Section 2.3.1, so we choose to add it to this section.

We now counsider the bivariate distribution

(21, 22) x‘f‘l‘lwgrl exp{—pF1z1 — Paza — Praz122} (3)

where a1, a2, f1, B2, f12 are positive. Note that the conditional densities are given by

X1|X2 = z2 ~ T'(a1, B1 + Bi2z2)
Xo| X1 =21 ~ Ty, B2 + Piaz1)

where the scaling parameter appears as follows:

X ~T'(a,B) = X has density f(z;a,0) x :va_le_ﬂ’”]l(o’oo) (z).
The model can be generalized to a k-variate density and is known as the auto-gamma model
(see, for instance, Mgller [10]). The algorithm described below, based on an idea of Kendall

[8], can be easily modified to simulate from a k-variate density, however, for simplicity, we
will restrict ourselves to the case k = 2.



Repulsive Gibbs chain

Since f12 > 0, this model is repulsive in the sense that a large (small) z; will produce
a large (small) scaling parameter for the conditional gamma-density for X9 and therefore
result in a small (large) value for zo (and vice versa). If we wish to run a Gibbs sampler in
order to draw values from m(z1,z9), the Gibbs chain will be stochastically anti-monotone
or repulsive with respect to the natural partial ordering on R? (as defined in Section 2.3.1).

Running the chain perfectly

To run the chain in a perfect sampling setting, we wish to start in a highest and lowest point.
In order to maintain an upper and lower process u(® = (ugn), ué”)) and [(™) = (l&”), lé”)) (n
denotes time), we use the upper process to update the lower chain and the lower process to
update the upper chain, i.e.:

draw u{"" ~ D(ar, B + Bi2l8”)  and 1"V ~ T(ay, B + froul”)
draw ul"" ~ T(ag, By + frl™V) and 1"V ~ T(ag, B + froul" )

This idea due to Kendall [8] and implemented by Mgller [10], will preserve monotonicity,
so that all sample paths will be sandwiched between the lower and upper processes.

Mgller [10] showed that once the lower and upper process differ only by an amount of ¢, they
will, with the updates described above, stay within a distance € of each other (e-coupling).

The “e-perfect” sampling algorithm (which results in draws from a target distribution up to
any desired accuracy ¢) requires that one initializes lower and upper chains at successively
more distant times in the past and run the two processes forward to time zero until the
chains at time zero differ by at most ¢ (e-coupling). Again we wish to emphasize that it is
necessary to reuse random number streams as described in Section 2.3.

We now describe how to instead run these sample paths using the slice-sampling approach
from Section 2.2 in order to achieve actual coupling and therefore perfect draws from (3).

A bounding process

Since the state space is (0,00) x (0, 00), (0,0) is clearly a “smallest point” to start the lower
process, however there is no “highest point”. However, as mentioned in Section 2.3 we
can find a bounding process by observing that the conditional distributions for X; (which
have a fixed shape parameter ;) have a smallest scale parameter (;, which will yield a
“largest” X, so that D; ~ I'(«a;, ;) is an upper bounding or “dominating” process for the
i*h component of the Gibbs chain. We therefore initialize the lower and upper process in
the following manner:

1© = (0,00 and u(® = (dy,dy)



Updating and coupling sample paths

We will now describe in detail how to update the sample paths using slice sampling in order
to potentially get common draws.

Assume we wish to update the first component of each (upper and lower) process. As with
the auto-exponential model in Section 2.3.1, we will draw for both processes simultaneously.

We choose to describe the case for a; < 1. The case a; > 1 works analogously, although
one has to keep in mind that the shape of the density function is quite different when doing
the slice sampling step.

Suppose we need to draw lg"H) ~ I'(a1,6;) and u%”“’ ~ I'(a1,By) where 5 = By +ﬂ12u§”)
and B, = 51 +ﬂlgl§") are the scale parameters defined by the second component of the upper
and lower process, respectively. Note that we have 81 < £, < ;. Since we do not need
to know the constant of proportionally in order to do slice sampling, we use the likelihood
h(z) = (Bx)* ‘e #* to define the shape of the curve. For the sake of simplicity, let h(x)
denote the gamma likelihood with parameters a1, ; for the dominating process and let
hy, (z) and h,, (z) denote the likelihoods with parameters a4, 5; and a1, (3, respectively.

Let s1 and sy denote seeds to initialize the random number generator used. (We describe
the algorithm for a generic time step and omit the time index for ease of exposition. For

(ﬂ).)

example, s; = s;

To update 1 and Iy

1. Seed the random number generator (RNG) using s;.

2. Draw (e.g. by an accept-reject method) X ~ I'(a1, 1) from the dominating process.
3. Draw U ~ Uniform(0,1) and set Y = U - hy (X).
4

. Approximate the exact endpoint R = h; *(Y") defined by the horizontal slice H(Y) =
[0, h71(Y)] by R’ (where R < R') and draw X’ ~ Uniform(0, R') until X’ € (0, R),
updating R’ by X' anytime X' ¢ (0, R). (Note that X' € (0, R) can be verified be
checking if h1(X') < Y. Also, note that such an approximation is only used as an
intermediate step and that the ultimate outcome will not be an approximation.)

ot

o If hy, (X') <Y set up = X/,
e otherwise seed the RNG using s9, set R” = X', then
(a) draw X" ~ unif (0, R").
(b) If hy, (X") < Y, set ug = X", otherwise, set R” = X" and return to step
5(a).
6. [ Ifhll(Xl) <Y setly = X',
e otherwise seed the RNG using ss, set R” = X', then
(a) draw X" ~ unif (0, R").
(b) If hy (X") < Y, set l; = X", otherwise, set R” = X" and return to step
6(a).

10



Remarks

1. The update described above eventually yields potentially common values for u; and
l1 and therefore allows the upper and lower process to eventually couple.

2. Since it is not a priori known how many random numbers will be used to update the
sample paths, it is convenient to store seeds instead. For this algorithm, two seeds
are needed for each component and time step.

3. To initialize the upper process, we need to draw the i*® component from T'(cy, 3;).
In order to run the sample paths preserving the Markov-property, the draw for the
dominating process must be the X’ obtained in steps 1-4 in the algorithm described
above.

4. In the slice sampling described in Section 2.3, we needed to scale (and shift) the
starting point X to make it a starting point for the other distribution(s) (say X; and
X,) we are sampling from. In this case, this step is unnecessary since we would have
X = ﬁ—;X and X, = by, However, by omitting certain constants in the choice of h,
we get that hy(X;) = hZ(Xu) = h(X), so that the y-value which defines the horizontal
slice is the same for all three distributions.

5. In the 6 steps above, we describe only the update in one component for one time
step —n — —n + 1. To actually run the Perfect-Sampling algorithm, this has to
be extended for the second component as well as for starting points at successively
further distant times in the past until the lower and upper process have coupled at
time zero. The random seeds must be reused for the corresponding time steps.

Simulation results

Again, we simulated 100,000 draws from the distribution given by (3) using a1 = as = 0.5
and By = 2,02 = 3,P12 = 1. Table 2 gives resulting estimates for the probabilities that
draws come from particular regions in the plane and Figures 6 and 7 show the estimated
marginal densities for X; and Xs along with curves showing the true marginal densities.
The mean backward coupling time in 100,000 draws was 1.07 with a minimum of 1 and a
maximum of 3.

3 The Layered Multishift Coupler

The folding coupler of Section 2 allows us to draw common values from two differently
shaped distributions. In this section, we describe the layered multishift coupler of Wilson
[15] which allows one to draw common values from distributions with different location
parameters, and we extend these methods to non-invertible distributions. In Section 3 we
combine folding and shifting methods to enable common draws from differently shaped
distributions and different (but overlapping) supports.

11



3.1 The Uniform Distribution

We begin by describing the layered multishift coupler of Wilson [15] for the uniform distri-
bution.

Let X be uniformly distributed over the interval (L, R) and consider the mapping

s+R—X

os) = gx (s L, B) = | 25

J(R—L)+X )

where || is the greatest integer or floor function.

It is easy to see that for any fixed s, g(s) is uniformly distributed over the interval (s+L,s+R)

since
gls) = [HEE|R-L)+X

= [(5) = frac (HE)] (R-D) + X

= s+R—frac<HRR%LX) (R—L).

(Note that the second equality holds if the argument of the greatest integer function is
nonnegative. For z < 0 we can proceed to the same end by writing |z| = z— (1— frac(z)).)

Now since ( ££8=X) ig yniformly distributed over the interval (2, 52~ +1), the fractional
R—T R—-L' R—-L

part of this expression is uniformly distributed over the interval (0, 1). Therefore, from s+ R,
we subtract a quantity that is uniform over (0, R — L), and we have that g(s) is uniform
over (s + L,s + R).

As a result of the truncation provided by the greatest integer function, it is possible for
different values of s to map to the same g(s). Consequently, we can use this function to
draw a common value from both a particular uniform distribution and a shifted version.
Additionally, this transformation is monotone in the sense that for s; < s9, it will result in
random variables g(s1) < g(s2)-

3.2 Other Distributions

In this section we describe how Wilson [15] extends the procedure of Section 3.1 to enable
one to draw a common value from other non-uniform distributions with different location
parameters using the same slice sampler approach as in Section 2.2. We again illustrate
with the normal distribution.

Assume that the goal is to draw from two normal distributions N (u1,02) and N (ug,0?).

Let h(z) denote the N(0,0?) likelihood function,

1. Draw a value X from the N(0,02) distribution.

2. Draw a value U from the Uniform(0,1) distribution. Let Y = U - h(X).
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3. Compute the endpoints of the horizontal slice at Y

L = —oy-2logY
R = ov—-2logY

4. Draw a value X = z from the Uniform(L,R) distribution.

5. Shift this draw by computing g(p1) and g(ue2).

g(u1) and g(uo) are values drawn from the N(ui,0?) and N(uz,0?) distributions respec-
tively and are potentially the same. Again, since g(-) is monotone, this algorithm will
result in draws z; and zo, with 1 < z9, of the stochastically ordered random variables
X1 ~ N(ul,O'Q) and X2 ~ N(u2,0'2).

3.3 Non-Invertible Distributions

The final slicing step in the multishift coupler requires a draw from a horizontal slice which
can be problematic if the distribution is not invertible. Of course one can use an ac-
cept/reject scheme to draw uniformly from an interval with unknown endpoints, but the
true endpoints are still needed for the shift coupler in (4). That is, if X is distributed
uniformly on the interval [L, R] but we only have approximate endpoints L' and R' where
L' < L < R< R at our disposal, then

- X
q'(s) = sHR-X R' — L")+ X # Uniform(s + L, s + R). (5)
RI_LI

In the following, we assume that L and R are unknown but that one can tell whether a given
point is or is not in the interval [L, R]. This is the case, for example, when slice sampling
from a unimodal density as in Section 4.2.1. An accept/reject scheme can then be used to
sample uniformly from [L, R].

The Shift-and-Patch Algorithm

We begin by considering using (4) to send draws from a uniform distribution on [L, R] to
[L + s, R + s]. For a specific example, we take L = 1, R = 3, and s = 1. As shown by the
shading in Figure 8, the first half of the interval maps to the second half and the second
half of the interval maps to the first. Points within each half maintain their ordering.

Figure 9 shows the result using (5) with the approximate endpoints L' = 0.9 and R’ = 3.2.
Here, e, = L — L' and eg = R’ — R denote, respectively, the (unknown) left and right
approximation errors and er = ey, + er denotes the total endpoint approximation error.
Points falling outside the interval [2,4] can be detected (for example, see step 4 in the
algorithm described in Section 2.3.2) and hence rejected, but in order to result in a draw
uniformly distributed on [2, 4], we must “fill in” or “patch” the gap with unknown endpoints
in the center.
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We achieve this “patch” by reusing the rejected draws falling in [1.9,2] and [4,4.2]. These
draws are “manually” shifted back by simple subtraction (Figure 10(a)) and the result is
then re-shifted with the map in (5) (Figure 10(b)).

In general, this shift-and-patch algorithm applies whenever er < |s| < R — L. We refer the
interested reader to the appendix for details. In Section 4.2.1 we apply the shift-and-patch
algorithm to gamma densities.

4 The Shifting and Folding Coupler

In this section, we combine the folding coupler with the layered multishift coupler of Wilson
[15] to increase the rate of common draws for two distributions with significantly different
shapes. In Section 4.2.2 we apply both folding and shifting methods to simultaneously draw
from distributions with different (but overlapping) supports.

4.1 Shift and Fold

Suppose that we want to a (potentially) common value from draw from N(ui,0?) and
N(uz,02). Assume that o1 > 0.

We proceed as follows,

1. Start with a value X; drawn from the N(ui,0?) distribution.

2. Also, draw a value X5 in tandem (using the same random numbers) from the N (i1, 0?)
a

distribution. Or, more simply, let zo = o9 (“”2—_1“—1) + po.

3. Use a common draw from the Uniform(0,1) to draw heights for the horizontal slices
and find the left and right endpoints L, Ry and Ls, Ry. That is, draw a value U
from the Uniform(0, 1) distribution, let Y7 = Uh;(X7) and Yo = Uhs(X3), and let

L = —o01/—2 10g(0'1Y1) + p1 Ly = —o09vy —210g(02Yé) + o
R, = o1/ —2 10g(0'1Y1) + w1 Ry, = 094/ —210g(0'2Y2) + 9

4. Follow the procedure of Section 3.1 to draw values uniformly from [Lq, R1] and [L; +
(w2 = p1), Ry + (p2 — pa)]-

5. Follow the procedure of Section 2.1 to accept/fold the uniform draw from [L; + (p2 —
p1), R1 + (12 — p1)] as/into a uniform draw on [Lg, Rp].

4.2 Examples
4.2.1 Coupled Gamma Random Variates

In this section, we combine shifting, patching, and folding of Sections 3.3 and 4.1 in order to
produce (potentially common) draws from two gamma distributions. Again, our notation
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is
X ~T'(a,B) = X has density f(z;a,0) x xa_le_ﬂ“”]l(oyoo) ().
We used a “peak-to-peak” shift to produce 100,000 draws from the I'(3,2) and the I'(2, 3)

distributions. That is, we used the layered multishift coupler (along with the patching
algorithm of Section 3.3) to draw from the I'(3,2) distribution with density

F(253,2) ox %€ 1 o0y ()
and from the shifted density
h(z) o (z +5/3)2e 2@/ 55 (@)

The 5/3 is the distance between the mode of the I'(3,2) distribution and the mode of the
I'(2,3) distribution.

The draws from f and the draws from h are shown in the upper left and upper right figures,
respectively, of 11. Roughly 60% of the draws were common draws. A histogram of these
common draws are shown in the lower left figure of Figure 11. Finally, the draws from A
are then folded down to become draws from I'(2,3). These draws are shown in the final
lower right figure in 11.

4.2.2 A Storage Model

We now illustrate the application of the folding and shifting coupler for a finite storage
system on [0, K| with independent and identically distributed exponential replenishments
with mean 1/4 at the arrival times of a Poisson process with rate A\. Excessive input above
K < oo is considered overflow and cannot be saved for future use. Between arrivals, content
is released deterministically at rate r(u). The Markov chain embedded just prior to arrival
times satisfies the PASTA property (see Asmussen [1]) which ensures that its stationary
distribution is identical to the stationary distribution of the continuous time chain. The
assumption of finiteness of the system is not critical as we may, as in Tweedie and Corcoran
[14], adapt the idea (due to Kendall [8]) of an upper bounding random process in order
to remove this restriction. David Wilson (personal communication) has also developed a
system for doing this.

We shall consider specifically the case r(u) = fu for 8 > 0. For = € (0, K], it can be shown
(Lund, private communication) that the density m(x) of the stationary distribution 7 is
given by

.’L'()\ﬂ71 _1)6_/‘17

fOK g De—pzdy

m(z) = for z € (0, K] (6)

and in general the denominator cannot be integrated.

In Corcoran and Tweedie [3] and Tweedie and Corcoran [14], we describe perfect sampling
algorithms applicable to this system involving minorizations and chain splitting, but the
following described folding and shifting technique is much easier to apply.
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The “natural” way to simulate an embedded time step of this storage process is to make a
transition from state z to state y as follows.

1. Draw replenishment jump and inter-arrival values j and ¢ from the exponential dis-
tributions with rates y and A, respectively.

2. Jump to z =z + 3.

3. End at y = ze™*. (This is the result of the release rate r(u) = u.)
Alternatively, we may make this transition as follows.

1. Draw a jump value j from the exponential distribution with rate u.
2. Jump to z =z +j.

3. End at value y drawn from the distribution with density f{(y) = z%y)‘_lI 0,2)(Y)-

The density in step 3 is simply that of Y = ze~” where T is exponentially distributed with
rate .

Now, to attempt to couple two sample paths with current values z; and zo, we make a
transition as follows.

1. Draw a jump value j from the exponential distribution with rate u.

2. Jump the paths to 21 = z1 4+ j and 29 = 29 + J.

3. Use shifting and folding to draw values (potentially common) from f{* and f{(y).
We consider here only the case A > 1. The relative shapes of the two densities in step 3

are shown in Figure 12. We obtain (potentially common) draws from these distributions by
first using the shift method described in Section 3.2 to draw values from f{?(y) and

A _
fly) = g(y +22) sy ()

(one can imagine sliding the wider density to the left until the vertical lines match up) and
then folding this shifted wide draw (potentially negative at this point) using (1).

Simulation Results

We simulated 100,000 draws from the storage model with A = 2, 4 = 2 and K = 10. A
histogram of these draws along with the true density curve given by (6) is shown in Figure
13.

The mean backward coupling time in 100,000 draws was 12.18 with a minimum of 1 and a
maximum of 67. A histogram of backward coupling times is given in Figure 14. For this

16



model, our shifting and folding coupler was particularly easy to apply. The mean backward
coupling time is approximately four times that given by the so-called Harris coupler in
Corcoran and Tweedie [3] but was much easier to implement, as the Harris coupler required
that we find a minorizing measure for the chain and draw from a complicated “residual”
transition law.

Wilson [15] points out that for his layered multishift coupler, the coupling times are inversely
related to the lengths of the horizontal slices encountered during sampling. The same can be
said for the folding coupler, and it is possible to speed up either algorithm by manipulating
the shape of the densities in such a way that we preserve areas over any given interval on
the x-axis. We refer the interested reader to [15] for details.

With the small backward coupling times given by the shifting and folding coupler we did
not find that the pre-programming setup effort involved in density manipulation or required
by the Harris coupler was worth the small reward of efficiency.
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Appendix: The Shift-and-Patch Algorithm

The Algorithm

L. Shift: let X' = gx(s) = | S5 (R~ 1) + X
2. if X' ¢ (L + s,R+ s), then patch:

e shift back manually by subtracting s

e use the truncation map again

Claim: Lete;, =L— L' andeg =R — R, ey = e, +eg and ljns = R — L. Assume that
er < |3| < lint

Then the Shift-And-Patch algorithm defined in 4.2.2 shifts X ~ Uniform(L,R) to Z ~
Uniform(L + s, R+ s).

PROOF

We will prove the claim by carefully examining where the shift- and patch-step map num-
bers. Consider first the shift-step. We look at the interval (RI’%‘,"_SZF, RAT_SZ,L ), which is the
domain for the floor-function used in the truncation map: Assume that s > 0 (the case
when s < 0 works similarly). We observe that 1 € (RI’%',"_SZ#, RI;T_SZ,L) since R;g’fz,X =1 for
X = L' + s and that by assumption we have that L = L' +e;, < L' + s < L' + Iy = R so

that X = L' + s € (L, R).

Since the interval has length }?:’z, = lmlfjfeT <1l and 1 € (R;J'_SZ,R, RéTfZ,L ), the floor-

function in the truncation map can only take on values in {0,1}. In fact, we have

R+s-—X| |0 Xe(L'+s,R)
R-L | )1 Xe(LL+s)

With this information, the truncation map in the shift-step can be written as

[ x X e (L'+s,R)
M@—{X+muy)Xewﬂ+@

It is obvious that gx(s) maps (L' + s, R) uniformly onto (L'+s, R). The second interval will
simply be shifted be the constant amount of R’ — L. To see where the second interval will
be mapped to exactly, we evaluate gx (s) at the corresponding endpoints L and L' + s: We
find that gz.(s) = L+ (R'—~L') = R+(R'~ R)+(L—L') = R+er and limx_, 1/, 4)- gx(s) =
L'+ s+ (R —L') = R' + s, so that the shift-step can be summarized as uniformly mapping
the following intervals onto
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(L'+s,R) — (L'+s,R)
(L,L'+s) — (R+epr,R +5)

Note that this leaves us with the unwanted intervals (L' + s, L + s) and (R + s, R + s), as
well as a gap of size er in the middle of the interval (see Figure 4.2.2 for illustration).

We will now show that the patch-step sticks these unwanted intervals outside (L + s, R+ s)
right into this gap:

In the patch step, we first shift back “manually”, so that the domain for the truncation
map becomes (L', L) U (R, R'). Since

R+s—X| [0 Xe(RR)
R-I' | |1 Xe(' L)’

the truncation map for these intervals can be written as:

[ x X € (R,R)
gx(s) = { X+ (R -L) Xe(L)

which shows that the patch-step uniformly maps the following intervals onto
(R+s,R'+s) — (R,R+er)
(L' +s,L+s) — (R+ep,R+er)

which “fills the gap” O.

Remark. Note the assumption er < |s| can be satisfied by choosing small enough incre-
ments when searching for the estimated endpoints L' and R'. The assumption that |s| < ljn:
is natural in the sense that with |s| > [;,; it is impossible to get common draws anyway.

References

[1] S. Asmussen. Applied Probability and Queues. John Wiley & Sons, New York, 1987.

[2] G. Casella, M. Lavine, and C. Robert. Explaining the perfect sampler. Working Paper
00-16, State University of New York at Stony Brook, Duke University, Durham., 2000.

[3] J.N. Corcoran and R.L. Tweedie. Perfect sampling of ergodic harris chains. Ann. App.
Prob., 11(2):438-451, 2001.

[4] J.A. Fill. An interruptible algorithm for perfect sampling via Markov chains. ANNAP,
8:131-162, 1998.

[5] S.G. Foss and R.L. Tweedie. Perfect simulation and backward coupling. Stochastic
Models, 14:187-203, 1998.

19



[6]

[10]

[11]

[12]

[13]

[14]

[15]

S.G. Foss, R.L. Tweedie, and J.N. Corcoran. Simulating the invariant measures of
Markov chains using horizontal backward coupling at regeneration times. Prob. Eng.
Inf. Sci., 12:303-320, 1998.

O. Haggstrom, M.N.M. van Liesholt, and J. Mgller. Characterisation results and
Markov chain Monte Carlo algorithms including exact simulation for some spatial point
processes. Bernoulli, 5:641-659, 1999.

W.S. Kendall. Perfect simulation for the area-interaction point process. In L. Accardi
and C.C. Heyde, editors, Probability Towards the Year 2000, pages 218-234. Springer,
New York, 1998.

T. Lindvall. On simulation of stochastically ordered life-length variables. Prob. Eng.
Inf. Sci., 14:1-7, 2000.

J. Mgller. Perfect simulation of conditionally specified models. JRSSB, 61(1):251-264,
1999.

D.J. Murdoch and P.J. Green. Exact sampling from a continuous state space. Scandi-
navian Journal of Statistics, 25:483-502, 1998.

J.G. Propp and D.B. Wilson. Exact sampling with coupled Markov chains and appli-
cations to statistical mechanics. Random Structures and Algorithms, 9:223-252, 1996.

Sheldon M. Ross. Coupling from the past. In Simulation, chapter 11.5, pages 267-269.
Academic Press, 3rd edition, 2002.

R.L. Tweedie and J.N. Corcoran. Perfect sampling and queueing models. Proc. 38th
Annual Allerton Conference on Communication, Control, and Computing, 2001. (to

appear).

D.B. Wilson. Layered mutishift coupling for use in perfect sampling algorithms (with
a primer on cftp). Fields Institute Communications, 26:141-176, 2000.

20



Figure 1: (a) Step 2 of the Folding Coupler, (b) Step 3 of the Folding Coupler

uniform[a,b] is uniform[c,d] uniform[a,b] isfolded into [c,d]
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Table 1: Sample Proportion of Paths Ending in Region R

R | [ Jgm(z1,22) | 95% Confidence Interval | Proportion of Draws in R |
[0,1]x[0,1] 0.7340195142 (0.7300817, 0.7356783) 0.73288
[0,0.5x[0,1] | 0.5135615395 |  (0.5104004, 0.5167227) 0.51280
[0.2,3]x[0,0.5] | 0.4811806338 (0.4780206, 0.4843407) 0.48228
[0,1]x[1,2] | 0.0547009096 |  (0.05326273,0.0561390) 0.05475
[1,3]x[0,1.5] | 0.1955191153 | (0.1930107980, 0.1980274326) 0.19713
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Figure 2: A Common Draw from N (u,0?) and N (u,03)
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Figure 3: 100,000 Draws From 7(z1,z2): The marginal distribution of X; with the true
marginal density superimposed.
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Figure 4: 100,000 Draws From =(z1,z2): The marginal distribution of Xy with the true
marginal density superimposed.
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Figure 5: 100,000 Draws From m(z1,z9): The Backward Coupling Times
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Figure 6: 100,000 Draws From 7(z1,22): The marginal distribution of X; with the true
marginal density superimposed.
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Figure 7: 100,000 Draws From 7 (z1,z2): The Marginal Distribution of Xy with the true
marginal density superimposed.
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Figure 8: gx(1;1,3) for X ~ uniform(1,3)
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Figure 9: ¢gx(1;0.9,3.2) for X ~ uniform(1,3)
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Figure 10: Patching the Gap
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Figure 11: Top Left: Draws from I'(3,2), Top Right: Draws from shifted I'(3,2), Bottom
Left: Common Draws for I'(3,2) and shifted version, Bottom Right: Draws from I'(2,3)
(60% in common with top right graph)
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Figure 13: Storage Model: 100,000 Draws from 7(x) with A =2, y = 2, and K = 10
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Figure 14: Storage Model: 100,000 Values of the Backward Coupling Time with A = 2,
pw=2,and K =10
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Table 2: Sample Proportion of Paths Ending in Region R

R | [ Jgm(z1,22) | 95% Confidence Interval | Proportion of Draws in R |
[0,0.5] x [0,0.2] 0.630553 (0.627561,0.633545) 0.628010
[0.2,1] x [0.5, 2] 0.0200762 (0.019207,0.020946) 0.020350
0.1,00] x [0.2,3] |  0.124523 (0.122477,0.126569) 0.124140
[0.2,2] x [0, 1] 0.347604 (0.344652,0.350556) 0.347740
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Figure 15: Patching the Gap
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