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2 Reduced Model of Langmuir Turbulence

Figure 1. Images of Langmuir circulation windrows: (a) a photograph of Rodeo Lagoon in CA (Szeri 1996), (b) an infrared image of
the surface of Tampa Bay (courtesy of G. Marmorino, NRL, D.C.), and (c) the evolution of surface tracers in a LES of Langmuir
turbulence (McWilliams et al. 1997).

1 Introduction

Langmuir circulation (LC) is a wind and surface-wave driven convective flow that commonly occurs in
the upper layers of lakes, rivers and oceans (Leibovich 1983, Thorpe 2004). When the winds exceed a
few meters per second, LC exhibits a range of length and times scales, from centimetres to hundreds of
meters and seconds to hours. The emergence of a broad spectrum of scales prompted McWilliams et al.
(1997) to dub this phenomenon “Langmuir turbulence,” both to emphasize that LC is properly viewed as
part of the upper ocean turbulence and to distinguish it from wall-bounded shear flow turbulence. Even
under uncontrolled, strongly supercritical environmental conditions, however, LC is dominated by energetic
counter-rotating streamwise vortical structures. These structures are elongated in the wind direction when
the wind-driven shear and surface-wave Stokes drift are themselves aligned with the wind or to the right
of the wind direction when Coriolis effects are significant. In view of this evident anisotropy, the aim of the
present study is to derive a coarse-grained, quasi-three-dimensional description of Langmuir turbulence.
Figure 1 shows several illustrations of the hallmark surface signature of LC: a series of roughly parallel,
wind-aligned streaks. These “windrows” are evident visually (figure 1(a)), in infrared and acoustic imagery
(figure 1(b)), and in full three-dimensional (3D) direct numerical and large-eddy simulations (DNS and
LES, respectively — figure 1(c)). To date, the vast majority of numerical simulations of LC have employed
the Craik-Leibovich (CL) equations, a surface-wave filtered version of the Navier—Stokes (NS) equations;
see Craik and Leibovich (1976), Craik (1977) and Leibovich (1977). The CL equations are formally identical
to the instantaneous NS equations apart from the occurrence of a vortex-force term given by the cross
product of the Stokes (or Lagrangian mass) drift velocity, associated with the high-frequency waves, and
the filtered vorticity vector in the water column. The CL vortex force captures the rectified effects of
the filtered waves on the time-averaged dynamics. Numerous investigators, inspired by the appearance of
the locally parallel windrows, have carried out theoretical studies and numerical simulations of the 2D
(generally downwind invariant) CL equations; see e.g. Leibovich (1985), Leibovich et al. (1989), Cox et al.
(1992a), Cox et al. (1992b), Cox and Leibovich (1994), Chini and Leibovich (2003), Chini and Leibovich
(2005), Li and Garrett (1993), Gnanadesikan and Weller (1995) and Li and Garrett (1997). With the
exception of the secondary stability analysis of Tandon and Leibovich (1995), however, investigations of
the stability of 2D roll solutions of the CL equations to 3D disturbances have been restricted to weakly
supercritical forcing conditions, where weakly nonlinear or small wavenumber (i.e. large cell aspect-ratio)
approximations can be utilized (Cox and Leibovich 1997, Bhaskaran and Leibovich 2002).

In this investigation, we develop a strongly nonlinear quasi-3D approach that relaxes the assumptions
of strict downwind invariance and weak supercriticality yet exploits the slow downwind variability of the
appropriately coarse-grained flow. Specifically, we obtain a reduced description of Langmuir turbulence
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Figure 2. Schematic of Langmuir circulation in a constant-depth unstratified layer. 7 is the magnitude of the applied wind stress; u, v
and w are the z-, y- and z-velocity components; and U is the depth-varying Stokes drift velocity associated with the filtered surface
waves.

that is formally valid in the strong CL vortex-force limit. To this end, we note that the secondary stability
results of Tandon and Leibovich (1995) indicate that as a certain parameter related to the strength of the
wave forcing is increased, so, t0o, is the downwind (i.e. along-roll) wavelength of the dominant 3D instability
mode. This result points to a tendency for the highly nonlinear, locally averaged flow to be modulated in
the downwind direction over a length scale that is large compared to the windrow spacing. Our analysis is
similar in spirit, if not in detail, to that by Julien, Knobloch and co-workers for rapidly-rotating Rayleigh—
Bénard convection (Julien et al. 1998, Sprague et al. 2006, Julien et al. 2006). These authors were able to
obtain a reduced description of turbulent thermal convection by exploiting the reduction in mode coupling
parallel to the rotation vector induced by the rapid rotation. As demonstrated in the next section, the
relevant constraint on the turbulence in the LC context is provided by strong wave (i.e. vortex) forcing
rather than by rapid system rotation.

The outline of the paper is as follows. In § 2, the CL equations are recounted and the merits of investigat-
ing the limit of strong surface-wave forcing are discussed. Next, the decomposition of the limiting dynamics
into a fast and slow set is described in § 3, where a transient rapid distortion behaviour is identified. A
reduced set of partial differential equations (PDEs) governing quasi-3D Langmuir turbulence is derived
in § 4. In § 5, the physical physical processes captured by the reduced system are discussed. Results of
linear and secondary (i.e. nonlinear) stability analyses of the reduced system are summarized in § 6, and
concluding remarks are given in § 7.

2 Problem formulation

Using a coordinate system in which z is aligned with the wind, y is directed across the wind and z
vertically upward (see figure 2), the non-dimensional CL equations in the absence of density stratification
and background rotation (Coriolis effects) can be written as

D 1 1
o7 = VP + 73U xw)+ =

2
1
Dt La? v, M)

along with the incompressibility constraint



4 Reduced Model of Langmuir Turbulence

In (1), R« = u.H/v. is the Reynolds number based on the water friction velocity wu., the depth of the
convective (or mixed) layer H and the (eddy) viscosity v, arising from the CL wave filtering procedure. The
turbulent Langmuir number La; = (u, /us,)'/?, where ug, is the surface Stokes drift velocity (McWilliams
et al. 1997). The total (filtered) Eulerian velocity vector u = ui + v, where v, = vj+ wk is the cross-
wind velocity field, and the vorticity vector w = V x u. All lengths and velocity components have been
non-dimensionalized isotropically using H and wu.,, respectively. Time ¢ has been scaled by H/u, and the
(CL modified) pressure p by pu2, where p is the mean water density. Typically, the normalized Stokes drift
profile is taken to be an exponentially decaying function of depth,

Us(z) = Us(2)i = exp (282) 1, 3)

although any monotonically-decaying profile will give rise to similar phenomenology. A representative value
of the e-folding depth of the Stokes drift, 1/(203), is 0.2H.

Since the surface waves are filtered in the CL formulation, the (filtered) vertical velocity vanishes at the
mean position of the sea surface, taken to be z = 0, and at the base of the layer (z = —1). As shown in
figure 2, the wind stress and surface wave Stokes drift are assumed to be aligned in the = direction. The
wind applies a traction that in the CL formulation is also applied at the mean position of the sea surface.
Thus, at z =0,

o,u= R, 0,v =0, w=0, (4)
and at z = —1,
d.u=R,, 0,v=0, w=0 (5)
or
u=0, v =0, w=0, (6)

depending upon whether the bottom boundary is a surface representing the base of the mixed layer or a
physical, no-slip boundary, respectively. All flowfields are taken to be periodic in the x and y directions.

As noted in § 1, the central idea in the derivation of a weakly 3D description of Langmuir turbulence
is to exploit the limit in which the CL vortex force dominates the flow physics. This limit corresponds to
increasing the surface-wave Stokes drift relative to the wind-driven shear. Although both ug, and u, are
expected to increase together for locally-generated wind waves, La; in the open ocean typically is O(0.1).
This motivates us to consider the limiting process in which La; — 0 while R, either remains fixed or,
more generally, may tend to infinity (see § 4). LES by Skyllingstad and Denbo (1995), McWilliams et al.
(1997) and Tejada-Martinez and Grosch (2007) have demonstrated that ordinary shear flow turbulence is
recovered in the opposite limit La; — oo with R, sufficiently large. Indeed, La; may be seen to measure
the competition between shear and vortex-force induced instability of the wind-driven currents. Although
streamwise vortices arise in wall-bounded turbulent shear flows, these structures differ (e.g. in terms of
their energetics, root-mean-square fluctuation intensities and coherence in the mean flow direction) from
those characterizing LC. Immediate insight into the origin of the anisotropy in Langmuir turbulence
may be gained by considering the La; — 0 limit of (1), (naively) holding other variables fixed: it is
readily concluded that the vorticity vector must be parallel to the Stokes drift, i.e. to the wind direction.
By formally exploiting the small La; limit using multiple scale asymptotics, we are able to relax the
assumption of strict downwind invariance, and thereby identify the dominant 3D physical processes in
anisotropic Langmuir turbulence.
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3 Fast linear dynamics and the spatially-2D slow manifold

In the small La; (i.e. large CL vortex-force) limit, the leading-order dynamics may be decomposed into
fast and slow components. First, we write (1) in component form:

O 4 u0pu + v0yu + WO, u = —0yp + Rt [8:% + 85 + 85] u, (7)
Oyv + udyv 4+ v0yv + wO,v = —dyp + La; *Us(Oyu — 9,v) + R, [92 4 97 + 07 v, (8)
0w + udyw + vOyw + W, w = —0,p + La;QUs(azu — O,w) + R! [82 + 8; + 83] w. (9)

Next, to capture a fast linear response, we rescale time t = La?7 and pressure p = La; P As La; — 0,
equations (7)—(9) simplify, at leading order, to

Oru = —0,P, (10)
0-v = —0yP + Us (Oyu — 0,v), (11)
Orw = —0, P+ Us (0,u — O,w) . (12)

Employing standard manipulations and using the incompressibility constraint, (10)—(12) can be recast in
a vertical-vorticity—vertical-velocity formulation,

Orw, + UsOpw, = 0, (13)
0-(V2w) + U0, (Vw) = Ul(2)0yw., (14)

where the vertical vorticity w, = 0,v — dyu and the prime denotes ordinary differentiation. The solution
to this initial value problem can be expressed as:

wy(x,y,2,7) = wy, (x — Us(2)7,9, 2), (15)
Viw(z,y,2,7) = [U;(z)aywzo (x — Us(2)7, 9, z)] 7 4+ Vwo(z — Us(2)7, 9, 2), (16)

where w,, (z,y, z) and wy(z,y, z) are the initial vertical-vorticity and vertical-velocity components, respec-
tively. This solution indicates that the vertical vorticity is merely passively advected over the fast time
scale 7 by the differential Stokes drift: at a given depth z, in a local reference frame translating in the
x-direction with speed Us(z), the vertical vorticity is 7-independent. In this frame, (16) shows that the
vertical velocity grows linearly with 7.

The physics of this fast-time, linear response in the strong vortex-force limit can be more clearly un-
derstood by restricting attention to downwind invariant dynamics. Indeed, the linear stability analyses of
Leibovich and Tandon (1993) and Cox (1997) demonstrate that in a homogeneous fluid layer the fastest
growing instabilities to a horizontally-uniform wind-driven shear flow Up(z) = z+1 (with associated pres-
sure Pp(z) satisfying dPp/dz = UsdUp/dz) take the form of z-invariant roll vortices aligned with the wind.
Thus, it is instructive to consider the fast-time response of Ug(z) to 2D downwind velocity perturbations
u(y, z, 7). Setting z-derivatives to zero, (10)—(12) become:

dri =0, (17)
0,0 = —0,P + Usdyi, (18)
O = =, P + Uyd.1, (19)

where tildes denote perturbation variables. Subtracting the z-derivative of (18) from the y-derivative of
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(19) yields a fast time evolution equation for the downwind vorticity Q(y, z, 7),
9:Q = ~Ul(2)0,. (20)

Equation (17) implies that the downwind velocity perturbation is independent of the fast time variable,
ie. u(y,z,7) = U(y, z). Using this result, the solution to (20) is

Ny, z,7) = — [Us/(z)ayﬁ(y, z)] T+ Qo(y,z), (21)

where Ul(y,z) and Qo(y, z) are the initial downwind velocity and vorticity perturbations, respectively.
Thus, the downwind vorticity and, hence, ¥ and w grow linearly in the fast time variable.

This rapid-distortion solution, in which an initial vertical vorticity perturbation is tilted in the wind
direction by the strongly “sheared” Stokes drift (note that Us(z), the Lagrangian mass drift velocity
associated with irrotational surface waves, is not a shear flow), must lose validity when the x vorticity
created by this process becomes large enough to feed back upon the downwind velocity component. In
§ 4, we identify a new dominant balance in which the secular growth of the downwind vorticity is arrested
and the evolution occurs on a slow manifold. Suppressing 7-derivatives in (10)—(12) reveals the 2D spatial
character of this manifold, for then

VP =U, x Q, (22)

where 2=V x U is the leading-order vorticity vector and U=U7 + V) + Wk is the leading order velocity
vector on the slow manifold. The z-component of (22), which itself is loosely analogous to the geostrophic
balance arising at small scales in rapidly rotating convection, gives 0P = 0. The absence of a leading-order
fine-scale z-pressure variation (in conjunction with the incompressibility constraint) clearly indicates that
the slow dynamics are 2D. Indeed, taking the curl of (22) yields

U, VQ=0Q. VU, (23)

and expressing the vorticity vector = Q.7+ Q7+ Q.k, (23) in component form becomes

UsaBQ;B = QZU;(Z)7 (24)
Us9,9, =0, (25)
Us0:Q, = 0. (26)

Since 0; P = 0,80y = 0,02, = 0, the leading-order dynamics on the slow manifold are (fast-) z-invariant,
and the leading-order incompressibility constraint reduces to

8,V + 9. W =0, (27)

implying that a streamfunction can be introduced to describe the flow in the y—z plane.

4 Fully nonlinear quasi-3D dynamics

The analysis in § 3 suggests that cross-wind (generally cellular) velocity fluctuations can rapidly attain
large magnitudes when La; < 1, while the magnitude of downwind velocity fluctuations remains fixed. The
secular growth of the downwind vorticity equilibrates on a longer time scale through a nonlinear feedback
mechanism in which the cross-wind velocity fluctuations are sufficiently intense to alter the downwind
velocity distribution. This motivates rescaling the downwind and cross-wind velocity components in the
dimensional CL equations anisotropically. Specifically, we scale the downwind velocity component with
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U. = u.R. and the cross-wind velocity components with W, = (Usus,)'/2. The former scaling ensures that
the wind-stress forcing in the rescaled versions of (4) and (5) is O(1), while the latter ensures that, even in
the absence of downwind variability, the nonlinear advection terms in the cross-wind momentum equation
are comparable to the CL vortex force, as required for equilibration of the rapid distortion transients. In
addition, we scale time by H/W, and pressure by pW2 to incorporate unsteadiness and cross-wind pressure
gradients in the reduced dynamics.

Additional insight into the origin of these modified scalings may be gained from the following considera-
tions. First, from (21), the dimensional magnitude of the crosswind velocity fluctuations will reach O(W,)
after a time period Ts = O(H/W,), given an O(u,R,) downwind velocity perturbation. It is over this time
scale, which is long compared to the time scale Trpr = La?(H/u,) characterizing the rapid distortion
transients, that the secular growth of the downwind vorticity is arrested and a new dynamical balance is
possible. Moreover, the modified scalings are identical to those typically used to non-dimensionalize the
strictly downwind invariant, i.e. 2D, CL equations (Craik and Leibovich 1976, Leibovich 1983, Li and
Garrett 1993). In fact, with this set of scalings, the dynamics of the 2D problem (for a given domain
size) are then governed by a single non-dimensional parameter, the so-called laminar Langmuir number

La = La;R, 3/ 2, which replaces the two parameters needed to describe the fully 3D dynamics of Langmuir
turbulence. As demonstrated in § 3, the limiting dynamics on the slow manifold are only weakly three-
dimensional. To obtain a reduced formulation, we essentially perturb about a downwind invariant flow;
thus, it is sensible to rescale variables in (1) to accord with the scalings appropriate for the strictly 2D
problem.

The rescaled CL equations, in momentum form, can be written:

Oru+ R’ Layudyu+ (vi - Vi)u=—(RY*Lay) '0,P+ R.**La; [02 + V2] u, (28)
aTVJ_ +Ri/2Lat ua$VJ_ + (VJ_ . VJ_) V] = —VJ_P+ US |:VJ_U — (RiﬂLat)_laxVJ_]
+ RAPLay [02+ V3] vy, (29)

RimLat O,u+V, v, =0. (30)

Although we have introduced new notation for the rescaled pressure (P) and time (T'), note that we have
not done so for the rescaled velocity vector u = ui + v (where v, = vj+ wl%) Formally, the boundary
conditions in (4) and (5) remain unchanged, except that the flux conditions become 0,u = 1 at z=0
and z=—1. Defining ¢ = Ri 2Lat, we formally investigate the limit in which ¢ — 0, i.e. La; — 0 with
R, = Lat_Qa/(l_a) for 0 < a < 1/2 (cf. §2). Note that this corresponds to 1 < R, < Lat_2, which implies
that our reduced formulation will be valid over a fairly broad parameter regime, encompassing R, fixed and
O(1) at one extreme and R, an asymptotically large parameter at the other. To capture weak downwind
variability, we introduce a slow z-scale X = ex so that

Ou() = Ox(-) + €0x (),

and we expand all field variables as follows:

u(z,y,z,T) =up(z, X,y,2,T)+ecui(z, X,y,2,T) + ... (31)
vi(z,y,2,T)=vor(x, X,y,2,T) +evi(z, X, y,2,T) + ... (32)
P(x7 y? Z’ T) = Po(x7 X7 y7 Z? T)+€P1(x7 X? y’ Z’ T)+ A (33)

Substituting into (28)—(30), we find that 0,Py = 0,vp = J,wy = 0 and V| - vg; = 0, confirming that
the leading-order flow is independent of the fast x coordinate. At O(1), (28) becomes:

Orug + (V(]J_ . VJ_) ug = —0, P, — OxPy + LaVin, (34)
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where the cross-wind diffusion terms, formally O(La:R, 3/ 2), have been retained to allow for the existence
of thin viscous boundary and internal layers in which their influence cannot be neglected. We decompose
all (fast) x-varying fields into a fast-x average plus a fluctuation, e.g.

UO(J?,X,Z/,Z,T) = ﬂO(XW,ZaT) + ub(vavyazaT)a
where the bar is used to denote the average and the prime the fluctuation. Averaging (34) in x, and
exploiting the leading-order z-invariance of the pressure and cross-wind velocity components, we obtain
an evolution equation for ug(X,y, z,T):
Oorug + (VOL . Vl) g = —Ox Py + LaVifLo. (35)
Similarly, the O(1) version of (29) is given by

Orvor + (VoL Vi)voL=—-V1Py + UV uy — Udyviy — UsOxvoL + LaV3vy,. (36)

The formally small diffusion terms have again been retained in anticipation of the existence of thin viscous
layers at small La. Averaging over the fast x-coordinate gives

Orvor + (Voo Vi) vor =—=V1Py + Us (Vi —dxvor) + LaV3ivo.. (37)
The reduced system is closed by invoking the O(1) continuity equation,
VL'VOLZO, (38)

from which a Poisson equation for Py(X,y, z,T) can be derived, viz.
Vipo = —VJ_ . ((VOJ_ . VJ_) VOJ_) + VJ_ . (US(Z)VJ_Q_L0> - U;(Z)axwo. (39)

We conclude this section by noting that the O(1) stress boundary condition at the top and bottom of the
convection zone, averaged over the fast x variable, is given by

8za0‘zz()’,1 =1. (40)

5 Synopsis of reduced system in streamfunction/vorticity form

Equations (35), (37) and either (38) or (39) constitute a closed system governing quasi-3D Langmuir tur-
bulence in the strong CL vortex-force limit. Using (38), a streamfunction ) can be introduced. The reduced
system can then be expressed more conveniently in a streamfunction /vorticity formulation closely mimick-
ing that frequently used for the strictly 2D CL equations. Defining wo = U(X,y,2,T), vo = V(X,y, 2,T),
wo = W(X,y,2,T) and Py =1I(X,y, 2,T), and introducing the leading-order substantial derivative oper-
ator

Di()=0r() + (V- V1)),

=0r(-) + JI(), ¥,
where V| =vo; =V x4t and J[(-),¢] = 0,¢0y(-) — Oy0,(+), the reduced dynamics are governed by:

Di*U = —9x11 + LaV3 U, (41)
DEQ 4+ Uy(2)0xQ = U'(2) <8XV - ayU) + Lav2Q, (42)
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VAL = 2709, 0.4] + V.- (Us(2) VAU ) + UL(2)0x (0,0), (43)

V3 =—Q. (44)

Equation (42) for the leading order downwind vorticity € is obtained by taking the x-component of

the perpendicular curl of the cross-wind momentum equation (37). This system is supplemented by the
leading-order (fast x-averaged) boundary conditions. At z = 0,

0.U=1, Q=0, =0, (45)
and at z = —1,

0.U=1, Q=0, =0, (46)
or

U=0, V=0, W=0, (47)

again depending upon whether stress-free or no-slip bottom boundary conditions are deemed more appro-
priate.

Although, formally, La = La;R, 3/2 is a small parameter, the asymptotic order of the diffusion terms
retained in (41) and (42) increases in thin viscous layers that are generated at small La. Indeed, to
neglect these terms would be a singular perturbation of the equations. An analogous situation arises in
the derivation of the quasi-geostrophic equations, in which formally small horizontal diffusive terms are
retained; see e.g. Pedlosky (1987). At the upper and lower boundaries of the domain, for example, boundary
layers must arise to satisfy the imposed downwind traction condition. For vertical diffusion to balance
advection in (41) and (42), the vertical thickness of these layers must be O(La'/?), i.e. Z = La='/?z,
where Z = O(1) is a scaled boundary layer vertical coordinate. The constant stress condition in (45)
implies that the change in U across the near-surface boundary layer is O(La'/?), while ¢ = O(La'/?)
and Q = O(1) within this layer. Similar scalings apply within vertical interior layers — that is, within
narrow up- and downwelling jets — with the roles of y and z interchanged. We emphasize that with these
rescalings, the normal diffusion terms are of the same asymptotic order as the other terms in the reduced
equations, i.e. the reduced equations (41)—(44) constitute a consistent asymptotic approximation the full
dynamics. It also should be noted that these small La scalings are identical to those given in Chini (2007),
where a complete asymptotic characterization of steady 2D LC in the strong-forcing/weak-diffusion limit
is given. There it is shown that the vorticity boundary layers are passive (assuming stress-free boundary
conditions on the cellular flow), implying that they need not be resolved in a numerical simulation, and
the streamfunction remains smooth, suggesting that far fewer modes are required to resolve 1 than {2 or
U.

The linear and secondary stability properties of (41)—(44) are investigated quantitatively in § 6. However,
several important attributes of the reduced system are immediately apparent. First, for X-invariant flows,
this system collapses to the 2D CL equations in streamfunction/vorticity form. In contrast to the strictly
2D problem, however, the reduced system retains certain 3D physical processes involving slow downwind
modulation. Equation (41) indicates that the downwind momentum of the flow can be altered by downwind
pressure variations. According to (42), the downwind vorticity is differentially advected by the Stokes drift
(recall Uy is a function of z). More significantly, the full contribution to the vertical vorticity, which is
tilted into the wind direction by the Stokes drift gradient, is retained. Finally, in the Poisson equation
for the pressure (43), slow downwind variations of the vertical velocity give rise to an additional vortex
force contribution. Relative to the 2D problem, these important physical processes have been captured
by the reduced system; relative to the full 3D CL equations, the reduced dynamics suppress certain
physics, most notably advection by U and stretching of 2 by downwind gradients of U. It is the absence
of vortex stretching, in particular, that should make (41)—(44) more amenable to theoretical (e.g. upper-
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bound) analysis and numerical investigation than is the full system, because of the implied control on the
generation of very fine scales. In addition, the reduced system filters the rapid distortion transients and
incorporates differential advection of {2 in the X direction by the specified Stokes drift velocity, a linear
process.

6 Stability analysis

Although we defer discussion of the numerical solution of the reduced system to future work, we record
here the results of linear and secondary stability analyses of (41)—(44) subject to boundary conditions (45)
and (46). We describe only a subset of the results, since our purpose is simply to illustrate the key 2D and
3D instabilities supported by the reduced system. No attempt is made here to carry out an exhaustive
investigation of parameter space.

6.1 Linear stability results

We linearize (41)—(44) about the wind-driven base state shear flow Up(z) = z+1 and associated base state
pressure distribution dIIg(z)/dz = Us(z). For simplicity, we set Us(z) = z + 1, as previous investigations
have shown that LC stability characteristics are not qualitatively changed for more realistic, exponentially
decaying Stokes drift profiles. Thus, we decompose all fields into a base state (which may be zero) plus a
perturbation,

UX,y,2,T) =Up(z) + u(X,y,2,T), (48)
V(X,y,2,T) =¢(X,y,2T), (49)
I(X,y,2,T) =11p(Z) + p(X,y,2T), (50)
QX,y,2T)=w(lX,y,z2T), (51)

substitute into the reduced system (41)—(44) and boundary conditions (45)—(46), and linearize about the
base state. Using the vertical component of the reduced equations in momentum form and these boundary
conditions, it can be shown that 0,11 = Uy along z = 0 and z = —1 and, hence, that the normal derivative
of the perturbation pressure vanishes there. Thus, the perturbations satisfy
Oru — Oy = —0zp + LaViu,
Orw + (2 +1)0,w = 9,(0:¢) — Oyu + LaV3iw,
Viqb = W,
Vip=V, [(z+ 1)V u] + 0.(9,9),
subject to
ou=w=¢=0,p=0 (56)
along the upper and lower boundaries.
Since the flow is unbounded in the horizontal and the perturbation equations do not depend explicitly
on the horizontal coordinates or time, we make a normal-mode ansatz for each perturbation variable. For
example, we decompose the downwind velocity perturbation as follows:

U(X, Y, z, T) = ﬁ(z)ei(kerlX)eUt + C.C.,

where k and [ are the cross-wind and downwind wavenumbers of the disturbance mode, o is the complex
growth rate and c.c. denotes complex conjugate. Substituting into the perturbation equations and boundary
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La=0.08 La=0.01
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Figure 3. Linear stability results. The real part of the growth rate o, of the fastest growing mode is plotted versus cross-wind
wavenumber k for various downwind wavenumbers [. In each plot, | = 0 for the uppermost curve, and | = 1,2, 3,4, 5,6 increasing
downward. (a) La = 0.08 (left). (b) La = 0.01 (right). 30 Chebyshev modes were used for all computations.

conditions and eliminating the vorticity from this set yields a linear ordinary differential eigenvalue problem
for the growth rate:

La (D* - k*) @ + ik — ilp = oi, (57)
La(D?—k)*$ —il(z+1) (D = k*) ¢ + ki — iID$ = o (D* — k?) §, (58)
(D*~k*)p — D + Kkl — (2 +1) (D* - k*) a =0, (59)

where D = d/dz. This system is solved subject to the following boundary conditions along z=0 and z=—1:
Di =0, ¢ =0, D¢ =0. (60)

We discretize the system (57)-(60) using a Chebyshev collocation method (Trefethen 2000) to obtain
a generalized algebraic eigenvalue problem, which is solved using the QZ algorithm in Matlab. Figure 3
shows the real part of the disturbance growth rate as a function of the cross-wind wavenumber k for various
downwind wavenumbers [, with the uppermost curve in each plot corresponding to the I = 0 mode. For
the given boundary conditions and Stokes drift profile, the first instability of the full 3D CL equations is
found to occur at La. = (120)~'/2 for downwind-invariant modes (i.e. I = 0) with k. — 0. As shown in
figure 3(a), the reduced dynamics exhibit an instability at finite k for La close to La., with the unstable
modes taking the form of roll vortices aligned with the wind; close to the primary instability threshold,
all 3D disturbances are damped. Under more strongly supercritical forcing conditions, however, there are
exponentially growing 3D disturbances, as shown in figure 3(b). Nevertheless, the fastest-growing mode
at La = 0.01 is strictly 2D. These results are in complete agreement with linear stability investigations of
the full 3D CL equations (Leibovich and Tandon 1993).
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N -0.5

0 0.5 1 15

Figure 4. Steady, 2D finite-amplitude roll solutions of the CL equations at La = 0.01 computed numerically using a
Fourier—Chebyshev pseudospectral method (with 30 Chebyshev modes and 64 Fourier modes). The fundamental cross-wind
wavenumber of these solutions is k = 2; in each plot, only one cell is shown, since the solutions are reflection-symmetric. (a) Contours
of ¥(y, z) (left). (b) Contours of Q(y, z) (middle). (c¢) Contours of U(y, z) (right).

6.2 Secondary stability results

The linear stability analysis suggests that the reduced dynamics will be dominated by downwind-invariant
disturbances, even for La < La.. To investigate whether this prediction is borne out in the presence of
nonlinearity, we have carried out a preliminary secondary stability analysis.

At La = 0.01, we numerically computed steady, 2D, fully nonlinear solutions to the CL equations using
a Fourier—-Chebyshev pseudospectral method, as described in Chini (2007). Figure 4 shows the structure
of this nonlinear solution. We linearize the reduced equations about this finite-amplitude convective state
by first expressing all fields as the sum of the cross-wind periodic, 2D nonlinear base flow (denoted with
a subscript 2D) and a time-varying 3D perturbation,

UX,y,2,T) =Usply,z) + uw(X,y,2,T), (61)
V(X,y,2,T) = ¢ap(y,2) + ¢(X,y,2,T), (62)
I(X,y,2,T) =1lap(y,2) + p(X,y,2,T), (63)
AUX,y,2,T)=Qp(y,2) + w(X,y,zT). (64)

Note that Usp(y, z) includes the contribution from the wind-driven Couette flow Up(z). After substituting
into (41)—(44) and (45)—(46), linearizing about the 2D cellular solution and eliminating w(X,y, z,T), the
equations and boundary conditions governing the evolution of the small-amplitude 3D disturbances can
be expressed as

oru + 3Z¢2Dayu — 8y¢2D8zu + 3yU2Daz(b — 3ZU2D8y¢) = —0xp + LaViu, (65)

Or(V3p) + Us(2)0x (V3¢) + 0:42p0y (V3 ) — 8y1bapd= (V3 §)
+ 0,02p0.¢ — 9.Qpdy¢ = UL(2) [0yu — Ox(D.¢)] + LaVie, (66)

Vip = —40y(0:2p)0y(0-0) + 2071bapd2¢ + 20242p0s¢ + Us(2)Viu
+UL(2) [0u + 0x (8,0)] , (67)

where, again, Ugs(z) = z + 1, and along both z =0 and z = —1,

O,u=¢=0p=0.p=0. (68)
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Since the coefficients in (65)—(67) are independent of X and 7" and depend periodically on y, Floquet
theory implies that solutions for the perturbation variables may be sought having the following form:

(e e}
w(X,y,2,T) =e" [ Z ﬁn(z)ei(”ky)] eXeot 4+ cc., (69)

n—=—0oo

and analogously for ¢(X,y,z,T) and p(X,y,z,T). In (69), 0 and [ are the temporal growth rate and
downwind wavenumber of the secondary instability mode; k is the fundamental wavenumber of the under-
lying 2D convective base flow; and the Floquet exponent is iy, with the real parameter v providing the
freedom to modify the cross-wind wavenumber. Floquet representations of this sort were first introduced
for secondary stability analyses in fluid dynamics by Kelly (1967) for inviscid shear flows, Clever and Busse
(1974) for thermal convection, and Orszag and Patera (1983), Hebert (1983), Hebert (1988) and various
other investigators for viscous shear flows. Tandon and Leibovich (1995) employed Floquet theory in their
secondary stability investigation of LC using the full 3D CL equations. We follow Tandon and Leibovich
(1995) by employing a Fourier—Chebyshev spectral method to discretize the differential eigenvalue prob-
lem, although we use a Chebyshev collocation method in the vertical coordinate rather than a tau method,
as used by those authors. The resulting (large) generalized algebraic eigenvalue problem is again solved
numerically using the QZ algorithm.

In figure 5, the real part of the growth rate of the dominant secondary instability mode is plotted as a
function of the downwind wavenumber of the disturbance for two different base flow crosswind wavenum-
bers. In each plot, two curves are shown: the curve denoted by asterisks corresponds to the fundamental
mode, with v = 0, while the curve denoted by circles corresponds to the subharmonic mode, with v = k/2.
In the upper plot, the base flow wavenumber k = 2, corresponding to Langmuir cells having an aspect ratio
around 1.5 (i.e. to slightly flattened cells), as is frequently observed in the upper ocean. Several features of
this plot are noteworthy. First, although all downwind-invariant disturbances are either damped or neu-
trally stable, there are both fundamental and subharmonic 3D disturbances that grow exponentially on
the convective time scale H/W.,. This result strongly suggests that the reduced system exhibits non-trivial
nonlinear 3D dynamics, contrary to the conclusion drawn from the linear stability analysis of the base flow.
Next, at least in this parameter regime, the fastest growing secondary instability is an oscillatory mode
that propagates downwind with a phase speed equal to the depth-average value of Ug(z) (i.e. 1/2). This
disturbance causes straight rolls to develop a waviness in the wind direction, as observed in field data (see
e.g. figure 1(b)). Furthermore, the fundamental mode with the maximum growth rate has an O(1) down-
wind wavenumber, suggesting that the rescaling of the downwind coordinate defined in § 4, viz. X = ex, is
appropriate. These results agree with the findings of Tandon and Leibovich (1995), who observed that the
downwind wavelength of the fastest-growing oscillatory mode increased as their parameter R = R2La; 2
was increased with R, held fixed; this limit is similar to the ¢ — 0 limit investigated here. Finally, for
> 1, all 3D modes are damped, suggesting that the reduced system is not obviously ill-posed.

In the lower plot of figure 5, the base flow wavenumber k = 27, corresponding to narrow cells. The
secondary stability results for this case show that all 3D fundamental modes are damped, revealing a
tendency for small-scale vortical structures to be strongly two-dimensionalized in the large CL vortex-
force limit. A qualitatively similar behaviour has been noted by Poje and Lumley (1995) in their study
of sheared Rayleigh—Bénard convection in the strong shear flow limit. Although there are unstable 3D
subharmonic modes, the fastest-growing subharmonic mode occurs at I = 0. This sideband or Eckhaus
instability, which was also found by Tandon and Leibovich (1995), indicates that a convective pattern in
which the underlying 2D cells have a larger aspect ratio is preferred in this parameter regime.
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k=2

Figure 5. Secondary stability results for La = 0.01. The real part of the growth rate o, of the fastest-growing mode is plotted versus
downwind wavenumber [ for two different crosswind wavenumbers: (i) k (asterisks), the fundamental mode; and (ii) k/2 (circles), the
subharmonic mode. (a) 2D base flow wavenumber k = 2 (upper). (b) 2D base flow wavenumber k = 27 (lower). In all computations, the
secondary instability modes were resolved with 30 Chebyshev modes in the vertical and up to 30 Fourier modes in the horizontal
(cross-wind) direction.

7 Conclusion

Prior analytical, computational and observational studies all support the notion that Langmuir turbulence
is anisotropic, being characterized by vortical structures elongated generally in the wind direction. Yet,
previous theoretical and numerical investigations of strongly supercritical Langmuir circulation either have
completely suppressed downwind variability, yielding a strictly 2D formulation, or have employed the full
3D CL equations. In the present work, we have sought an intermediate course by deriving a reduced model
that appears to capture the essential physics of anisotropic Langmuir turbulence. The reduced equation set
goes beyond the strictly 2D formulation by retaining downwind pressure gradients, advection of downwind
vorticity by the surface-wave Stokes drift and the full contribution to the vertical vorticity in the CL
vortex torque. Conversely, the reduced equations suppress certain aspects of the fully 3D dynamics, most
notably advection by the downwind velocity component and stretching of the downwind vorticity, and can
be cast in a streamfunction/scalar-vorticity form closely mimicking that frequently used for the strictly
2D problem.

Our reduced model of Langmuir turbulence is asymptotically exact in the limit that the turbulent
Langmuir number La; — 0 with the friction Reynolds number R, held fixed or allowed to grow at a rate
less than La, 2 This flexibility in the range of allowed R, is convenient: various investigators have asserted
that R, = O(1), being based on an eddy viscosity arising from the CL wave-filtering procedure, while
others maintain that R, > 1 in actual geophysical applications. Notably, the results of several studies
suggest that Langmuir turbulence seems to reach an equilibrated state that is relatively insensitive to R.
(however this parameter is interpreted) for R, > O(100) and oceanographically relevant values of La; (see
e.g. Tejada-Martinez and Grosch 2007). These results point to the importance of this latter parameter in
controlling the nature of the strongly nonlinear dynamics: as La; — 0, as considered here, instabilities
induced by the CL vortex force dominate shear-driven instabilities, and vortices aligned with the wind
direction are preferred (as a cursory inspection of (1) reveals). We acknowledge that the actual numerical
value of the parameter ¢ = Ri/ 2Lat used in our analysis may be close to unity in practice. Nevertheless,
by formally treating € as an asymptotically small parameter and employing the scalings adopted here,
we perturb off a strictly 2D state and derive a physically sensible reduced model of strongly anisotropic



G. Chini, K. Julien & E. Knobloch 15

Langmuir turbulence.

Although we have not conducted a wide exploration of parameter space, the results of our linear and
secondary stability analyses suggest that the reduced system should efficiently capture the dominant
linear and secondary instabilities. Specifically, the linear stability predictions are, for 3D disturbances,
in complete qualitative and, for 2D disturbances, quantitative agreement with linear stability analyses
of the full 3D CL equations. (The latter assertion follows from the fact that when downwind variability
is suppressed, our reduced set collapses exactly to the 2D CL equations.) Calculations based on both
the reduced and full equations show that the first instability of the wind-driven unidirectional shear flow
is to straight parallel (i.e. 2D) roll disturbances aligned with the wind. Above this primary instability
threshold, growing 3D disturbances are found, but there exist 2D disturbances having larger growth rates.
The results of preliminary secondary stability calculations reveal several intuitively-appealing features of
our reduced model. 3D disturbances that grow exponentially on the convective time scale have been found
in a parameter regime in which all 2D disturbances are damped; this strongly suggests that the reduced
system exhibits non-trivial 3D dynamics. Moreover, the secondary instability mode with the maximum
growth rate has an O(1) downwind wavenumber, confirming the appropriateness of the rescaling (i.e.
stretching by €7!) of the downwind coordinate employed in § 4 to capture slow streamwise variability.
These findings also accord with the secondary stability results of Tandon and Leibovich (1995), who
observed an apparent monotonic increase in the downwind wavelength of the fastest-growing secondary
instability mode as their parameter R = R2 La; 2 was increased at fixed R,. Furthermore, we note that the
scalings employed in § 4 for the velocity components are qualitatively consistent with the results of LES
by Tejada-Martinez and Grosch (2007). These authors showed that, for their “small” La, sensitivity test
(La; = 0.4, Re = R, /2 = 180), the mean-square cellular velocity components (v and w) are much larger
than the mean-square downwind velocity component (u). This finding is consistent with the assumed ratio
of the downwind to cellular velocity scales U, /W, = €.

The routine appearance of quasi-parallel windrows on the surface of wind-forced seas suggests that
Langmuir turbulence is a commonly occurring upper ocean convective process. Indeed, there is ample
evidence that Langmuir circulation is a key mixing mechanism in the ocean surface boundary layer.
Although LES of the CL equations in limited domains have revealed important insights into the nature
of Langmuir turbulence, one significant remaining challenge is to place this phenomenon in its larger
oceanographic environment. It is hoped that asymptotically exact reduced formulations, of the sort
derived here, may be used to facilitate, e.g., investigations of multiscale coupling between mixed layer
turbulence and submesoscale and mesoscale eddies. Ultimately, improved parameterizations of the ocean
mixed layer — schemes that are faithful to key underlying physical processes — are needed to better
estimate air—sea interactions in ocean global general circulation models. In future work, we hope to
adapt algorithms being developed for the efficient numerical simulation of strongly forced 2D Langmuir
circulation to the reduced (quasi-3D) system derived here. We also plan to incorporate the combined
effects of density stratification and Coriolis accelerations and to investigate other sets of scalings that
may yield complementary reduced models of Langmuir turbulence valid in different parameter regimes.
Finally, since streamwise vortex structures are a common feature of strongly unstable shear flows, we
believe that our approach may be fruitfully applied to a wide range of shear-flow instability phenomena
in geophysical and astrophysical settings.

GPC gratefully acknowledges funding for this work from NSF CAREER Award 0348981 administered
by the Physical Oceanography Program.
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List of Figure Captions

Figure 1. Images of Langmuir circulation windrows: (a) a photograph of Rodeo Lagoon in CA (Szeri
1996), (b) an infrared image of the surface of Tampa Bay (courtesy of G. Marmorino, NRL, D.C.),
and (c) the evolution of surface tracers in a LES of Langmuir turbulence (McWilliams et al. 1997).

Figure 2. Schematic of Langmuir circulation in a constant-depth unstratified layer. 7 is the magnitude
of the applied wind stress; u, v and w are the z-, y- and z-velocity components; and U, is the
depth-varying Stokes drift velocity associated with the filtered surface waves.

Figure 3. Linear stability results. The real part of the growth rate o, of the fastest growing mode is
plotted versus cross-wind wavenumber k for various downwind wavenumbers [. In each plot, [ = 0 for
the uppermost curve, and [ = 1,2, 3,4, 5,6 increasing downward. (a) La = 0.08 (left). (b) La = 0.01
(right). 30 Chebyshev modes were used for all computations.

Figure 4. Steady, 2D finite-amplitude roll solutions of the CL equations at La = 0.01 computed
numerically using a Fourier-Chebyshev pseudospectral method (with 30 Chebyshev modes and 64
Fourier modes). The fundamental cross-wind wavenumber of these solutions is k¥ = 2; in each plot,
only one cell is shown, since the solutions are reflection-symmetric. (a) Contours of ¥ (y, z) (left). (b)
Contours of (y, z) (middle). (¢) Contours of U(y, z) (right).

Figure 5. Secondary stability results for La = 0.01. The real part of the growth rate o, of the fastest-
growing mode is plotted versus downwind wavenumber [ for two different crosswind wavenumbers:
(i) k (asterisks), the fundamental mode; and (ii) k/2 (circles), the subharmonic mode. (a) 2D base
flow wavenumber k = 2 (upper). (b) 2D base flow wavenumber k = 27 (lower). In all computations,
the secondary instability modes were resolved with 30 Chebyshev modes in the vertical and up to 30
Fourier modes in the horizontal (cross-wind) direction.



