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1. Introduction

Accretion disks occur widely in astrophysics, and are found in binary star systems,
protoplanetary systems, as well as near black holes at the center of spiral galaxies.
However, accretion can only occur in the presence of an efficient mechanism for angular
momentum extraction. Typical (thin) accretion disks are hydrodynamically stable since
the specific angular momentum increases outwards. Although turbulence may exist due
to finite amplitude perturbations [1, 2, 3, 4, 5], the transfer of angular momentum by
the resulting eddy diffusivity appears to be insufficient to support observed accretion
rates [6].

The magnetorotational instability (hereafter MRI) present in magnetized accretion
disks is a linear axisymmetric instability that grows on the dynamical time scale 73,5, ~
(2*)~! whenever a poloidal magnetic field is present. Here Q* is the characteristic
angular velocity of the accreting matter. Although originally discovered by Velikhov
[7] and Chandrasekhar [8], it was Balbus & Hawley [9] who first demonstrated that
the MRI provides an efficient mechanism for the extraction of angular momentum from
ionized accretion disks with angular velocity decreasing outward, dQ2*/dr* < 0. When
the imposed poloidal magnetic field (with associated Alfvén speed v%) is weak, the
instability has small wavelength in the direction parallel to the rotation axis and takes
the form of a vertical stack of thin sheets of matter moving alternately radially inwards
and outwards [9, 10]. The efficiency of the resulting angular momentum transport
depends on the amplitude at which the MRI saturates [11]. Thus the saturation of the
MRI is a central question in accretion disk theory.

Since its rediscovery by Balbus and Hawley, the MRI has been the subject of
a number of different numerical simulations. Early simulations [9] examined the
nonlinear evolution of the axisymmetric instability within a local formulation, focusing
on compressible disks but ignoring their vertical structure and explicit dissipation. In
these simulations the background flow is reduced to a Couette flow, and Cartesian
coordinates are used with periodic boundary conditions in the vertical direction.
Subsequent simulations with explicit resistivity (but no explicit viscosity) within the
shearing sheet formulation [12] revealed that the MRI saturates via ohmic diffusivity
n* when the Elsasser number A = v*2/n*Q* is of order one or less, but found that
for larger A the instability continues to grow, apparently without saturation. Fleming
et al [13] subsequently showed, following the suggestion that secondary (‘parasitic’)
shear instabilities of the moving sheets could lead to saturation [14], that the MRI does
apparently saturate if nonaxisymmetric instabilities are included, with the magnetic
energy in the final state somewhat smaller than the initial thermal energy in the disk.
Thus in all cases the computations indicate that the disk remains supported in the radial
direction by thermal pressure. Recent simulations have endeavored to make the models
more realistic by including the vertical structure of the disk as well as other effects, but
the saturation mechanism for the axisymmetric MRI remains unresolved.

The problem is characterized by three distinct time scales: the fast rotational time
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scale, a moderate Alfvén time scale and a slow dissipative time scale. This large range of
scales makes the problem difficult to simulate in a direct numerical simulation, since one
must integrate over at least one dissipative time scale to reach saturation. On the other
hand this disparity in time scales can be used to construct a self-consistent asymptotic
description [11] that allows us to explore the saturation of the instability.

In order to extract the essence of the problem we adopt the model considered
originally by Balbus and Hawley [9], i.e., we take a local model of a disk with
homogeneous structure in both the radial and axial directions, and constant imposed
toroidal and poloidal magnetic fields. We assume for simplicity that the flow is
incompressible, but include explicitly both ohmic and viscous dissipation.

2. Problem Formulation

To describe the local dynamics of the MRI occurring within a cylindrical geometry we
select a reference frame a distance r* from the central axis and suppose that this frame
rotates with the local angular velocity ©* = Q*(r*)z. The equations of motion for a
rotating electrically conducting viscous incompressible fluid are

1 1 1
u. +u - Vu+2Q xu' = - —Vp'— —V B+ —B". V'B*
p 210p Hop
+ I/*V*Qu*,

B:* 4 u* - V*B* — B*. v*u* 4 U*V*QB*,
Vi-u*=V*.-B* = 0.

Here p* is the density, and v* and n* are, respectively, the kinematic viscosity and ohmic
diffusivity, all assumed constant. We choose (z*,y*, z*) as local Cartesian coordinates
with x* pointing in the radial direction, y* in the azimuthal direction and z* parallel
to the rotation axis. In this local approximation we may assume a straight channel
geometry —L*/2 < x* < L*/2, —o0 < y* < 00, —00 < z* < 00, and suppose that the
azimuthal shear is locally linear, Uy = (0,0%z,0), 0* < 0, and that a constant magnetic
field Bo = (0, B, B;,;) is present. In thin accretion disks the rotation rate Q*(r*) is
determined by the primary Kepler balance r*Q** = GM* /r*2. However, in a laboratory
setting Q*(r*) is set by external boundary conditions, i.e., differentially rotating outer
and inner cylinders.

In the following we non-dimensionalize these equations using a velocity scale U*, a
length scale L*, and B, as the magnetic field scale; the corresponding dimensionless
quantities are indicated by the absence of the superscript *. Thus u* = (u*,v*,w*) =
U*(u,v,w), b* = (a*,b*,¢*) = Bpu(a,b,c). In addition it is convenient to introduce
the meridional stream function ¢ and the meridional flux function ¢ such that
(u,v,w) = (=1, v,1;), (a,b,¢) = (—¢,, b, ¢,). The axisymmetric equations then take
the dimensionless form

VA +2Qu, + J(, V) = vi V3¢, + 03 (6, Vi) + vV, (1)
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v — (2Q 4+ 0) ¥, + J(Y,v) = vib, +viJ[9,b] + vV, (2)
¢+ J (¥, 9) = 1. + V70, (3)
b+ (¥, b) =v. =06, + J(6,0) + V"D, (4)

where v = By, /uop*U** is the square of the dimensionless Alfvén speed associated
with the vertical (poloidal) magnetic field, J(f,g) = f.9. — f.g., and Q = Q*L*/U*,
o = o*L*/U*, v = v*/U*L*, and n = n*/U*L* are the dimensionless rotation rate,
shear rate, kinematic viscosity, and ohmic diffusivity. Note that B,,. drops out of
these equations. This is not so in an annulus, where hoop stresses are present,
and the MRI becomes oscillatory [15, 16]. Furthermore, invariance under reflection
x — —x, (1, v,0,0) = —(¢,v,¢,b) implies no distinction between inward and outward
directions. Consequently, in this local model the direction of accretion and of (angular)
momentum flux must be imposed externally.

2.1. Linear Theory

Equations (1)-(4), linearized about the trivial state ¢ = v = ¢ = b = 0, yield the
dispersion relation

PN+ vp) (A +1p) + van®? + 200°[(A + np)*(2Q2 + 0) + ovin’] = 0, (5)

where p = k? +n? and ) is the growth rate of perturbations of the form exp(ikx + inz).
This equation yields positive growth rates for a finite interval of vertical wavenumbers n
whenever o < 0,v4 # 0, provided only that v and 7 are sufficiently small [9]. Equation
(5) also yields an expression for the threshold for the instability, i.e., A = 0, which may
be interpreted as defining a critical Elsasser number A = v%/Qn, namely,

Ao = — |vnp® + Qon® + \/9202714 +2Qn2p*n(ov — (2Q + o)n)| /pQn. (6)

3. Derivation of the Reduced Equations

In this section we extend the asymptotic analysis of Eqgs. (1)-(4) by Julien & Knobloch
[17, 11, 18] in two ways: we allow for independent scaling of the dissipative processes
and the driving rotation and shear,

(V’ 77) = G(ﬁa ﬁ)’ (Q> J) = 571(5\27 &)7 (77,, )‘) = 671(ﬁa X)? (7)

where € < 1, 0 < 1, and for multiple scales in the x direction required to accommodate
lateral boundary conditions. Specifically, we propose a multiple scales expansion in x
with 9, replaced by 619, +dx, where X = dz. In addition vertical derivatives are large,
0, — 6710, as are time derivatives 9, — d710,. In all cases we choose the characteristic
scales by taking v4 = 1.

In parallel with the above assumptions, we need to make further assumptions about
the relative magnitude of the various fields. The rapid shearing by the azimuthal flow
suggests that we take (1, ¢) — 6/2€'/2(1), ¢) and (v,b) — 6~ (v, b). Existing results for
strongly nonlinear solutions [17, 11, 18] are recovered on letting 6 — .
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We find it convenient to separate the fields into mean and fluctuating components,
f(x7X7Z7t):7(X)+f/(x7X7Z7t)7 7: 9

where the overbar denotes the average in both space and time,

7,V—o0o T

1
f(X):= lim —/ f(z, z, X, t)dxdzdt.
TV

Averaging Eqgs. (2) and (4) yields the mean azimuthal equations

€267 Jx (1, 0) = €26703Jx (0, b) + edDOXT, (8)

€252 Tx(1,0) = €202 Tx(6,0) + e5OXD, (9)
where Jx(f,g) = 0x f0.9 — 0.f0xg. The fluctuating equations are

Ty 4 () 20+ (5) L0, VP = AV + (10)

(5)" 3@ 920 + (5 ) 09"/ + O((c0)?. o),

1
2

o= () (2048) v+ (5)7 (o) 48 (Jx(@r0) = Tx(0,0) ) 41)

[N

€

o+ (5) 03 (Julol 1) + 8 (Jx(0,0) = Tx6D)) + (5 ) 790,

6+ (5)" 1w d) =t + (5) V% +0((e0)},0), (12)
b (5) (a0 ¥) 46 (Jx(0.0) = Te(B.)) = vt~ () 50+ (13)
(g) (Ju(&,0) + 8 (Jx(60) = Tx(6,0)) ) + (g) v,

where J,(f,g) = 0,f0.g — 0.f8,9, V = V 4 6%dx and V = (8,,0,d.).

We now expand the variables ¢, v, ¢,b in terms of the small parameters €, in
the form ¢ = 3, ; €/267/%;; with similar expressions for the other three fields. From
Egs. (10-13) we obtain vy; = bj; = 0 to all orders. Given this fact and that vj, = 0
from O(e~*/267/2) in (10) and bip = 0 in (11) and (13) at O(¢'/?), we find that the first
nontrivial balances occur at O(1) in (10) and (12) and O(e'/26/2) in (11) and (13). The
reduced fluctuating equations are

2./ A,/ € % ro2, 2 ./

v2¢00t + 2Qvy,, + (5) Jz (Yo, V21/)00) = U124V2¢00z + (14)
2 (€ % roT2 €\ ~T4

VA (S) (00, Vo) + (5) ZAVAR P
/ O ~ — / € % / /

€

_ 3 € Pt
v; (blllz — Oxboo o, + <5) AT b60)> + <5) AV
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€ €

b+ (5) 1 ) = i+ (£) 7900 (1)

1
- €\2 . _
b/llt - aXboowém + (‘) Jx(wém b/n) = ’Uilz — (6 + OxTo) ¢60Z + (17)

o
€\ 2 €\ =
(5) Jo (D0, v11), + <g> V20,
Thus nonlinear and dissipative terms are retained at leading order when 6 = € (Case A)

but become subdominant when ¢ < § < 1 (Case B). Closure of the reduced fluctuating
equations (14)-(17) requires the determination of dxWy and dxbg. Nontrivial balances

in the mean equations (8) and (9) first arise at O(ed) giving
POxxToo = — Ox (Voo T — vA%ho:0h1) » (18)
0xxboo = — Ox (Vho:bh — Ghosv11 ) - (19)

We are permitted to integrate once to obtain explicitly the quantities needed to close
the system,

5 — ! / 277 ;T — o 27 17
VOxoo = — Yo, V11 + V4P00.011 = UpoVn — ViaGpebis, (20)

N0xboo = — Yobhy + Pho-vly + C = ugebly — agevly + C, (21)

where the constant C is determined by radial force balance across the channel in the
saturated state. Note that with this closure for dxToo and Oxbgo, there is no coupling via
a large scale derivative in X, thus Ty and by are linear functions in X. Furthermore,
note that vy is directly related to the angular momentum transfer of the system, through
the xy component of the stress tensor,

— / _ / /
Thy = Ugyv11 — Aggbr1 = =Yg, V11 + Gpg.b11-

We can therefore evaluate the efficiency of angular momentum transport by examining
the quantity T, = POxToo [19]. Similarly for the mixed stress terms we define

Moy = uggbir — agevin = —¥go,bi1 + g, 011,
with
M;By = ﬁaxl_)oo —C.

The total volume-averaged energy of the MRI is given by E(t) = [(|V}o|2 +v2) +
VA(|Vdpol? + b3 )dxdz. If saturation occurs in the reduced model, total energy |E(t)| is

bounded and 9,E(t) — 0. The energy balance for the reduced system then enforces the
global constraint at saturation

— (6 4 OxToo) DOxToo — v40xboo (773)(500 - C) - (22)
€N |~ (o2, SNV =~ (T2 4/ v
(5) {’/ ((V2¢00)2 + |VU11|2) +1 <(V2¢00)2 + |Vb11‘2>} =0.

The mean azimuthal flow shear generated by the MRI serves to counteract the ambient

shear, i.e., OxTgp > 0. The first term is thus positive definite and so is balanced by
the remaining three terms. Of these the third and fourth terms are negative definite,
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while the second term is only negative definite if Oxbyy and M,, are of the same sign.
Moreover, since M,, = 0 for both single mode solutions of (14)-(17) [17, 11, 18] and in
the numerical solutions (see below), saturation of the MRI in the energy norm requires
the presence of viscous and/or ohmic dissipation.

In the remainder of the paper we consider only Case A, with 6 = € and A ~ O(1).

4. Numerical method for simulation of the reduced equations

The reduced system derived in §3 is solved in a box of size Lx x N,L, where N, is the
number of vertical wavelengths, L, of the fastest growing linear mode (determined from

the scaled linear dispersion relation) and Lx ~ ¢!

is now the large scale transverse
dimension. We choose periodic boundary conditions in the z direction to simulate a
vertically infinite domain. In the x direction, we impose either periodic or stress-free
conditions. Periodic boundary conditions in the horizontal are relevant to astrophysical
shearing box models, while impenetrable stress-free conditions relate to laboratory
experiments [20, 21, 22].

Time integration is performed using the semi-implicit Runge-Kutta method
developed by Spalart et al [23]. This method is second-order accurate for terms that
are treated implicitly (diffusive terms, DV*),, DV2l,, V3¢, and V2V, in our
model) and achieves third order accuracy for terms treated explicitly (nonlinear and
cross terms). We use a Fourier/trigonometric spatial discretization with the standard
2/3 de-aliasing rule required because of the quadratic nonlinearities in the problem.
Closure is obtained by spatially averaging over the small-scales as described in Egs. (20)-
(21). The parameter € relating the large scale X with the small scales (z, z) enters our
model implicitly through the size of our computational domain, Lx = ¢ L.

5. Results

5.1. Single Mode Theory

Julien & Knobloch [17, 11, 18] established the existence of exact, saturated, single-mode
solutions to the reduced equations (14)-(21) for Case A with 6 =€, A = O(1). This is
in contrast to the requirement A < 1 identified by Sano et. al. [12] in the absence of
viscosity. These single-mode solutions take the z-invariant form

hho = cos(nz)y(t), vl =sin(nz)vy(t), due = sin(nz)ey(t), by = cos(nz)bi(t)
together with mean field shear profiles
3)(@00 = V,(X), 8)(500 = B/(X)

Thus all Jacobian nonlinear terms in (14)-(17) are identically zero and the only surviving
nonlinearities arise solely through interactions between fluctuating and mean quantities.
Using the resulting nonlinear dispersion relation, as defined in [11], one is able to obtain
explicit formulae for the steady-state saturated values of amplitudes vy, v(, ¢, b, and
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the associated mean field responses V'(X), B/(X). For these solutions M,, = 0 owing
to their parity in the z direction. Specifically, if C' = 0 it follows that B'(X) = 0. We
have used these exact results to test the code.

Each simulation is started with the above initial conditions, with the vertical
wavenumber n chosen to maximize the linear theory growth rate. Periodic boundary
conditions are imposed in the radial direction. With no mechanism to modify the
initial wavenumber, only this wavenumber is present for the length of the computation.
Therefore, the fields 1, b}, remain 90° out of phase with vj;, ¢y, throughout the
approach to saturation. The growth rate A is calculated by fitting the growth of the
global quantity V/(X) while the instability is still in the kinematic phase (figure 1).
Sample results for various parameter values versus the single mode theory are shown in
figure 2.

5.2. Stress-free Boundary Conditions

With periodic boundary conditions and a monochromatic vertical mode given by the
linear dispersion relation the MRI instability evolves as a single-mode solution as
described in [17, 11]. However, recent laboratory experiments require the inclusion of
impenetrable boundary conditions in the radial direction. For simplicity and efficiency
in our numerical approach we use stress-free boundary conditions in the x direction for
which a complete Fourier pseudospectral algorithm is possible. The boundary conditions
are responsible for the presence of boundary layers which match with the solution in
the interior of the domain.

In the following simulations we use a spatially modulated monochromatic mode as
initial condition, viz.,

ho = cos(nz) sin(mx/ Ly )y, vy, = sin(nz)sin(mz/Lx vy,
by = sin(nz) sin(mx/Lx)dg, by, = cos(nz)sin(rx/Lx)by,

where Lx is the length of the computational domain in the x direction. The evolution
of V'(X) to the saturated state for Keplerian flow, Q= —2/30, together with 6 = —1,
n=10=1 vy =1, and § = € = 0.1 is shown in figure 3. The saturated state
resulting from this initial condition is shown in figure 4. In the interior of the domain,
the fields 1, b}; approach a constant value in z and have zero mean in the z direction.
The profiles of the z-average of the fields v]; and ¢, are shown in figure 5. Modulo
their mean, these fields resemble those obtained with periodic boundary conditions, and
remain out of phase with 1, b};.

Since we are now allowing for boundary effects, the nonlinear dispersion relation
used to calculate V'(X) and |[1){,|| L~ cannot predict the correct saturated values of these
quantities. Figure 6 compares the numerically obtained values against the asymptotic
results when ¢ = 0.1. We see that the numerically calculated V’'(X), which is of
primary interest, is still well predicted by the asymptotic single mode theory. The
growth rates differ, however, since the growth of modes with horizontal structure is no
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longer predicted by the single mode asymptotics. In addition, the values for 1, are now
dominated by boundary effects. The rms in z of ¢, for & = —1 and a range of values
of 1 is shown in figure 7, where the penetration of boundary effects can be seen.

5.83. Other Initial Conditions

For more robust exploration of the saturation process, we now look at a sample of
different initial conditions. We do not begin the simulations with the fastest growing
eigenfunction, but pick initial conditions with no bias for this (or any other) mode, and
allow it to grow naturally.

We first look at an initial ¢, in the form of a Gaussian in the center (in x) of the
domain corresponding to a spatially localized vertical magnetic field. The other variables
are initialized with v}, = b}, = 0 with ¢, as a small pseudorandom perturbation. The
computational domain is set up to allow 16 of the fastest growing linear wavelengths in
the z direction and 10 times this wavelength in the = direction. The evolution of ¢y, is
shown in figure 8. At the beginning of the simulation the instability is in its kinematic
stage, and the dominant structure is indeed the fastest growing linear mode (figure 8b).
As the solution evolves and the flow saturates, nonlinear interactions send energy to
smaller wavenumbers and the flow coarsens to the largest wavelength supported by the
domain.

For comparison, figure 9 shows the evolution of ¢f, starting from a small
perturbation ¢y, and ¢y, = v;; = bj; = 0. As before, the fastest growing linear
wavenumber dominates the flow in the kinematic stage. As saturation is approached,
the flow coarsens to larger and larger wavelengths in the vertical direction until the
flow is dominated by the lowest vertical wavenumber supported on the computational
domain.

The single mode theory as presented by Julien & Knobloch in [11] predicts this
coarsening of the flow to the lowest wavenumber supported by the computational
domain. Although an initially random field has no bias towards the single mode theory
and includes a mixture of many modes, the value of V/(X) for the coarsened, saturated
flow matches the single mode theory for a mode with the largest wavelength supported
by the computational domain. The saturated values of V'(X) with random initial
conditions with varying vertical box lengths are shown in figure 10 and follow the single
mode theory.

5.4. Statistics

The transport of angular momentum is the primary reason for studying the saturation
of the MRI instability. Sano et al [12] found that magnetic Reynolds stresses dominate
Reynolds stresses in the transport of angular momentum, a conclusion confirmed in
figure 11 for various values of 77 when & = —1, ) = —2/36, v =1, vg = 1 and
e = 0.1. We also find, consistent with the single-mode investigations of [11], that while
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the values of the fluctuating quantities increase with 7j the back-reaction V'(X) saturates
(figure 11).

Finally, we may associate a turbulent viscosity with the fully developed MRI using
the estimate vy ~ uL,, L, ~ 2me/n. Thus vy ~ 2me||1){y|| L~ and the turbulent viscosity
is of order e.

6. Conclusion

In this work we derived and simulated a new class of asymptotic partial differential
equations describing the evolution of the MRI. These reduced equations take advantage
of disparate spatio-temporal scales relevant to astrophysical disks and laboratory
experiments namely: to ~ Q7' < 1,t,, ~ O(1),tg4ss > 1 and describe the evolution
of O(d) wavelength perturbations in z over O(6~') rotation periods. Two classes of
reduced equations were identified.

In Case A, where ¢ = § < 1 and A = O(1), dissipative effects lead to saturation
of the amplitude of the fingering modes. Numerical simulations show that the single
mode theory of Knobloch & Julien [17] captures the essence of the saturation process.
In particular the saturated back-reaction on the imposed shear (see figure 10) provides
a measure of turbulent angular momentum transport.

In Case B, where ¢ < § < 1 and A > O(1), dissipative effects are subdominant.
Preliminary investigation of the single mode solutions to the reduced pdes (not presented
here) shows that V/(X), and thus angular momentum transport, continues to saturate,
while the amplitudes of the fluctuating modes grow algebraically in time. In contrast,
the amplitude of the inviscid single mode solution of Goodman and Xu [14] grows
exponentially. The predictions of this model will be described elsewhere.
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Figure 1. The evolution of V’/(X) for ¢ = —1, 0= —-2/36,1=1,v=1,v4 =1, and
0 = € = 0.1. Kinematic growth in the early phase is followed by saturation.
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Figure 2. Comparison with single-mode theory. (a) The wavenumber 7,4z
of the fastest growing mode, (b) its growth rate Aja., (c) the resulting shear
rate V/(X) and (d) the maximum stream function amplitude predicted by the
nonlinear dispersion relation with the computed value at the midpoint |¥o|,, .. =
maxo<z<n.L [¥ho(Lx /2, z,t)|, as functions of 7 for Q= —2/30,v=1,v4 =1 and
o = —100, —10, —1 (dashed-dot, dashed, solid). The numerical results with diamonds,
asterisks and crosses representing ¢ = —100, —10, —1, respectively, are superposed on
the analytical predictions of Knobloch & Julien [17]. The choice of the computational
domain to be an exact multiple of the fastest growing wavelength ensures that the

wavenumber is the analytically calculated n,qz.
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Figure 3. The evolution of V'(X) with stress-free boundary conditions when o = —1,
O=-2/30,n=1,v=1,va4=1,and 6 =e=0.1.

oL 0L oL 10L

by
L35
0.90
045
0.00
045
090
135
L
x

oL 0L [+] 10L

4.87 3L
L

Figure 4. The saturated state reached in figure 3.

P £

T
0 L 0L

Figure 5. The z-average of v}; (solid) and ¢g, (dashed) in figure 4. The quantities
Yo and bj; have zero mean in the z direction.
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Figure 6. Asymptotic predictions for (a) the wavenumber 7,4, of the fastest growing
mode, (b) its growth rate Ajaz, (¢) the resulting shear rate V'(X) and (d) the
maximum stream function amplitude predicted by the nonlinear dispersion relation
with the computed value at the midpoint |Uy|,,.. = maxo<.<n.r [¥0o(Lx /2,2, tso)l,
as functions of 7 for 0= —2/36, v =1,v4 =1 and 6 = —100,—10, —1 (dashed-dot,
dashed, solid) with superposed numerical results (squares, diamonds, asterisks). The
choice of the computational domain to be an exact multiple of the fastest growing
wavelength ensures that wavenumber is the analytically calculated 7n,,44-
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Figure 7. Root-mean-square of ¥, as a function of % for integer values from 77 = 1
(lowest curve) to 77 = 10 (highest curve) with Q@ = —2/36,6 = -1, V=1, vg =1 and
d=€e=0.1.



A Reduced Model for the MRI: Derivation and Sitmulation 15
N II ! E
oL x wL oL - wL oL x wL o
Figure 8. The evolution of ¢j, from an initial Gaussian profile in z with ¢ = —1,
0N=-2/3c0,n=1,v=1,va4=1,and § =e =0.1.
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Figure 9. The evolution of ¢j, starting from small amplitude random initial
conditions with 0 = -1, Q= -2/30, 1=1,v=1,vs =1,and § = e =0.1.
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Figure 10. The value of V/(X) for each of the saturated states begun with varying
vertical box length Lz, where n = 27/Lz. The solid line represents the single mode
theory from [11], while the asterisks denote numerical results taken after the flow has
coarsened to the box-filling wavelingth Ly starting from a random small amplitude

perturbation. The parametersare Q =1,6 = —-15,v=n=1,v4 =1land§ = e =0.1.
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Figure 11. Reynolds and magnetic Reynolds stresses in Eq. (20) for V/(X). The
values of V/(X), —vial,bl,/V, uhyvi,/V are represented by crosses, diamonds and
asterisks, respectively. Here 7] varies from 1 to 10 while ¢ = —1, Q= —2/30, v =1,
vg=1,and § =e=0.1.




