
Highly Supercritical Convection in Strong Magnetic FieldsbyKeith Julien1, Edgar Knobloch2 and Steve Tobias31 Department of Applied Mathematics, University of Colorado, Boulder CO803092 Department of Physics, University of California, Berkeley CA 947203 Department of Applied Mathematics and Theoretical Physics, University ofCambridge, Cambridge, CB3 9EW, UKAbstractFully nonlinear convection in a strong imposed magnetic �eld is studied inthe regime in which the convective velocities are not strong enough to distortthe magnetic �eld substantially. Motivated by convection in sunspots bothvertical and inclined imposed �elds are considered. In this regime the lead-ing order nonlinearity is provided by the distortion of the horizontally aver-aged temperature pro�le. For overstable convection this pro�le is determinedfrom the solution of a nonlinear eigenvalue problem for the (time-averaged)Nusselt number and oscillation frequency, and evolves towards an isothermalpro�le with increasing Rayleigh number. In the presence of variable magneticPrandtl number �(z) the pro�le is asymmetric with respect to midlevel, butnonetheless develops an isothermal core in the highly supercritical regime. Ahysteretic transition between two distinct convection regimes is identi�ed inthe inclined case, and used to suggest an explanation for the sharp boundarybetween the sunspot umbra and penumbra. These results are obtained via anasymptotic expansion in inverse powers of the Chandrasekhar number, andgeneralize readily to a polytropic atmosphere.1 IntroductionThe study of convection in an imposed magnetic �eld is motivated primarily byastrophysical applications, particularly by the observed magnetic �eld dynamicsin the solar convection zone (Hughes and Proctor 1988). Applications to sunspots(Thomas and Weiss 1992) have led several authors to investigate the suppressionof convection by strong magnetic �elds. The linear and weakly nonlinear theorydescribing this suppression is summarized by Chandrasekhar (1961) and Proctorand Weiss (1982).In this paper we summarize a recent development that allows us to extendthese strong-�eld results, semi-analytically, into the fully nonlinear regime andgeneralize it to include background strati�cation. The resulting solutions are validat Rayleigh numbers arbitrarily far above onset. These solutions are constructedvia an asymptotic expansion in inverse powers of the Chandrasekhar number Q.1



This dimensionless number measures the strength of the imposed magnetic �eldand in the large Q limit leads to a simpli�ed set of dynamical equations. In theseequations the dominant nonlinearity arises from the nonlinear distortion of themean temperature pro�le; the strong magnetic �eld resists distortion by the ve-locity �eld and the Lorentz force arising from the distortion of the magnetic �eldremains small. As a result our solutions are characterized by a single wavenumberin the horizontal with the vertical structure given by the solution of a nonlineareigenvalue problem for the Nusselt number. The derivation of this nonlinear eigen-value problem can be performed analytically although the problem itself must besolved numerically, and can be performed for both steady and oscillatory magneto-convection and for both vertical and tilted imposed �elds. Although these resultsare formally obtained for stress-free boundary conditions, in the strong magnetic�eld limit they describe the dynamics outside of narrow boundary layers for othertypes of boundary conditions as well.Of particular interest is the fact that our approach applies equally to the casein which the magnetic Prandtl number � depends nontrivially on the depth zwithin the layer. Not only does this allow us to explore more realistic pro�les ofthe magnetic and thermal di�usivities but it also makes accessible the interestingcase in which � passes through one somewhere in the layer. Recall that near thesurface of the solar convection zone (1,500 km < z < 20; 000 km) the thermaldi�usivity is reduced owing to the increase in opacity caused by ionization andin this region � > 1, favouring steady convection. Both above and below thisregion � < 1, favouring overstable convection. It has been suggested (Knoblochand Weiss 1984, Weiss et al. 1990) that these changes in � are responsible forthe presence of umbral dots with the more e�cient steady convection penetratinginto the overlying regions of less e�cient overstable convection and forming theintermittent bright spots observed in sunspot umbrae. Our solutions in this regimelend further support to this idea. We �nd strongly nonlinear two- and three-dimensional solutions in which overturning convection in the lower part of thelayer is coupled to overstable convection in the upper part. The resulting solutionis periodic in time but the oscillation amplitude is small near the bottom and largenear the top. Moreover the oscillation period becomes independent of the appliedRayleigh number at high Rayleigh numbers indicating that the oscillation is ofmagnetic origin. In the case of tilted magnetic �eld our methods permit us toconstruct two-dimensional solutions only. Although not as general, these solutionsreveal an unexpected and important transition with increasing Rayleigh numberto a novel form of convection in which the input heat is converted into magneticenergy instead of being transported across the layer. This transition occurs onlyfor su�ciently large tilt angles and is hysteretic, and may be related to the abrupttransition from umbra to penumbra observed in sunspots. As a �rst step towardsa realistic sunspot model based on these ideas we also describe how our methodsgeneralize to a strati�ed atmosphere. 2



2 Formulation of the ProblemWe begin with Boussinesq magnetoconvection in a plane horizontal layer describedby the dimensionless equations1� DvDt = �r� + �QB � rB+RaT ẑ+r2v; (1)DTDt = r2T; (2)DBDt = B � rv �r� (�r�B); (3)r � v = 0; r �B = 0: (4)Here v = (u; v; w) is the velocity �eld in Cartesian coordinates (x; y; z) with zvertically upwards. The symbol T denotes the temperature, while � is the total(thermal and magnetic) pressure. The velocity �eld is written in the form v =U+ u, where U(z) is a possible mean 
ow and u(x; y; z; t) is the convective 
ow.Likewise, the dimensionless magnetic �eld is assumed to be the superposition B =r̂+B+b of an imposed oblique �eld of unit strength, a mean �eldB(z), and a three-dimensional �eld b(x; y; z; t) both due to the presence of convection. The oblique�eld is denoted by r̂ = (sin#; 0; cos#), where # denotes the angle with respect tothe vertical in the (x; z) plane. The equations have been nondimensionalized withrespect to the thermal di�usion time in the vertical. The resulting dimensionlessparameters Q = B20d2�0��� ; Ra = g��Td3�� ; � = ��; � = ��; (5)are the Chandrasekhar, Rayleigh, and thermal and magnetic Prandtl numbers,respectively. We writeu(x; y; z; t) = r� �(x; y; z; t)ẑ +r�r�  (x; y; z; t)ẑ; (6)b(x; y; z; t) = r�A(x; y; z; t)ẑ +r�r�B(x; y; z; t)ẑ:Equations (1-4) are solved for a 
uid con�ned between boundaries at �xedtemperatures, T (0) = 1; T (1) = 0; (7)which are impenetrable and either stress-free or no-slip at the top and bottom.The simplest magnetic boundary conditions, employed by Matthews et al. (1992),require that the �eld be tilted by the same angle # to the vertical everywhere on thetop and bottom boundaries. However, in the large Q limit the detailed nature ofthe boundary conditions becomes unimportant: the solutions for di�erent magneticor velocity boundary conditions di�er in thin boundary layers at top and bottomonly. Periodic boundary conditions in the horizontal are assumed.3



For large values of the Chandrasekhar number Q simpli�ed equations de-scribing the nonlinear problem can be obtained using the scaling (cf. Julien etal. 1999, 2000) (x; y) = Q� 14 (x0; y0); t = Q� 12 t0: (8)With this scaling we focus on small horizontal scales (and high frequency oscilla-tions in the case of overstable convection). For an alternative scaling see Matthews(1999). Because the strong magnetic �eld tends to align the cells with the tilt weexpect the solutions to manifest small scale oscillations in the vertical with anO(Q 14 ) vertical wavenumber, in addition to variation on the usual O(1) scale cor-responding to the layer depth. We denote these scales by z0 and Z, respectively,and write @x; @y = Q 14 (@x0 ; @y0); @z = Q 14 @z0 +D; @t = Q 12 @t0 ; (9)where D � @Z . Throughout we focus on O(Q) Rayleigh numbers, i.e., we alsowrite Ra = QRa0. The Prandtl numbers � and � are not scaled and remain oforder one. However, the latter is allowed to vary with depth. The resulting ex-pansion re
ects the tendency towards small scale motion aligned with the inclinedmagnetic �eld and describes correctly not only the linear and nonlinear propertiesof solutions with these wavenumbers but also those with the O(Q 16 ) wavenumbersselected by linear theory (Chandrasekhar 1961). In addition the analysis withO(Q 14 ) wavenumbers captures the transition from overstable convection preferredat small � to steady overturning convection preferred for � > 1. Next, we scale the
uid variables such that all three components of the velocity and magnetic �eldperturbations are comparable, with u � O(Q 14 ) and b � O(Q� 14 ), i.e., we write� = �0(x0; y0; z0; Z; t0;Q); (10) = Q� 14 0(x0; y0; z0; Z; t0;Q); (11)A = Q� 12A0(x0; y0; z0; Z; t0;Q); (12)B = Q� 34B0(x0; y0; z; Z; t0;Q): (13)Finally, to allow substantial deformation of the mean temperature gradient, wewrite T = �0(Z;Q) +Q� 14 �0(x0; y0; z0; Z; t0;Q); (14)where �0 denotes the 
uctuations from the mean. In the following we drop allprimes.The above scaling works for both stress-free and no-slip boundary conditionsat top and bottom since it describes the dynamics in the bulk, i.e., outside ofthin boundary layers required by speci�c velocity and magnetic �eld boundaryconditions. (Julien et al. 1999, 2000). The resulting equations are solved by anasymptotic expansion in powers of Q� 14 of the form	 = 	1 +Q� 14	2 +Q� 12	3 + � � � ; (15)4



where 	 � (�;  ; �;A;B)T . At O(Q0) one obtainsr̂ � r0�1 = 0; r̂ � r0 1 = 0; r̂ � r0A1 = 0; r̂ � r0B1 = 0: (16)Thus on small scales all perturbations align with the imposed magnetic �eld. So-lutions of this type take the form	1(x; Z; t) = Z 	1(k0; Z; t) eik0�x dk0 + c.c., (17)where k0 � r̂ = 0. Since r̂ = (sin#; 0; cos #) and (k0x; k0y) = k0?(cos�; sin�) itfollows that k0z = �k0x tan# = �k0? cos� tan#. The solvability condition atO(Q� 14 ) yields evolution equations for the amplitudes 	1(k0; Z; t) :1��@t�1 � 1k20?PN�(	1)� = ��r̂zDA1 � 1k20?PM�(	1)�� k20�1; (18)1��@t 1+ 1k20k20?PN (	1)� = Rak20 �1+��r̂zDB1+ 1k20k20?PM (	1)��k20 1; (19)@tA1 � 1k20?PMA(	1) = r̂zD�1 � �k20A1; (20)@tB1 � 1k20?PMB(	1) = r̂zD 1 � �k20B1; (21)where P is a projection operator that �lters out the fast spatial variation, de�nedby Pf(	1) � 1(2�)3 Z e�ik0�xf(	1) dx; (22)and the quantities M , N denote nonlinear terms. Explicit expressions for theseterms can be found in Julien et al. (1999).The temperature equation yields the following equations at O(Q 14 ) and O(Q0),respectively,@t�1 � J [�1; �1] + �r0?@z 1 � r0?�1 �r20? 1@z�1��r20? 1D�0 = r20�1; (23)@t�2 � J [�1; �2]� J [�2; �1] + �r0?@z 1 � r0?�2 �r20? 1@z�2� (24)+�r0?@z 2 � r0?�1 �r20? 2@z�1�+ �r0?D 1 � r0?�1 �r20? 1D�1��r20? 2D�0 = r20�2 + 2@zD�1 +D2�0:Here the symbol J(f; g) denotes the horizontal Jacobian fxgy � fygx. Equation(23) can be solved for �1. Once this is done the solvability condition for the meanpart of �2 yields D2�0 +D(r2? 1 �1) = 0; (25)5



which can be integrated once, obtainingD�0 +r2? 1 �1 = �K: (26)For steady patterns the constant K is identi�ed with the Nusselt number; for oscil-latory patterns we extend the meaning of the overbar to indicate an average overtime as well. For such patterns K represents the time-averaged Nusselt number.Equations (18-21) and (23,26) constitute a closed set of equations for the ver-tical pro�les of the di�erent �elds. The simplest case of such evolution is o�eredby (tilted) two-dimensional solutions of the form	1 = 	L(Z) exp(i!t+ ik0 � x) + 	R(Z) exp(i!t� ik0 � x) + c.c. (27)For these solutions the nonlinear terms in equations (18-21) vanish and conse-quently the toroidal �elds �1, A1 also vanish (Julien et al. 1999). The remainingquantities  1, B1 and �1 satisfy linear equations:( i!� + k20)k20 (L;R) = Ra�(L;R) + �k20 r̂zDB(L;R) (28)(i! + �k20)B(L;R) = r̂zD (L;R); (29)(i! + k20)�(L;R) = �k20? (L;R) D�0: (30)These coupled equations may be collapsed using the transformation	1L = 	1p1 + jcj2 ; 	1R = c 	1p1 + jcj2 ; (31)where c = 0(1) for travelling (standing) waves. Here 	1(Z) = (	(Z); B(Z);�(Z)).>From equation (26) we now obtainD�0�1 + 2k20k40?!2 + k40 j	j2� = �K; (32)with K given by the requirement that �0(0) = 1, �0(1) = 0:K = " Z 10 !2 + k40!2 + k40 + 2k20k40?j	j2dZ#�1; (33)while equations (28-30) yield the nonlinear eigenvalue problemD2	� (D�)k20i! + �k20D	� 1̂r2z�� i!� +k20�(i!+�k20)	+RaKr̂2z� (i! + �k20)(�i! + k20)!2 + k40 + 2k20k40?j	j2 k20?k20 	 = 0:(34)The solutions of this problem depend on the prescribed function �(z) as well as theparameters Ra, k0, k0? and �. The corresponding results for a vertical magnetic�eld are recovered on setting r̂z = 1 (Julien et al. 1999). Note that steady solutions(! = 0) are independent of both � and �, at least if � is depth-independent. Thelatter is not generally true and for �nite Q the steady solutions do depend on �.6



2.1 Dynamics and symmetryThe solutions obtained by solving the nonlinear eigenvalue problem (34) representa special type of simple, stationary, spatially periodic solutions. Despite theirsimplicity these solutions are important. For example, Julien et al. (1999) showthat in the case of an imposed vertical �eld all spatially periodic three-dimensionalsolutions possess the same (time-averaged) Nusselt number and frequency. Theselection among these planforms is due to subdominant eigenvalues describing theirrelative stability but absent from the theory. In addition to this lack of planformselection there is one other e�ect that disappears in the large Q limit. Boussinesqconvection in a tilted �eld has a special property: the equations (and boundaryconditions) are equivariant (i.e., symmetric) under a re
ection in a vertical planefollowed by a re
ection in the midplane of the layer. As a result if a left-travellingwave is a solution so is a right-travelling wave, and consequently so are standingwaves. Moreover, steady solutions in the form of tilted convection cells are alsopossible. However, as noted by Matthews et al. (1992) and discussed in moredetail by Knobloch (1994), when the properties of the layer depend on depth themidplane symmetry is usually lost. In this case there are generically no steadystate bifurcations from the conduction state and the primary instability is a Hopfbifurcation to travelling waves with a preferred direction of propagation selectedby the tilt together with the depth-dependence. There are also no bifurcations tostanding waves, the counterparts of which are quasiperiodic waves that appear ina secondary bifurcation from the primary travelling wave branch. These e�ectsare absent in our limit because they rely on frequency splitting due to the depth-dependence and this remains of order one, i.e., on the O(Q 12 ) timescale the driftof our steady solutions is negligible and so is the second frequency accompanyingour standing waves, or the frequency di�erence between left- and right-travellingwaves. Likewise, the splitting in the critical Rayleigh numbers for the onset of left-and right-travelling waves remains O(1) and hence small compared to the O(Q)Rayleigh numbers considered. It is important to bear these facts in mind wheninterpreting the solutions described below.These shortcomings notwithstanding, the asymptotic equations (18-23,26) pro-vide a much simpli�ed description of the dynamics of the system in the high Qlimit. The resulting equations for three-dimensional magnetoconvection in a ver-tical �eld, 1�@t�1 = �(z)DA1 +r2?�1; (35)1�@tr2? 1 = �Ra�1 + �(z)Dr2?B1 +r4? 1; (36)@tA1 = D�1 + �(z)r2?A1; (37)@tB1 = D 1 + �(z)r2?B1; (38)@t�1 �r2?�1 = r2? 1 D�0; (39)7



coupled via (26), bear a considerable similarity to those derived Babin et al. (1994)for rapidly rotating turbulence. These equations have an invariant subspace �1 =A1 = 0. The dynamics in this subspace are described by equations (36,38,39) and(26); at �nite amplitude vortical motion may be excited by secondary instabilities,resulting in the spontaneous generation of helicity, both 
uid and magnetic. How-ever, even aside from this interesting possibility, it is clear that the dynamics in thezero-helicity invariant subspace can be turbulent, much as in the related problemof rapidly rotating convection (Julien et al. 1998), i.e., that the solutions describedby the nonlinear eigevalue problem (34) need not be stable, particularly if three-dimensional periodic boxes with spatial period larger than 2�=k0? are employed.Simulations of these equations (and of equations (18-23,26)) in these circumstancesare therefore of fundamental interest and will be described elsewhere.3 ResultsIn this section we summarize the results obtained thus far from the nonlineareigenvalue problem (34). This problem is to be solved subject to the boundaryconditions 	(0) = 	(1) = 0; (40)imposing impermeability of the boundaries. Once this is done the mean (i.e., av-eraged horizontally and in time) temperature pro�le �0 can be found from therelation (32). The calculations are performed on a discretised one-dimensionalmesh using an iterative Newton-Raphson-Kantorovich scheme with O(10�10) ac-curacy in the L2 norm of 	(Z) and the corresponding eigenvalues. For each Rathe solution determinesK and ! as eigenvalues of equation (34) and the associatedeigenfunction 	(Z).In the following we present results �rst for the case of a vertical magnetic�eld (# = 0), and then discuss the case of an inclined �eld (# 6= 0) in the twocases � = 0, � = �=2 (see �g. 1). All results are obtained with the horizontalwavenumber k0? = 1 and Prandtl number � = 1:1. (In Julien et al (1999) solutionsare obtained for both k0? = 1 and k0 = 1.)3.1 Linear theoryWe �rst summarize the linear stability properties of the conduction solution v = 0,T = 1� z, B = r̂ in the two cases � = 0, � = �=2 obtained from the full equationswith stress-free boundaries and �xed �eld inclination. Fig. 2 shows the criticalRayleigh number Rac and the corresponding wavenumber kc as a function of Q forsteady and oscillatory convection for several di�erent values of the tilt angle # when� = 0. As expected, when � = 0 the critical Rayleigh number increases rapidlywith increasing Q, i.e., the inclined magnetic �eld has a stabilizing e�ect. Thise�ect depends only weakly on the tilt angle but decreases as this angle increases.8



Figure 1: A sketch indicating the orientation of perpendicular (� = 0) and parallel(� = �=2) rolls.
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Fig. 2c shows the approach of Rac(Q) to its asymptotic behaviour, and con�rmsthat in this regime Rac = O(Q) for the tilt angles considered. However, for largeQ one expects kc = O(Q 16 ) but this behaviour is found only for tilt angles that aresmall enough; for tilt angles exceeding approximately 30� an O(1) wavenumber isselected instead. These results re
ect the dominant component of the �eld: forsteady convection in an imposed vertical �eld, kc � (12�4Q) 16 while for an imposedhorizontal �eld, kc � � 32Q� 14 . In both cases Rac � �2Q. These two types ofbehaviour indicate that as the tilt angle increases the system undergoes a transitionin which its behaviour changes from one in which the vertical �eld dominates to onein which the horizontal �eld dominates. We shall see that such a transition occursin the nonlinear regime as well. In contrast, when � = �=2 kc � (12�4Q cos2 #) 16 ,Rac � �2 cos2 #Q, provided that Q cos2 #� 1, and the transition to the horizontal�eld behaviour occurs only for tilt angles # = �=2 � O(Q� 12 ), i.e., for horizontal�elds. In this case the magnetic �eld has no e�ect on the onset of convection andthe selected wavenumber is therefore O(1). Thus in either case large wavenumbersare selected for tilt angles that are not too large.These results are to be compared with those obtained from the linearized eigen-value problem (34). For constant � we obtainRa(s) = (1 + cos2 � tan2 #)h�2 cos2 #+ (1 + cos2 � tan2 #)2k40?i Q; (41)where k20 = k20?(1 + cos2 � tan2 #). The minimum occurs at k0? = 0:Ra(s)c = (1 + cos2 � tan2 #)�2 cos2 #Q: (42)This equation predicts that for � = 0 Rac is independent of #, in good agreementwith the results of �g. 2. Likewise, for � < 1, the onset of overstable oscillationsoccurs atRa(o) = (1+cos2 � tan2 #)� � + ��(1 + �)�h�2 cos2 # ��+(1+�)(1+�)(1+cos2 � tan2 #)2k40?i Q;(43)!(o)2 = �(1 + �)h(1� �)�2 cos2 # � � �(1 + �)(1 + cos2 � tan2 #)2k40?i Q: (44)Again, the minimum occurs at k0? = 0:Ra(o)c = (1+cos2 � tan2 #)�� + �1 + ���2 cos2 # �Q; !(o)2c = � 1� �1 + ���2 cos2 # ��Q(45)and is independent of # when � = 0. In these expressions the wavenumber k0?is the scaled horizontal wavenumber. The selection of k0? = 0 is thus a re
ectionof the selection (in the exact problem) of a smaller wavenumber, viz. k0? =O(Q 16 ) in unscaled variables. However, the Q 14 scaling determines correctly theresulting minimum Rayleigh numbers and frequency. Moreover, as pointed out by10



Figure 2: The critical Rayleigh number Rac and wavenumber kc for onset of (i)steady, (ii) oscillatory perpendicular rolls (� = 0) as functions of Q for severalvalues of # and � = 0:1. Figs. (c) show the approach of Rac(Q) to its asymptoticbehaviour at large Q.
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Chandrasekhar (1961), the O(Q 14 ) wavenumber scaling also captures the transitionfrom steady to oscillatory convection. This transition takes place when !(o)c = 0,i.e., at RaTB = (1 + cos2 � tan2 #)� � + ��(1 + �)��2 cos2 #Q; (46)k?TB = � � cos#(1 + cos2 � tan2 #)� 12 ��(1� �)�(1 + �)� 14Q 14 ; (47)and de�nes the Takens-Bogdanov (TB) point. Consequently the O(Q 14 ) scalingdescribes correctly not only the vicinity of the Takens-Bogdanov point but alsothe behaviour for onset wavenumbers far from this point, i.e., it allows us to retainthe full wavenumber dependence of the problem.For future reference we note that when # = 0 all � dependence necessarily dropsout. However, in contrast to the moderate Q results of Matthews et al. (1992)Rac(� = �=2) < Rac(� = 0) for all # 6= 0 and hence away from the Takens-Bogdanov point parallel rolls are always selected at onset.3.2 Vertical �eld with constant �In �g. 3 we show the (time-averaged) Nusselt number K and frequency for bothsteady and overstable convection in a vertical �eld as a function of the scaledRayleigh number Ra. Observe that solutions can be obtained for highly super-critical Rayleigh numbers and that K increases monotonically with increasing Rawhile the frequency ! appears to saturate, indicating that the oscillations are ofmagnetic origin. Figs. 4 and 5 show the corresponding mean temperature pro�les�0 � T (z) for several values of Ra. For both steady and oscillatory convection thetemperature gradients are con�ned to thinner and thinner boundary layers at thetop and bottom as Ra increases. At the same time the bulk of the layer becomesmore and more isothermal. Note that these boundary layers are symmetrical withrespect to z = 1=2 and that the isothermal interior has temperature T = 1=2, i.e.,a temperature that is exactly half way between the temperatures at the top andbottom boundaries.3.3 Vertical �eld with depth-dependent �The situation changes dramatically when � � �(Z). We followWeiss et al. (1990,1996)and Julien et al. (1999, 2000) and choose a linear dependence on depth, �(Z) =�0 + �(1 � Z), focusing on the case in which � changes from favouring oscillatoryconvection at the top of the layer (� < 1) to favouring steady convection at thebottom of the layer (� > 1).Fig. 6a shows the Nusselt number K(Ra) for several values of � when �0 =1. Fig. 6b shows the corresponding results for the more interesting case �0 =0:2. In this case the convective instability is oscillatory and consequently we also12



Figure 3: The (time-averaged) Nusselt number K for (a) steady (solid line) andoscillatory (dashed line) convection in a vertical �eld as a function of the scaledRayleigh number Ra when � = 0:1 and � = 1:1. Fig. (b) shows the corresponding(scaled) oscillation frequency !.
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Figure 4: Mean temperature pro�les T (z) for steady convection at several valuesof the (scaled) Rayleigh number showing the development of an isothermal corewith increasing Ra when � = 0:1
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Figure 5: Same as �g. 4 but for oscillatory convection when � = 0:1, � = 1:1.
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show the oscillation frequency ! (�g. 6c). These �gures show that the di�erencesbetween the e�ects of variable � on steady and oscillatory convection extend intothe nonlinear regime. In the steady case (�g. 6a) the Nusselt number is quiteinsensitive to � and one has to go to Ra values in excess of 105 to see a realdi�erence. Nonetheless the trend is clear: at each Rayleigh number the Nusseltnumber decreases monotonically with increasing �. For oscillatory convection the� dependence is much stronger. As expected the Nusselt number is largest forsmall �. These solutions also have the smallest asymptotic frequency at large Ra;not surprisingly this makes convective transport more e�cient and hence increasesthe Nusselt number. In �g. 7 we show the dependence of the mean temperaturepro�le on � at a high Rayleigh number in each of these two cases. Observe thatas � increases away from zero the mean temperature pro�le acquires asymmetrywith respect to the midplane z = 1=2. For large Rayleigh numbers the layer stilldevelops an isothermal core but now its temperature Tcore di�ers from T = 1=2.For steady convection with � > 0 Tcore > 1=2 while the opposite is the case when� < 0. Consequently the temperature jump in the upper boundary layer is largerthan that in the lower one when � > 0 and conversely. Once again the local decreasein the thermal di�usivity near the lower boundary makes convection easier nearthe bottom and hence we expect its maximum amplitude to fall below z = 1=2 as� increases. In addition lower thermal di�usivity implies that at a given Rayleighnumber the temperature jump across the lower thermal boundary layer also fallsbelow 1/2, as seen in �g. 7a. This is ultimately why Tcore increases with �. Despitethis appealing picture for steady convection the results for oscillatory convectionreveal an opposite trend. Thus, as shown in �g. 7b, the core temperature movestowards lower values with increasing �, indicating that despite the decrease inthermal di�usivity near the bottom boundary the time-averaged temperature dropacross the lower boundary layer increases. This is presumably because the repeated
ow reversals do, on average, increase the boundary layer thickness, but what isunexpected is the magnitude of the resulting shift in the core temperature. Fig. 8summarizes the shifts with � in the core temperatures in the two cases. Fig. 9shows the pro�les of the square of the eigenfunction j 1(z)j in the oscillatoryregime when � = 0:0 and � = 1:0, both at onset and at Ra = 20106. When � = 0:0the pro�les are symmetric, with largest amplitude at z = 1=2. When � > 0 bothpro�les become asymmetric and peak above midheight; the e�ect is enhanced bynonlinearity.As shown in �g. 10 nonlinear oscillations may be present even when lineartheory predicts steady onset. In this case the oscillation frequency decreases tozero at �nite amplitude where the branch of oscillatory solutions bifurcates fromthe steady branch (cf. Julien et al. 1999).
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Figure 6: The Nusselt number K(Ra) for �(Z) = �0 + �(1 � Z) at several valuesof � when � = 1:1. (a) Steady convection when �0 = 1:0 and � = 0:0 (solid),� = 0:5 (dashed), � = 1:0 (dot-dashed) and � = 5:0 (dot-dot-dot-dashed). (b)Oscillatory convection when �0 = 0:2 and � = 0:0 (asterisks), � = 2:0 (diamonds)and � = 5:0 (triangles). Fig. (c) shows the oscillation frequency ! correspondingto (b). Notice that for steady convection K(Ra) remains largely independent of�, but for oscillatory convection both K and the asymptotic frequency !1 dependstrongly on �. 17



Figure 7: Mean temperature pro�les T (Z) for (a) steady convection and � = 0(1)5at Ra = 52100 and (b) oscillatory convection as a function of � = 0(0:5)5 atRa = 20106, � = 1:1. The core temperature shifts monotonically from Tcore = 1=2as � increases.
18



Figure 8: The core temperature Tcore, determined from high Rayleigh numbercomputations, as a function of � for steady convection (solid line) when �0 = 1:0 andoscillatory convection (dashed line) when �0 = 0:2, � = 1:1. The isothermal coretemperature increases slightly with increasing � in the steady case but decreasesin the oscillatory case.
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Figure 9: The square of the eigenfunction j 1(Z)j for oscillatory convection atonset for (a) � = 0:0 and (b) � = 1:0, showing the gradual development of localizedoscillations in the upper part of the layer. (c,d) The corresponding j 1(Z)j2 atRa = 20106. The Prandtl number � = 1:1.
20



Figure 10: (a) The time-averaged Nusselt number K and (b) oscillation frequency! as functions of Ra for � = 5:0, � = 1:1.
21



3.4 Tilted �eld with constant �Calculations show that these results are not changed qualitatively when the mag-netic �eld is tilted, provided that the tilt angle # is not too large. However,with increasing tilt both steady and oscillatory convection become less e�cient attransporting heat, and the Rayleigh number dependence of the Nusselt numberbecomes weaker (see �g. 11). The increase in tilt angle leads to a larger Lorentzforce, which in turn leads to a suppression of the heat transport. For the steadycase the dependence on tilt angle is much weaker. This is to be expected since inthe oscillatory regime ohmic di�usion has only a �nite time to reduce the Lorentzforce due to �eld distortion before the 
ow reverses and the Lorentz force dependsstrongly on the tilt angle. In contrast in the steady case the Lorentz force exertsa much weaker e�ect and the reduction of the Nusselt number is largely due to ageometrical e�ect: the strong oblique magnetic �eld inclines the convection cellsrelative to the vertical allowing them more time to lose their upward buoyancy toadjacent descending 
uid.Fig. 12 shows the corresponding results for the oscillatory mode when # =�=4. The �gure reveals a remarkable behaviour: the Nusselt number K initiallyincreases rapidly with Ra as in the vertical magnetic �eld case, but then undergoesa hysteretic transition to a new state characterized by a small Nusselt number, andone that decreases slowly with increasing Ra. Since the conductive 
ux increaseswith Ra the convective 
ux in this regime must decrease even more rapidly. Asthis state is followed to larger Rayleigh numbers we see that the mean temperaturebecomes almost piecewise linear (�g. 13), with a limited isothermal core. Theextent of this core quickly saturates, in contrast to the case of a vertical �eldfor which the isothermal core grows continuously with Ra as the temperaturegradients are compressed into ever thinner thermal boundary layers (as in �g. 5).Evidently, in this state increasing the heat input does not result in increased heattransport across the layer. Instead, as discussed further below, the added energyis all stored in the magnetic �eld perturbations (since the �eld strength is largethis is achieved with small deformation of the �eld); moreover, the perturbationmagnetic �eld suppresses the convective motion in the boundary layers near thetop and bottom (see �g. 13a) thereby reducing the transport of heat across thelayer. These conclusions are supported by detailed computations of energy 
uxes(Julien et al. 2000) and are a consequence of the fact that the 
ow must alwayscross magnetic �eld lines. In this regime (i.e., on the branch where the Nusseltnumber remains low as Ra is increased) the system of perpendicular rolls thereforebehaves much more like one with an imposed horizontal �eld.Fig. 13b indicates that the new regime (hereafter the \horizontal" regime) ischaracterized by broad thermal boundary layers. This is a simple consequence ofthe suppression of all 
ow in these layers (see �g. 13a) by the perturbation magnetic�eld. As a result the temperature pro�le in these boundary layers is linear. Forexample, equation (32) shows that in the top boundary layer �0 = K(1� z). Since22



Figure 11: The (time-averaged) Nusselt number K for (a) steady (solid line) andoscillatory (dashed line) perpendicular rolls and # = 10�; 20�; 30� as a functionof the scaled Rayleigh number Ra when � = 0:1, � = 1:1. Fig. (b) shows thecorresponding oscillation frequency !.
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Figure 12: (a) The (time-averaged) Nusselt numberK for oscillatory perpendicularrolls as a function of the scaled Rayleigh number Ra for # = �=4 and � = 0:1,� = 1:1. (b) The corresponding frequency !. Note the hysteretic transitionfrom the \vertical" convection mode to the \horizontal" convection mode withincreasing Ra.
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Figure 13: (a) Convection amplitude as measured by j	(Z)j and (b) mean temper-ature pro�les �0(Z) for oscillatory perpendicular rolls at # = �=4 at several valuesof the (scaled) Rayleigh number showing the development of broad boundary lay-ers and small isothermal core with increasing Ra when � = 0:1, � = 1:1. Theseproperties are characteristic of the \horizontal" convection mode.
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the temperature at the outer edge of the boundary layers is �0 = 1=2 their widthis approximately 1=2K. Moreover, since K is almost independent of the Rayleighnumber so is their structure once the Rayleigh number is high enough. This is sodespite the fact that the convective amplitude in the isothermal interior continuesto increase as Ra 12 in this regime. Note that the Rayleigh number must exceed acritical value before the \horizontal" convection mode sets in. This is because the
ow in the interior must be strong enough to expell the magnetic �eld perturbationinto the boundary layers at the top and bottom; this expulsion occurs primarilyalong the imposed magnetic �eld. In steady convection the resulting boundarylayer thickness is determined by magnetic Reynolds number and is narrow if thisis large. In contrast in oscillatory 
ow the 
ow reversals prevent the formation ofsuch narrow boundary layers and the boundary layer thickness is determined by theperturbation Lorentz force rather than ohmic di�usion. The resulting boundarylayers are therefore wider than in the case of steady convection. A number ofconclusions follow immediately from the above considerations. First, the transitionbetween the two regimes occurs at lower Rayleigh numbers when # is larger. Indeedfor small values of tilt angle # we have shown that this transition to the lower\horizontal branch" does not occur (for this value of �) but that solutions stay onthe e�cient \vertical branch". Moreover, since the ability of the magnetic �eld tosuppress oscillatory convection increases with decreasing � the value of the Rayleighnumber at which the transition from the \vertical �eld" regime to the \horizontal�eld" regime takes place is an increasing function of �. This argument also explainswhy the two convection regimes are only found in oscillatory convection.In �g. 14 we show that if � is increased too much (to � = 0:15 for this valueof #) the situation becomes radically di�erent. The \vertical �eld" branch nowextends to arbitrarily large Rayleigh numbers while the \horizontal �eld" branchhas become disconnected. The upper saddle-node bifurcation has therefore disap-peared. The disconnected branch moves away from the \vertical branch" as thetilt angle is decreased; moreover, the critical value of � at which the vertical andhorizontal �eld branches disconnect is an increasing function of #.When � = �=2 the behavior is similar but the \horizontal branch" appearsonly for larger values of #. Fig. 15 shows the Rayleigh number dependence of theNusselt number and oscillation frequency for steady and oscillatory parallel rollswhen # = 1, � = 0:1 and � = 1:1. Both convection modes are present at thistilt angle, in contrast to # = �=4 for which the solutions remain on the \verticalbranch" for all values of Ra, cf. �g. 12 for � = 0.3.5 Tilted �eld with depth-dependent �The results for perpendicular rolls with �(Z) = �0 + �(1 � Z) and # = �=4 areshown in �g. 16. The behaviour of both the Nusselt number and frequency withincreasing Ra is very similar to that in the vertical case. For the present param-eter values the primary bifurcation is a steady state one but the resulting steady26



Figure 14: (a) The (time-averaged) Nusselt numberK for oscillatory perpendicularrolls as a function of the scaled Rayleigh number Ra for # = �=4 and � = 0:15,� = 1:1, showing multiple branches. (b) The corresponding frequencies !.
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Figure 15: (a) The (time-averaged) Nusselt numberK for steady (dashed line) andoscillatory (solid line) parallel rolls as a function of the scaled Rayleigh numberRa for # = 1 when � = 0:1, � = 1:1. Fig. (b) shows the corresponding (scaled)oscillation frequency !. There is no transition to the \horizontal" convection mode.
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convection loses stability almost immediately in a Takens-Bogdanov bifurcationto an oscillatory mode. As Ra is increased further the oscillatory mode behavesin the usual manner for the \vertical branch" with K increasing monotonicallywith Ra and the frequency ! saturating. Because of the up-down asymmetry in-troduced by the depth dependence of �, the solution is no longer symmetric withrespect to Z = 1=2. For these parameter values the depth dependence postponesthe appearance of the \horizontal branch" to larger tilt angles.4 GeneralizationsThe procedure outlined above can be generalized to astrophysically more realisticsituations. We describe here some of these generalizations.4.1 Newton's law of cooling at the topIf instead of a �xed temperature boundary condition at the top we use the morerealistic the boundary conditionD�0 + ��0 = 0 on z = 1; � > 0; (48)integration of equation (32) yieldsK�1 = " Z 10 !2 + k40!2 + k40 + 2k20k40?j	j2 dZ#+ ��1: (49)Thus K�1 = K 0�1 + ��1; (50)where K 0 is the Nusselt number for �xed temperature boundary conditions. Thisresult demonstrates that Newton's law of cooling reduces the heat transport.4.2 Fixed heat 
ux at top and bottomIf instead we impose �xed heat 
ux boundary conditions at both top and bottomD�0 = �F on z = 0; 1; (51)then K = 1 regardless of the value of the Rayleigh number. This simply statesthat whatever 
ux goes into the layer must also leave the layer. In this case theNusselt number is clearly not a useful measure of the amplitude of convection.Instead the eigenvalue problem (34) becomes a nonlinear eigenvalue problem forRa and ! and we may use the kinetic energy E � (1=2V ) R juj2dV as a suitablemeasure of the amplitude of convection. Thus no new calculations are necessaryto solve the �xed 
ux problem. In general, an important feature of �xed 
uxconvection is the selection of large scales at onset (Chapman and Proctor 1980,29



Figure 16: The (time-averaged) Nusselt number for oscillatory perpendicular rollswhen # = �=4 and �(Z) = �0 + �(1 � Z) with �0 = 0:1 and � = 2:0. (b) Thecorresponding frequency !(Ra). The primary instability is a steady state one butthe resulting steady convection loses stability almost immediately to oscillations.
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Depassier and Spiegel 1981). If this were the case for magnetoconvection in thelarge Q limit the scaling employed in the derivation would be violated. Fig. 17shows that this concern is unfounded. Although the selected wavenumber remainszero for su�ciently small Q it becomes �nite for larger Q and rapidly approachesO(Q16 ) values as in the case of �xed temperature boundaries. Moreover, in thisregime the critical Rayleigh number increases as Q, as assumed in the theory.The transition from zero to �nite wavenumber with increasing Q is of interestin its own right and can be analyzed as in Knobloch (1989).4.3 Magnetoconvection in a strati�ed atmosphereBackground strati�cation is not only important for astrophysical applications butalso provides another source of vertical asymmetry. In such circumstances weexpect qualitatively similar results to those found for depth-dependent �. In thissection we describe an analogous derivation for this case but con�ne attention tothe simpler two-dimensional problem in an imposed vertical �eld. We eliminatesound waves using the magneto-anelastic approximation (Gilman and Glatzmaier1981, Lantz and Sudan 1995) and thereby focus on dynamics on timescales longcompared with the sound travel time. The basic state is described by the equationsdp0dz = �g�0; p0 = R�0T0; S0 = constant: (52)Here R is the gas constant. It follows from the �rst law of thermodynamics thatdT0dz = � gcp (53)and hence thatT0 = Ts�1� zh�; �0 = �s�1� zh�m; p0 = ps�1� zh�m+1; (54)where the subscript s denotes a reference value (at z = 0), m is the polytropicindex and h is the (temperature) scale height:m = 1
 � 1 ; h = cpTsg : (55)Here 
 = cp=cv.In the following we discuss strongly nonlinear convection in such an atmosphere.The convection arises as a result of a buoyancy force due to a density perturbation�1 of the basic state �0(z) assumed to be small compared to �0 but still largeenough to drive fully nonlinear convection. The basic equations are�0DuDt = �rp1 � �1gẑ + 1�0 (r�B)�B+r � �; (56)31



Figure 17: Linear theory results for onset of steady convection in a vertical mag-netic �eld with �xed heat 
ux boundary conditions, showing that for su�cientlylarge Q O(Q 16 ) wavenumbers are selected. The selected wavenumber kc van-ishes for Q < 376:5 (theory predicts that the selected wavenumber vanishes atQ = Q1 = 376)
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together with the continuity equationr � �0u = 0; (57)the entropy equation�0T0DS1Dt = r � (�rT1) + ��0 jr �Bj2 + �ij@jui; (58)and the induction equation@B@t = r� (u�B)�r� (�r�B); r �B = 0: (59)Here the subscripts 0; 1 denote the basic state and the perturbation about it,respectively, and u, p, �, T and S are the velocity �eld, pressure, density, temper-ature and entropy per unit mass. In addition B is the magnetic �eld while � isthe viscous part of the stress tensor: �ij = �(@iuj + @jui � 23r � u�ij), where � isthe (possibly depth-dependent) coe�cient of dynamic viscosity; bulk viscosity isneglected. The equations are complemented by the perturbed equation of state�1�0 = p1p0 � T1T0 ; (60)and the thermodynamic relationS1 = cpT1T0 �Rp1p0 ; (61)valid for p1 � ps, �1 � �s, T1 � Ts.To obtain results analogous to (34) it su�ces to consider two-dimensional mo-tions (see sect. 2). We therefore write�0u = �@ @z ; 0;�@ @x�; B = �@A@z ; 0;�@A@x �: (62)The resulting equations are nondimensionalized using a characteristic thermal dif-fusivity Ks (cm2/sec) to de�ne units of time and velocity. We choose the layerdepth d as unit of length and B0 as the unit of the magnetic �eld strength. Thebackground pressure, density and temperature are scaled with ps � R�sTs, �s andTs. The thermodynamic relations become�1�0 = ��T�sTs���T1T0 � �p�TR�s p1p0�; S1 = T1T0 � �1� 1
� �p�TR�s p1p0 ; (63)where �p, �� and �T are the units used to nondimensionalize p1, �1 and T1. Theentropy S1 has been expressed in units of cp�T=Ts. Since the equation of motionindicates that the appropriate unit of p1 is the pressure �p � �sK2s=d2 we see that�p�TR�s = dh 

 � 1Ra�1 (64)33



where Ra = g�Td3K2sTs ; Q = B20d2�0�sK2s : (65)These de�nitions should be compared with (5). In the following we shall be inter-ested in d=h = O(1), Ra = O(Q). Consequentlys1 = T1T0 +O(Q�1); �1�0 = ��T�sTs�� T1T0 +O(Q�1) (66)and we do not have to calculate the pressure perturbation p1. This o�ers a con-siderable simpli�cation of the resulting equations which arer2 t + 1�0 zr2 x �  xr2 z�0 + 2dh �0z�20  x xx = �Ra�0T0T1x +Q(Azr2Ax �Axr2Az)+ �2�� xz�0 + @@z  x�0 ��xz � (@xx � @zz)�� @@z  z�0 �  xx�0 �; (67)�0T1t +  zT1x �  xT0 @@z�T1T0� = r � �rT1 + �QRa dh (r2A)2 + �Ra�20 dh��2 xz � �0z�20  x�2+� xx �  zz + �0z�20  z�2 + 13��0z�20  x�2�; (68)At + 1�0 zAx � 1�0 xAz = �r2A: (69)Here �(z) = �(z)=Ks, �(z) = �=�sKs and �(z) has been expressed in units of�scpKs.Equations (67-69) form the basis for the subsequent study. We observe thatthese equations admit an equilibrium with a uniform vertical magnetic �eld andtherefore write A! �x+ A so that nonzero A now indicates departure from theuniform vertical �eld. Since the imposed �eld is vertical the solutions vary on anO(1) vertical scale only. Consequently, we set (cf. equation (9)):@x = Q 14 @x0 ; @z = D; @t = Q 12 @t0 ; A = Q� 12A0; Ra = QRa0 (70)and do not scale  . In addition we expand (dropping primes) the temperature inthe form T1(x; z; t) = T10(z) +Q� 14T11(x; z; t) +Q� 12T12(x; z; t) + : : : (71)Proceeding as in section 2 we obtain at leading order xt = �Ra�0T0T11 +DAx + ��0 xxx; (72)34



At = D �0 + �Axx (73)�0T11t �  xT0D�T10T0 � = �T11xx: (74)The solvability condition for T12 yieldsD(�DT10) = �D( xT11) +  xT11DT0T0 � �Ra dhA2xx � �Ra�20 dh 2xx: (75)For solutions of the form (27) we �nd that 	(z) satis�es the nonlinear eigenvalueproblem D� D	�0(i! + �k2)�� �i! + �k2�0 �	�Ra D(T10=T0)i! + (�=�0)k2	 = 0 (76)D(�DT10) = � 12�k4� j	j2T0D(T10=T0)�20!2 + �2k4 �+ 12�k4 j	j2DT0D(T10=T0)�20!2 + �2k4� 12 �Ra dh k4jD	j2�20(!2 + �2k4) � 12 �Ra�20 dhk4j	j2: (77)In these expressionsT0 = Ts�1� dhz�; �0 = �s�1� dhz�m; (78)and D indicates derivatives with respect to z. Note that the mean temperatureequation no longer has an integral; an integral exists only when d � h. In thislimit one recovers the Boussinesq formulation.The linear problem in the strati�ed case is recovered on setting 	 = 0 in thetemperature equation. ThenDT10 = �N=�; N�1 = Z 10 dz� ; (79)and the eigenvalue problem becomes linear. This problem is to be solved forthe critical Rayleigh number Rac for the onset of instability and ! its frequencyfor given pro�les of �, �, �0 and T0. The nonlinear problem then describes theevolution of the convection amplitude 	 and the accompanying deformation of themean temperature pro�le as Ra increases above Rac much as in section 2.5 Implications for sunspotsIn this article we have summarized some of the fully nonlinear results that canbe obtained by reformulating the problem of convection in an imposed magnetic35



�eld as a nonlinear eigenvalue problem. Such a reformulation is possible when the�eld strength is large and the distortion of the �eld by the 
ow remains small.This reformulation promises to have signi�cant applications in astrophysics andin particular for convection in sunspots, because realistic pro�les of density andof the various di�usivities can be readily incorporated. We have considered hereonly the case where � varies linearly with height, decreasing upwards, but con-sidered both vertical and oblique magnetic �elds. This choice of � variation wasmotivated by the numerical simulations of two-dimensional compressible magneto-convection in m = 1 polytropic atmospheres with imposed vertical �eld by Weissand colleagues. We have presented explicit results for incompressible convection,but have indicated how our procedure generalizes to the more realistic anelasticcase. We have found that at large Rayleigh numbers the incompressible systemdevelops an isothermal core just as in the case of constant � except that the coretemperature shifts away from T = 1=2 and that the maximum amplitude of con-vection is displaced from midlevel. We have also seen that in overstable convectionthe dependence on the nonuniformity in �, as parametrized by the parameter �,is nontrivial due to two competing e�ects. First, the assumed � variation tendsto localize the oscillations towards the upper boundary. At the same time, how-ever, it tends to raise the value of � at midlevel and hence to suppress oscillationsaltogether. We found, moreover, that when the �eld is inclined the behaviour ofthe overstable system falls into one of two possible regimes. For small tilt an-gles the magnetic �eld plays a minor role in inhibiting convection and the Nusseltnumber is an increasing function of the Rayleigh number. If the tilt angle is in-creased past a threshold value (which depends on the value of � and on the rollorientation �) a hysteretic transition takes place with increasing Rayleigh numberfrom this \vertical �eld" regime to a \horizontal �eld" regime in which the �eldplays a major role in inhibiting the heat transport. Detailed results demonstratingthis behaviour were presented for both perpendicular and parallel rolls. Althoughwe have been unable to verify that this novel convection regime persists for the(smaller) wavenumbers selected by linear theory for perpendicular rolls at largeQ at these tilt angles, for parallel rolls the selected wavenumbers remain largeand the asymptotic theory captures correctly both convection regimes. Continuityarguments suggest that in the absence of secondary Hopf and parity-breaking bi-furcations (and of sideband instabilities) the \vertical �eld" branch will be stableup to the �rst saddle-node bifurcation (if present), as will the \horizontal �eld"branch beyond the second saddle-node bifurcation; the branch between the twosaddle-nodes is expected to be unstable. These expectations will be checked usingdirect numerical simulations of the reduced equations.It is tempting to speculate about the possible role of the fully nonlinear solu-tions discovered here for the structure of a sunspot. Sunspots consist of a darkcentral region, the umbra, surrounded by a non-axisymmetric �lamentary penum-bra. The penumbra is characterised by radial striations of alternating bright and36



dark �laments. The reason for the sudden transition between the umbra and thepenumbra is poorly understood { but the nonlinear results discussed above suggesta possible mechanism. Observations have shown (e.g., Title et al. 1992) that themagnetic �eld strength does not change signi�cantly across the spot, although thetilt angle does. In the sunspot umbra the magnetic �eld is nearly vertical, whilein the penumbra it is tilted, with the tilt angle away from the vertical an increas-ing function of distance from the centre. Danielson (1961) in his study of tiltedmagnetoconvection speculated that the gradual change in tilt angle would lead toa change in the nature of convection from three-dimensional to two-dimensionalbut did not explain why the transition should be so abrupt. The results describedin this paper suggest a possible scenario (see �gs. 18, 19). For small tilt anglesthe system shows little preference between parallel and perpendicular rolls and theconvection is expected to be fully three-dimensional. [For vertical magnetic �eldsthe results of Clune & Knobloch (1993) indicate that, in the weakly nonlinearregime, three-dimensional structures are preferred at large Q if the onset of con-vection is oscillatory]. Moreover, both parallel and perpendicular rolls remain onthe vertical �eld branch as the tilt angle is increased (at �xed supercritical Ra) andboth transport energy e�ciently. We have seen, however, that there is a criticaltilt angle #c at which there is a saddle-node bifurcation beyond which the systemsettles onto the horizontal �eld branch (�g. 19). Although such a saddle-nodebifurcation is present for both perpendicular and parallel rolls it is encountered�rst for the perpendicular rolls as # (or, equivalently, the radial distance fromthe spot centre) increases. As described above, convection on the horizontal �eldbranch is very ine�cient and for # > #c the Nusselt number drops to small values.This argument suggests that for # > #c heat will be transported only by parallel(i.e., radial) rolls which continue to be e�cient transporters of heat; we supposethese to be in the form of standing waves. Although this argument ignores thenonlinear nature of the solutions at supercritical Rayleigh numbers it does providea natural and promising explanation for the observed sharp transition from three-dimensional to two-dimensional radial structures observed in sunspots. Moreover,it has much in common with the sunspot model put forward recently by Rucklidgeet al. (1995). In particular �gs. 18, 19 suggest that when Ra = 100 the transitionto a penumbra occurs at # � 0:66 but is absent for Ra = 45, i.e., the penum-bra develops with increasing Ra. The same argument suggests that the secondtransition, at # � 1, should be associated with the appearance of a new mode ofconvection, presumably �eld-free convection outside the spot. It is of interest thatthe tilt angle of the �eld at the outer edge of the penumbra of a typical sunspot is� 70�.The scenario outlined above competes with an additional e�ect due to thevariation of the e�ective Rayleigh number across the spot. If we suppose thatthe temperature di�erence between some reference depth and the surface remainsconstant across the spot and that the temperature at depth is uniform, the imposed37



Figure 18: (a) The (time-averaged) Nusselt number for oscillatory perpendicularrolls as a function of the tilt angle # when Ra = 45, � = 0:1, � = 1:1. (b) Thecorresponding frequency !(Ra). Note the presence of an isola of solutions; ofthese those above and between the two saddle-node bifurcations are expected tobe stable.
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Figure 19: (a) Same as �g. 18(a) but for both perpendicular (� = 0) and parallel(� = �=2) rolls when Ra = 100. (b) The corresponding frequency !(Ra). Thetransition to the ine�cient \horizontal mode" occurs �rst for the perpendicularrolls and de�nes the critical tilt angle #c.
39



Rayleigh number Ra will be constant across the spot. In this case Nusselt numbervariations across the spot (see �gs. 18, 19) do not translate into variations intemperature at the visible surface (� = 1 depth). However, linear theory showsthat at large Q the critical Rayleigh number Rac steadily decreases as the tiltangle increases (�g. 2), so that the supercriticality, or e�ective Rayleigh number,increases with radial distance from the spot centre. Although this property of theexact linear problem is absent in the asymptotic regime considered here it suggeststhat we identify our low Rayleigh number \vertical mode" results with convectionin the umbra, and our higher Rayleigh number \horizontal mode" results withconvection in the penumbra. In this scenario the saddle-node bifurcation is againresponsible for the abrupt change in the properties of the umbra and penumbraeven though the e�ective Rayleigh number may vary gradually across the spot.The K(Ra) plots in �gs. 12, 14 and the K(#) plots in �g. 19 suggest whatmight happen if we instead imagine �xing the heat 
ux K (cf. Busse 1967) ratherthan �xing Ra. Fig. 12 shows that there may be as many as three values of Ra atwhich the (time-averaged) heat transport takes the desired value K, a stable oneat low Ra, an unstable one in the middle, and another stable one at very largeRa; the latter may not be present in the �gure which examines only O(Q) valuesof Ra, but must appear at larger Ra. This argument also argues in favour of alow Ra vertical �eld regime and a large Ra horizontal �eld regime, with an abrupttransition between the two; �g. 19 indicates that in a spot with a gradually varyingangle of tilt these regimes would be spatially disjoint. Suitably reformulated, anargument of this type would allow an abrupt temperature change at the � = 1depth with increasing tilt angle, and could, combined with the �rst argument,describe a �lamentary penumbra of the observed type.AcknowledgementsThis work reported here was supported by NASA under SR&T grants NAG5-4918 and MASW-99026 (KJ), DOE under grant DE-FG03-95ER-25251 (EK), NSFunder grant DMS-9703684 (EK) and NASA under SPTP grant NAG5-2256 (SMT).References[1] Busse, F. H. 1967 Non-stationary �nite amplitude convection. J. Fluid Mech.28, 223{239.[2] Chandrasekhar, S. 1961 Hydrodynamic and Hydromagnetic Stability, OxfordUniversity Press.[3] Chapman, C. J. and Proctor, M. R. E. 1980 Nonlinear Rayleigh-B�enard con-vection between poorly conducting boundaries. J. Fluid Mech. 101, 759{782.40
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