
ANALYSIS OF HELIOSEISMIC WAVE FIELDS TO EXAMINE HORIZONTAL STRUCTURESK.A. Julien1, D.O. Gough2;3 and J. Toomre31High Altitude Observatory, National Center for Atmospheric Research, Boulder, Colorado, USA2Institute of Astronomy, University of Cambridge, Cambridge, UK3Joint Institute for Laboratory Astrophysics, University of Colorado, Boulder, Colorado, USA1. ABSTRACTWe present and evaluate a preliminary inversion pro-cedure for carrying out a local area analysis on simu-lated oscillation data to deduce two-dimensional subsur-face structures in the horizontal, representative of ther-mal variations, potentially as function of depth.2. INTRODUCTIONThe advent of nearly continuous observations fromGONG, and similar higher resolution data from the SOI-MDI instrument on SOHO, o�ers major opportunities tostudy solar wave �elds in appreciable detail. An impor-tant goal of helioseismology is to detect coherent hori-zontal structures that may be present within the highlyturbulent solar convection zone. Temperature structuresand subsurface 
ows may be sought by analysing distor-tions of the acoustic wave �eld which arise from varia-tions in the sound speed and di�erential advection ef-fects. Preliminary results were presented by Gough etal. (1992, 1993), showing that one-dimensional simulatedacoustic wave-train data obtained by assuming propaga-tion in just one horizontal direction can be inverted toreveal local variations in sound speed. With this pro-cedure, one-dimensional structure was recovered by ex-tracting the phase distortions of the wave-trains usingone-dimensional Hilbert transforms followed by the useof the JWKB approximation. However, that model ishighly simpli�ed, for it neglects both lateral scatteringby two-dimensional inhomogeneity and interference be-tween waves of the same frequency propagating in di�er-ent directions. Analysing the importance of these e�ectsusing arti�cial oscillation data requires a non-trivial ex-tension to two-dimensional wave �elds propagating on aninhomogeneous background.3. THE WAVE EQUATIONThe problem addressed is the evaluation of an inversionprocedure that utilizes information gained from the phasedistortion occurring in arti�cally generated acoustic waveto determine subsurface thermal structure. These dis-tortions in the acoustic wave �elds would naturally ariseas direct consequence of convective motions in the solarinterior. We restict our attention to acoustic modes ofhigh degree. For in that case acoustic oscillations are

trapped in a shallow wave guide just beneath the photo-sphere: the base of the trapping region being at depthzt = (2n+ 3)l�1R, where n and l are the order and de-gree of the mode and R is the radius of the sun. Becausethe trapping region is shallow the e�ects of curvature areneglected to leading order. Furthermore subsurface os-cillations are assumed adiabatic and to occur within theplane unstrati�ed atmosphere, thus gravity g = 0 andthe pressure p is a constant satisfying rp = 0:Knowledge of thermal inhomogeneity in the atmosphere,characterised by local variations in density, is obtainedvia the determination of the sound speed c, through therelationc2(x; y; z) = 
p=�(x; y; z);where 
 is the adiabatic exponent (assumed constant)and �(x; y; z) is the density. The governing equations de-scribing acoustic wave propagation through such an inho-mogeneous background are the linearised Navier-Stokesequations (neglecting dissipation)@t�0 = �r � (�u); @tp0 = c2(@t�0 + u � r�)@tu = �1�rp0:The variable u and the primed quantities respectively de-note the velocity and thermodynamic 
uctuations aboutthe background state (p; �(x; y; z)) due to wave mo-tions. These are considered small in their amplitudesthus nonlinear terms are neglected. Background inho-mogeneities in velocity arising from convective motionsare neglected (this will be the subject of a future pub-lication). Elimination of u; �0 together with the changeof variable 	 = ��1=2p0 leads to a single wave equation,namely,�r2 � !2cc2 �	 = 1c2 @tt	; (1)where!2cc2 (x; y; z) = �24 + 12r � � with � = �r�=�:!c denotes the cut-o� frequency. The wave variable 	may be interpreted as the linear superposition of high-degree acoustic oscillations con�ned to propagate withinthe shallow wave guide directly beneath the photosphere.Such a superposition constitutes the discrete spectrum ofmodes in frequency (!) and wavenumber (k) space. Thedepth of the wave guide for a given mode is inversely



proportional to the square of the frequency at �xed n:zt / � (2n+ 3)! �2. Therefore, given that wave propagation occuringwithin the shallow atmosphere is essentially horizon-tal implies that modes of di�erent frequency ! sampledi�erent depths. Speci�cally, the horizontal structureat depth z = z� may be investigated by Fourier tran-forming (1) in time t and isolating the normal modes	 = 	̂(x; y;!�)e�i!�t with associated frequency !�. 	then satis�es the Helmholtz equation�r2? +K2�	 = 0; with K2 = �!2� � !2?cc2? �:r2? is the horizontal Laplacian operator. This equationdenotes the starting point from which arti�cal acousticwaves are generated. Speci�cally, variations in the localwavenumber K is a function of the horizontal inhomo-geneity in the medium (due to sound speed variations)that are assumed weak (i.e. O(") with "� 1). Thus, wewriteK2 = k2 (1 + "f(x; y))2h(1 + "f(x; y))2i ; (2)where hi denotes the horizontal average and k2 = hK2ide�nes a characteristic wave number associated with themean background h�i at frequency !�, and f de�nes theweak variation, which for the purposes of this numericalinvestigation is considered a known function to be speci-�ed (Figure 1).4. METHODOLOGY AND SOLUTIONThe solution 	 for a given K(x; y;!�) is sought to pro-vide the arti�cial wave data for the inversion procedure.Given the anzatz (2) the problem is treated by perturba-tion theory, using "� 1 as the order parameter in theexpansion	 = 	0 + "	1 + � � � :This gives the following hierachy of linear partial di�er-ential equations to solveO("0) :r2?	0 + k2	0 = 0;O("1) :r2?	1 + k2	1 = G =: �2k2	0f; � � � : (3)The solution to the zeroth-order problem is known andgiven by a speci�ed superposition of n-plane waves	0 =Xn An cos(k � x+ �n); jkj = k:This may be interpreted as the undistorted componentof the acoustic wave �eld propagating through the meanbackground h�i; An and �n represent the constant am-plitude and phase of the individual wave components.The solution to the �rst-order inhomogeneous wave equa-tion 	1 then gives the scattered wave component whichaccounts for the distortion of the plane waves by theweak inhomogeneity f(x; y). As a further simplication

Figure 1. Sample variation f(x; y) in the local wavenumberK due to variations in sound speed c.the scattered wave solution is constrained such that nowave generation or decay occur within a speci�ed obser-vation region R, thus f(x; y) 2 <, implying that thelocal wavenumber K is real. This is imposed by a ra-diation condition that forces all scattered waves to beoutward propagating at the boundary �R. In the follow-ing analysis no higher-order terms in the expansion havebeen included.We �nd, for numerical simplicity, that the applica-tion of a radiation boundary conditions demands thatthe computational domain be a circular geometry withR = (0; r1)� (0; 2�). Thus we assume the separationof variables in r and �, and set	1 = Xm=0 m(r)eim� ; G = NXm=0 Ĝ(r)eim� :Substitution into the Helmholtz equation (3) then leadsto the inhomogeneous Bessel equation in the radial di-rection for each azimuthal mode m,@rr m + 1r @r m ��m2r2 � k2� m = Ĝm; (4a)whereĜm(r) = Z 2�0 G(r)e�im�d�is the Fourier transformed inhomogeneous right-hand-side G(r; �). Requiring that the scattered wave com-ponent be outward propagating is given by the radiationboundary condition at r = r1; m(r1) = AmHm(kr1); (4b)where H denotes the Hankel function of the �rst kindand Am is a constant to be determimed. In the limitkr � 1,Hm(kr) = Jm(kr)+ iYm(kr) � p 2�kr ei(kr� 12n�� 14�);and thus may be interpreted as an outward propagatingplane wave. The solution for  m(r) can be written in aclosed analytical form m(r) = Bm(r)Jm(kr) + Cm(r)Ym(kr): (5a)



Jm; Ym are the Bessel functions of the �rst and sec-ond kind and the coe�cients Am; Bm(r); Cm(r), aredetermined using a variational,or equivalently a Green-function, method to solve (4) together with regularity atthe origin r = 0 asAm = �i�2 Z r10 Jm(ks)Ĝm(s)sdsBm(r) = ��2 Z r10 (iHm(ks) + Ym(ks))Ĝm(s)sdsCm(r) = �2 Z r0 Jm(ks)Ĝm(s)sds: (5b)5. NUMERICAL ALGORITHMThe solution for the wave distortion 	1 may be com-puted by a direct numerical evaluation of the integrals forthe variational coe�cients (5b) by quadrature. Howeversuch a procedure is not used due to degradation of thenumerical accuracy in the vicinity of the coordinate sin-gularity r = 0; there Bessel functions of the second kindYm � r�m rapidly diverge to the 
oating point limit ofthe computer. Consequently, round-o� errors, that vi-olate the ordering of the perturbation scheme, occur in(5a) when forming products between algebraically diverg-ing Ym � r�m and converging Jm � rm quantities.Round-o� errors are avoided by selecting an appropri-ate choice of basis functions that are well-behaved at thecoordinate singularity. We choose the set of Chebyshevpolynomials, fTj(r); j = 0; pg; because of their spectralcharacteristics on the stretched coordinates r = cos(�);namely Tj(�) = cos j�. This allows the implementationof a spectrally accurate numerical scheme for generatingthe acoustic wave �eld (i.e., exponential convergence inaccuracy as order p >> 1). Additionally, the spectralrepresentation utilizes the Fast-Fourier transform (FFTin both the radial and azimuthal directions. Since Cheby-shev polynomials are not the natural basis functions aris-ing in the inhomogeneous Bessel equations,  m(r) mustbe determined by solving the boundary-value problem (4)together with a regularity condition at the coordinate sin-gularity. However, we note that no regularity conditionneed be imposed if the computational domain is extendedto the interval (�r1; r1), therefore it follows from an in-spection of (4) and (5) that the analytical solution  m(r)may be decomposed into linearly independent symmetricand antisymmetric radial parts according to whether mis even or odd. Therefore, for each order m, one needonly impose the correctly symmetrised radiation bound-ary condition at r = �1 to ensure regularity at r = 0:On rescaling the radial interval to (�1; 1), this gives, m(�1) = (�1)m m(1) = (�1)mAmHm(k):

Figure 2. Collocation points for Fourier-Chebyshev grid in(r; �)-space.We thus employ the following spectral Fourier-Chebyshevdecomposition on the extended domain [�1; 1]� [0; 2�)	1(r; �) = Xm;jeven  m;jTj(r)eim� +Xm;jodd  m;jTj(r)eim�G(r; �) = Xm;jeven gm;jTj(r)eim� +Xm;jodd gm;jTj(r)eim�:Figure 2 illustrates a sample grid of collocation pointsin physical space. The spectral coe�cients  m;j are de-termined by substituting the above expression into theboundary value problem (4) and solving the resultingsystem of linear algebraic equations together with theradiation boundary condition for each azimuthal orderm, namelyLi;j m;j = gm;jPm;j  m;j = AmHm(k)for j = either even or odd. (6)Li;j is a pentadiagonal matrix operator. The spectralcoe�cients gm;j are obtained from the inhomogeneousright-hand-side G(r; �) by a two-dimensional FFT. Tosolve (6) we employ the \tau"-method where the alge-braic equations for the highest Chebyshev mode in (6a)is neglected and exchanged with the boundary condition(6b). The so-called \tau"-errors arising form this oper-ation are signi�cantly small and always remain in thehighest-order Chebyshev mode. Once all the spectralcoe�cients  m;j have been obtained the physical solu-tions is determined by a two-dimensional inverse FFT to(r; �)-space. 6. INVERSIONHaving solved the forward problem of generating arti-�cial acoustic wave �elds, which su�er phase distortionsdue to the horizontal inhomogeneityK(r; �) in the back-ground atmosphere, we now seek a procedure to recap-ture K(r; �) by analysing the wave �eld 	(r; �). Thisrequires a knowledge of the weak phase variation �(r; �)in the wave �eld, which typically occur on lengthscalesmuch greater than the characteristic wavelength of thewave �eld. However, it is not yet clear how to extracta two-dimensional phase variation. We therefore extendan inversion procedure �rst developed by Gough et al.(1991, 1992) for an analysis on one-dimensional acous-tic wave-trains. The inversion procedure proposed is a



Figure 3. Computational domain R containing an exampleinscribed square within which lateral averages are performedalong ��four-step method which involves:a) computing an ensemble of one-dimensional wave-trainsby performing an averaging of the two-dimensional wave�eld about selected propagation directions,b) extracting the averaged phase variations along thesedirections of propagation,c) inverting for the corresponding averaged inhomogene-ity, and �nally,d) performing a tomographic inversion on the ensem-ble of averaged inhomogeneities to reconstruct the two-dimensional background variation.a) Lateral averagingGiven the circular computational domain R the wave�eld within an inscribed square subdomain is extractedfor averaging (Figure 3). The orientation of the inscribedsquare is de�ned by the extent to which its cartesian axes�; � are rotated with respect to the upright x; y axes. Thetwo coordinate systems are related by� ����� = � cos� sin�� sin� cos���xy� ;where the � denotes the angular orientation of the inc-scribed square. The following one-dimensional lateralaverage is then performed on the wave �eld 	(��; ��)within the inscribed square,h	(��)i = Zsquare 	(��; ��)d��We postulate that such an averaged wave �eld containsinformation about the variation of the averaged back-ground inhomogeneity along ��, i.e.,hK(��)i = ZsquareK(��; ��)d��:We further postulate that an ensemble of averages takenon inscribed squares with angular orientation 0 � � < �contains all the information necessary to reconstruct thetwo-dimensional inhomogeneity K(r; �). We de�ne thisensemble average by hK(�;�)i)b) Hilbert inversion for the phase �eld.Even though h	(��)i is a superposition of many simplewave components, we represent it by a singly averaged

waveh	(��)i = A(��;!�) cos ���;!�);having variable amplitude A(��;!�) and phase �(��;!�).Recall that the frequency !� de�nes the depth z = z�of the atmosphere being sampled by the acoustic waves.The Hilbert transform of the averaged wave �eld h	(��)iis de�ned asH[h	(��)i] = 1�P Z +1�1 h	(�)i� � �� d�; (7)where P denotes the Principal part. The averaged wave�eld h	(��)i can formally be separated out into an am-plitude and phase according to�(��) = � tan�1 �H[h	(��)i]h	(��)i �;A(��)2 = h	(��)2i+H(h	(��)i)2:Note that the Hilbert transform for a pure plane waveh	(��)i = A cos(kx+ �), with A; � constant, is given byH[h	(��)i] = �A sin(kx+ �). Thus the above relationfor the amplitude and phase follows trivially. Moreover,given that an arbitrary signal may represented as a su-perposition of plane waves, this relation implies that theHilbert transform of a signal may be computed trivially:one simply takes the FFT of the signal, multiply eachof the Fourier coe�cients by ei�=2 (which is equivalentto the Hilbert transform of a plane wave), and then takethe inverse FFT to real-space. To avoid corruption of theHilbert transform by the Gibbs phenomenon occurring asconsequence of taking the FFT of nonperiodic signals, thesignal should be convolved with an appropriate window-ing function. We implement a folding operation proposedby Isreali et al. 1993 which folds the tails of the signalsuch that the function and all of its even derivatives van-ish at some newly de�ned endpoints (speci�ed close tothe original endpoints of the interval). The signal maythen be extended periodically and its Hilbert transformmay be computed accurately using the FFT.c) Inversion for hK(��)i.Provided that the variation in the wave number K varieson a scale much greater than K�1, the laterally aver-aged hK(��)i can validly be obtained from the JKWBapproximation ashK(��)i = dh�(��)id�� or hK(��)i = [A(��)]�2: (8)Gough et al. (1992, 1993) have shown that the mostaccurate results are obtained from the former expression(8a) involving the phase variations.In Figure 4 we illustrate results of the inversion pro-cedure b) and c) performed on various averaged wave�elds h	(��)i to obtain the corresponding lateral aver-aged variations in the in the background inhomogene-ity hK(��)i. These inversions (solid lines) were obtainedfrom separate simulations of single distorted plane wavepropagating at angle � through the two-dimensional in-homegeneity given in Figure 1. It clearly can be seenthat the inversion procedure utilizing Hilbert transformsis successful in recapturing the mean variations in the



Figure 4. Sample inversions for mean variation, hK(��)i=k � 1(solid line), in local wavenumber due to variations in soundspeed c. The exact variation is given by the dashed line.background from deduced phase variations. Note thatinformation at the tails of the inversion is lost due to thefolding operation used in computing the Hilbert trans-forms. d) Tomographic reconstruction of K(r; �)The ensemble hK(�;�)i for all the averaged backgroundinhomegeneity, obtained using the Hilbert inversion pro-cedure, is the Radon transform of the original two-dimensional background inhomogeneity K(r; �). That is,RK(r; �) = hK(�;�)i;where the symbol R denoting the Radon transform isalso called the projection operator. We now show thatthe Radon transform, which maps the spatial domain(r; �) into the domain (�; �); contains all the informationnecessary to reconstruct K(r; �). In the cartesian frameof the inscribed squares the Radon transform can be ex-pressed ashK(�;�)i = Z 1p2�1p2 K(� cos�� � sin�; � sin�+ � cos�)d�where �1=p2 � � � 1=p2; 0 � � < 2�.The quantity hK(�;�)i is also called a ray-sum, sinceit represents the summation of K(r; �) along a ray at adistance � within an inscribed square oriented at angle �(see Figure 3). Note that in polar cordinates� = r cos(�� �); (9)which implies that the Radon transform maps a �xedpoint in the physical space (r; �) into a sinusoid in the(�; �) domain. Conversely, the value of background inho-mogeneity K(r; �) at the �xed point (r; �) is proportionalto the accumulation of all the the ray-sums hK(�;�)ialong the sinusoid (9). This leads to the following de�ni-tion for a back-projection operation BBhK(r cos(�� �);�)i = ~K(r; �);

where~K(r; �) = Z �0 hK(r cos(�� �);�)id�de�nes the back-projected Radon transform. It can beshown that this function is an image of the original back-groundK(r; �) blurred by the point-spread-function 1=jrj(Jain 1989). That is~K(r; �) = K(r; �)� 1jrj ;where � denotes the convolution operation in polar co-ordinates. In particular, the back-projection operator Bis not the inverse of the R, but is in fact its adjoint (Jain1989). The two-dimensional variation K(r; �) may thenbe recovered by �rst convolving the Radon transformwith a spatial �lter h(r) whose response is jrj, whichremoves the blurring due to point-spread-function, fol-lowed by the back-projection operation. That gives thefollowing inversion relation for the reconstruction of thetwo-dimensional variationK(r; �) = BR[K(r; �)� h(r)];which may written explicity asK(r; �) = Z �0 hK(r cos(�� �);�)i � h(r)d�:This inversion for the two-dimensional variation is ob-tained numerically by evaluating the right-hand-side us-ing a quadrature that sums the convolved ray-sums alongsinusoids.Finally we note that this procedure for tomographicreconstruction, using Radon transforms and back--projections, normally demands that the object underinvestigation be unique and compact. However in thepresent case although it is true that the inscribed squares,from which Radon transform are computed, are compacttheir union does not de�ne a unique object. The commonintersection between the union of inscribed squares is aninscribed circle within the squares. To assess whetherthe back-projections recaptures the two-dimensional vari-ation within this inscribed circle we perform a direct in-version (i.e. no oscillation data are used) on the variationf(x; y) illustrated in Figure 1. In Figure 5a we illusta-trate the convolved Radon transform or one-dimensionalaverages computed from K(r; �); and in Figure 5b we il-lustrate the reconstructed background. It can be seenthat background variation is successfully reconstructedwithin an inscribed circle.7. RESULTS AND DISCUSSIONAn example of the two-dimensional inversion based thelateral averages hK(�;�)i obtained from the N singlewave inversion of Figure 4 with k = 201 is illustratedin Figure 6. It can be seen that the broadest aspectsof the structure are captured. However, noise form theHilbert inversion evident in Figure 4 contaminates theresult. For wave �elds consisting of a superposition ofmany plane monchromatic waves (k = 201) propagat-ing in many directions, lateral averaging within inscribedsquares results in modest contributions from those waves



Figure 5. Tomographic reconstruction of background variationf(x; y) given in Figure 1. a) (lower plot) Radon transform orlateral averages of f(x; y). b) (Upper plot) Inversion by back-projection for two-dimensional variation.

Figure 6. Tomographic inversion for the background variationf(x; y), in Figure 1, using Radon transforms obtained fromarti�cial wave data.travelling at large angles to the propagation direction�. However, contributions from waves travelling alongnear parallel paths lead to interference e�ects that con-taminate the envelope modulation in the averaged back-ground (see example in Figure 7). For monochromaticwaves such interference patterns have zero group veloc-ity and therefore the spurious signals the contaminatethe inversion cannot be swept out of the computationaldomain using a sequence of di�erent time realisations ofthe wave �eld 	, as demonstrated by Gough et al (1992)for one-dimensional wave trains. It is found that some ofthe noise arising due to beating e�ects can be removed byspectral �ltering (Julien, Gough & Toomre 1995), how-ever, enough noise remains to dominate any attempts atinverting for the two-dimensional variation.

Figure 7. Sample mean variation hK(�0)i=k � 1 in the av-eraged local wavenumber due to variations in sound speedc. The distorted wave �eld 	 from which the average wascomputed contains 51 monochromatic waves with a randomamplitudes and phases.It therefore remains a key issue to devise a method thatcan account for the e�ects of mode beating within acous-tic wave �elds. If that were possible the proceduresdiscussed in the paper would provide an inversion tech-nique that will reveal three-dimensional subsurface ther-mal structures (that is two-dimensional horizontal struc-ture as a function of depth). Such a technique will com-plement other local area helioseimic inversion methodssuch as ring diagrams which can only capture localisedaverages of an inhomegeneity as a function of depth.This research was supported in part the Advanced StudyProgram at NCAR and by NASA through grants NAG5-2256 and NAS5-30396.REFERENCES1. Gough D.O., Merry�eld W.J. and J. Toomre, 1991,in Challenges to Theories of the Structure of ModerateMass Stars. Lecture Notes in Physics Vol. 288, ed. D.O.Gough, J. Toomre, Springer-Velag p. 2652. Gough D.O., Merry�eld W.J. and J. Toomre, 1992, inGONG 1992: Seismic Investigation of the Sun and Stars,ASP Conf. Ser. Vol. 42, ed. T.M. Brown, Astron. Soc.Pac., p. 2573. Isreali M., Vozovoi L. and A. Averbuch, 1993, Spec-tral Multidomain Technique with Local Fourier Basis. J.Comp. Phys. Vol. 8, No. 2, p. 1254. Jain A.K. 1989, Fundamentals of Digital Image Pro-cessing, Prentice Hall.5. Julien K.A., Gough D.O., and J. Toomre, 1994,in GONG 1994: Helio- and Asteroseismology from theEarth and Space, ASP Conf. Ser. Vol. 76, eds. R Ul-rich, E. J. Rhodes, Jr., and W. Dappen, Astron. Soc.Pac., p. 196


