Applied Analysis, Spring 2006: Solutions to the final
Problem 1:

(a)
To ensure that A is a projection: A% = A.
To ensure that A is orthogonal: A* = A. (Or ker(A4)+ = ran(A), or ||A|| = 1.)

is true (see Proposition 9.15).

(b)

(1) is true (see Proposition 9.15).

(2)

(3) is false. (Example: A(x1,z2,23,...) = (v1,72/2,73/3,...) on [*(N).)

()

¢on — @ on S(R) iff lim ||¢n — ¢[|a,n = 0 for all a and n, where
n—oo
llellan = sup (1 + |2*)"20%p(2)].
x

(d)

2mi—— (for a full solution, see Problem 2 on Midterm 3).
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is true.

)
) is not true. (Example: x[_1 ) € L', but Xj-1,1] = @ ¢ L)
)
) is true.

(
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If (fn)52 is a sequence of non-negative measurable functions, then

[ (timint £,(@)) du(o) < timint [ £,(0) ),

1
filp): C(I) = C): h—1 /0 cos(p(x)) h(x) dz.



Problem 2: Since cos(2z — 2y) = cos(2z) cos(2y) +sin(2z) sin(2y), we have

[Au](x) = a cos(2x) /

—T

™ ™

cos(2y) u(y) dy + « sin(2x) / sin(2y) u(y) dy.

—T

Setting ¢1(z) = T cos(2z) and pa(z) = \/1; sin(2z), we can write A as
(1) Au = am 1 (@1, u) + am v (p2, u).

Since 1 and @9 are orthogonal and normalized, (1) is the spectral decom-
position of A.

(a) |ran(A) = span{i1, g2} = span{cos(2x), sin(2z)} |

(b) [o(A) = 0p(A) = {0, ma}.

To see this, let (¢ )72 5 be an ON-basis for (span{e1, g02})L (so that (p,)5,
is an ON-basis for H). Then ar is an eigenvalue with eigenvectors 1 and 9,
0 is an eigenvalue with eigenvectors ()% 5. If A ¢ {0, ar}, then (A —AI)~*

is explicitly given by

(A— D)7t

(1, ><p1+

Note that |[(A — A)71|| = max (Mm ERR ) (A — XI)~! is continuous.

c) ’A is self-adjoint if and only if o € ]R‘

To see this, note that (1) implies that

A*u = am ¢y (p1, u) + ar 2 (P2, u),
so A* = A if and only if & = a.

d) ’A is not unitary for any a. ‘

To see this, simply note that, e.g. [|Aps|| = 0 # ||¢s]|.

(e) ’A is a projection if and only if a € {0, 1/7}. ‘

To see this, note that (1) implies that
A?u = (am)? @1 (@1, u) + (am)? o (@o, u) = (am)Auw.



Problem 3: We will prove that there exist finite C' and N such that
Tl <C > léllan:

n,la|<N
First we note that
[T (@) —p(—)
2 T =1 —t“d
(2) (T, ) = limy i . x
1 o 00 —o(—
i [ P@) o) d$+/ p(z) —p(=2) -
eNO0 J¢ T 1 T
= =J
To bound I, we note that
1% O (t) dt ) /
(3) m: lim/ fﬂﬁwi()dx S/ Mdﬁ:ﬂ@hﬂ
eNO0 J¢ x 0 x

To bound J, we note that

@ = |7 e,

X

1
< [ 2lev@lds =2l

Combining (2), (3), and (4), we obtain
(T @il = [T+ J] < 2]lellro + 2 l¢llo1-



Problem 4: First note that

t
— < —<
T _31/4_1 VitelR.
It follows that, for all n and all z,
fn(@) g(2)
— | < lg(x)]
T+ ()| =90

Since [, |g]dz < ||g|l1 < oo, the Lebesgue dominated convergence theorem
applies, and

O fe) P fa@el) N [
W Jy Tt (fala))t /0 <"1—>°°1+(fn(x))4)d /0 0w =0

Problem 5: If LP were a Hilbert space, then the parallelogram law would
imply that

() A+ Al + 1= fAl2 = 211412 = 2] ]2 =0, vV fi, f2 € L.

We need to find f; and f2 such that (5) does not hold. Almost any choices
will do; a particularly simple choice is

fi=Xa,  fo=Xxa,
where ©; and Qy are two disjoint sets such that p(€;) = p(Q2) = 1. Then

_ _ _ P P e _ 1/p _ 51/p
Ifi+ Fellp = 11— faollp = | | (Xq, + Xa,) = (1) + p(22)) " =2

Moreover, for j = 1,2,

1/p )
= [,) " = wepir =1
It follows that

1Fu+ AlG+ 1A = Ll = 21415 - 201 £l =227+ 227 -2 -2,
which equals zero if and only if p = 2.

Alternative solution: This is a shortcut I hadn’t foreseen. It’s entirely by the
rules, though, so it gets full credit:

We know that for p € [1,00), the dual of LP(R%) is L4(R%), where q is the
unique number in [1, oo] such that (1/p)+(1/q) = 1. Since LP # LY, it follows
that LP cannot be a Hilbert space (if it were, then the Riesz representation
theorem would state that the dual of LP is LP itself).
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