Homework set 8 — APPM5450

Problem 1: We say that a sequence ()22 is an approzimate identity if
(1) pn € C(RY), VY,

(2) <pn(:r) Z 07 Vn,:):,

(3) fRd (Pn(x) dr=1, Vn,

(4) Ve > 0, flw\ZE on(x)dr — 0 as n — oo.

(a)

(b)

a) Do the conditions imply that ¢, € §*7
b) Assuming that ¢, € §*, prove that ¢, — § in S*.

Problem 2: Compute the Fourier transforms of f(z) = x[—g,g)(z) and
f(z) = el ¢f examples 11.32 and 11.33.

Problem 3: Let k be a positive integer. Prove that there exist numbers cy,
and C}, such that 0 < ¢ < C < o0, and

(1) e (1+ |zfF) < (1+|:c|2)k/2 < Cp (14 |z|%), Ve R

Check to see if you can readily adapt your proof to also prove the existence
of numbers by, and By, such that 0 < b, < By, < oo such that

(20 b +]e)* < A+ 22 < B+ lal)t, Vo eR-

Note 1: The existence of inequalities such as (1) and (2) are routinely used
(generally without even commenting on it) to replace the growth factor
(1+|x|?)*/2 in the norms || - ||ok by either (1+ |z|*) or (1 + |z[)¥, whenever
convenient.

Note 2: If you have time, you may find it interesting to see what happens
to the numbers by, B, ¢, Cr as k grows large. (This is easily done using
Matlab.)

From the textbook: 11.5, 11.9, 11.10.



