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11.4) If ( )RS∈φ , prove that ( ) ( )δφδφδφ 00 ′−′=′ . 
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Note that in the equality across the line break the following was used: ( ) ψδψδψ ,,0 ′=′−=′−  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



11.9) Let S∈ψ  and define the convolution operator ( ) ( ) ( )∫ −= dyyfyxxKf ψ  for all Sf ∈ .  

Prove that SSK →:  is a continuous linear operator for the topology of S . 

 

Pick S∈φ .  Then 
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Next we introduce the substitution 
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Note that in the step above where the ≤  is we pick N s.t. 1, +≥≥ d
k
 . 

We can bound the denominator (not including the exponent) as follows  
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Continuing from above we have  
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Combining everything we have 


k

CK
2,02,,

φψφ
αα

≤  

Thus SSK →:  is a continuous linear operator for the topology of S . 

 

 

 

 

 



 

11.10) For every nRh∈  define a linear transform SSh →:τ  by ( )( ) ( )hxfxfh −=τ . 

 

a) Prove that for all nRh∈ , hτ  is continuous in the topology of S . 

Assume φφ →n  in S .  
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Where the final equality above substitutes hx +  for x . 

We can bound this as follows  
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Using this bound and continuing from (*) we have 
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The convergence is in the last step comes from the assumption that φφ →n  in S . 

 

 

b)  Prove that for all Sf ∈ , the map fh hτa  is continuous from nR  to S . 

Assume 0→h  in dR .  Then 

( ) ( ) ( )( ) ( ) ( ) 011 0

1
,

2222

,
 →≤∇∂+≤−−∂+=− →

+=
∑ h

k
u

n

kk

kh Chxxhxhxx
αβ

β
αα

α
φφφφφφτ  

Note that above nx  is some point on the line from hx −  to x  and the first inequality uses the 

mean value theorem for integrals. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Problem 1) We say that a sequence ( )∞=1nnφ  is an approximate identity if 
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a) Do the conditions imply that *Sn ∈φ ? 

Yes.  Conditions (1)-(3) above imply that 1Ln ∈φ , and this immediately implies *Sn ∈φ . 

 

b) Assuming that *Sn ∈φ , prove that δφ →n  in *S .  Fix 0>ε . 
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Note that the equality denoted by (a) above uses condition (3). 

We now have ( ) ( )
43421
0

0,1
20,

 →

≥

∞→

∫+≤−

n

x
nun dxx

ε
φφφεφφφ  

This implies ( )
0,1

0,suplim φεφφφ ≤−
→∞

n
n

 

Since ε  was arbitrary we get ( ) 00, →−φφφn , or simply δφ →n  in *S . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Problem 3) Let k be a positive integer.  Prove that there exist kk Cc ,  s.t. ∞<≤< kk Cc0 , and 
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Prove that there exist kk Bb ,  s.t. ∞<≤< kk Bb0 , and 
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To prove (1) we need to prove the following 
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.  Then ( ) 10 =f  and ( ) 1=∞f . 

Since f  is continuous and ( ) 10 =f  and ( ) 1=∞f , the supremum and infemum of f  are attained.  

Since ( ) ∞<< rf0 , it follows that ( ) ∞<
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The proof for (2) is similar. 


