
Homework 6 
 

1) Let 1H  and 2H  be Hilbert spaces, let 21: HHU →  be unitary, and let ( )1HBA∈ .  

Define ( )2
~

HBA∈  by 1~ −=UAUA .  Prove the following. 

 

a) ( ) ( )AA pp

~
σσ =  

Assume ( )Apσλ ∈ , then for some 1Hx∈  we have xAx λ= .  There exists 2Hx ∈′  s.t. xUx ′=  

(and also UxxU =′−1 ).   

Then xAxUUAxUUxUUx
xxI

′=′=′=′=′ −−− ~111

321321321 λλλ . 

Here the first equality uses IUU =−1 . 

The second equality simply moves the constant. 

The third equality uses xAx λ=  (which we assumed). 

The final equality rewrites 1~ −=UAUA . 

 

Note that we can easily prove the other direction with an almost identical argument. 

 

b) ( ) ( )AA cc

~
σσ =  

Assume ( )Acσλ ∈ .   

Then ( )IA λ−  is one-to-one.  This implies that ( ) ( )IAUIAU λλ −=− − ~1  is also one-to-one. 

Also, ( )IAran λ−  is dense.  We want to prove ( ) ( )( )1~ −−=− UIAUranIAran λλ  is dense. 

Pick 2Hx∈ and set 1

1 HxUx ∈=′ − .   

Since ( )IAran λ−  is dense there exist 1Hyn ∈′  s.t. ( ) xyIA n
′→′− λ  in 1H .  Set nn yUy ′= . 

Then ( )
{ {

x
yU

n xUyIAU

n

=
=

′→′−
−1

λ  in 2H .  Then ( ) xyUIAU n →− −1λ  in 2H . 

 

c) ( ) ( )AA rr

~
σσ =    

Assume ( )Acσλ ∈ .   

Then ( )IA λ−  is one-to-one.  This implies that ( ) ( )IAUIAU λλ −=− − ~1  is also one-to-one. 

There exists an ( )⊥−∈ IAranx λ  (i.e there exists an x s.t. (for all y) ( ) xyIA ,0 λ−= ). 

We want to prove that there exists an ( ) ( )( )⊥−⊥
−=−∈′ 1~

UIAUranIAranx λλ .   

Set Uxx =′  and Uyy =′ . 

Then ( ) ( ) ( ) xyUIAUUxyIAUxyIA ′′−=−=⇒−= − ,,0,0 1λλλ . 

 

 

 

 

 



2) Let A be a self-adjoint compact operator.  For ( )Aρλ∈  set ( ) 1−−= IAR λλ  as usual.  

Construct the spectral decomposition of λR .   

Use it to prove that : 
( )( )

( )
µλσλ

σµ

λ −
==

∈ A
Adist

R
inf

1

,

1
. 

 

Since A is a compact, self-adjoint we can write ∑
∞

=

=
1n

nnPA λ  where 0→nλ  and nP  are mutually 

orthogonal projections. 

Then ( ) ∑
∞

=

−

−
=−

1

1 1

n

n

n

PIA
λλ

λ . 

Then ( )
( )( )Adist

IA
n

n
nn σλλλλλ

λ
,

1

inf

11
sup

1 =
−

=
−

=− −
. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



3) Consider the Hilbert space ( )ILH 2=  where [ ]ππ ,−=I .   

Define ( ){ }txxuHut ≥∀=∈=Ω 0:  (note that this is a closed linear subspace of H). 

Define ( )tP  as the orthogonal projection onto tΩ . 

Consider the operator ( )HBA∈  defined by [ ]( ) ( )xxuxAu = . 

 

a) Prove that tΩ  is an invariant subspace of A for every Rt∈ . 

 

Note that M  is an invariant subspace of A if MuMAu ∈∀∈ . 

Pick a tu Ω∈ .  Then [ ]( ) ( )xxuxAu = .   

We need to show that for any ( ) txu Ω∈  we have ( ) txxu Ω∈ .   

For any tx ≥  we know that ( ) ( ) 00 =⇒= xxuxu  so ( ) txxu Ω∈ . 

 

b) Prove that if dcba <≤<  then ( ) ( )( ) ( ) ( )( )cPdPranaPbPran −⊥− .   

Conclude that for any numbers ππ =<<<<=− ntttt L210  it is the case that 

( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]11201 −−⊕⊕−⊕−= nn tPtPrantPtPrantPtPranH L  where each term is an 

invariant subspace of A. 

 

Note that ( ) ( ){ }txxuHutranP ≥∀=∈= 0: .  

Then ( ) ( )( ) ( ){ }bxaxxuHuaPbPran ≥≤∀=∈=− ,0:  (i.e. ( ) ( )( ) [ ]baaPbPupps ,⊆− ). 

Similarly ( ) ( )( ) ( ){ }dxcxxuHucPdPran ≥≤∀=∈=− ,0:  (i.e. ( ) ( )( ) [ ]dccPdPupps ,⊆− ). 

Since dcba <≤<  these supports are disjoint and ( ) ( )( ) ( ) ( )( )cPdPranaPbPran −⊥− . 

 

This easily generalizes to the case where we have n separate supports (as in the later part of this 

problem).  Each term is an invariant subspace because they are projections onto a region (the 

proof is just as simple as in part (a), just replace [ ]t,π−  with [ ]1, −jj tt ). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



c) For a positive integer n set nh π2=  and hjj +−= πλ .   

Define the operator ( ) ( )( )∑
=

−−=
n

j

jjjn PPA
1

1λλλ .  Prove that nAA n π2<− .   

Conclude that AAn →  in norm. 
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The first equality is the definition of the norm. 

The second equality substitutes in the definitions for A  and nA . 

The equality across the first line break exchanges the summation and integral (valid because the 

sum has a finite number of terms). 

The second equality on the middle line substitutes ( ) ( )( ) ( ) ( ) ( ) [ ]jj
xuxuxuPP jj λλλλ ,1 1

~
−

Χ==− −
. 

The next equality uses the fact that ( ) ( )


 ≤≤

= −

else

xxu
xu

jj

0

~ 1 λλ
. 

The inequality (across the line break) factors out the coefficients in each segment. 

The final equality uses 
[ ]

hx j
x jj

≤−
−∈

λ
λλ 1,

sup . 

The last line combines everything to complete the proof. 


