APPM5450 — Applied Analysis: Section exam 3
8:30 — 9:50, April 24, 2013. Closed books.

Problem 1: (36p) No motivation required.
(a) (6p) Define T € S*(R%) via (T, ¢) = (0). What is 77
(b) (6p) Define T' € S*(R?) via (T, ¢) = (0). State for which s € R (if any) we have
/Rd(l +[¢12)° |T(t)|? dt < oo.

(Recall that this is the definition for when T' € H*(R%).)

i} ) 1 x € [0,1] P
(c) (6p) Define T' € S*(R) via T'(z) = x[o,1(*) = 0 v 0,1 What is 7'
1 x>0 .
(d) (6p) Define T' € S*(R) via T'(z) = sign(z) = { 4 v <0 What is T°?

(e) (6p) Give an example of a non-zero Schwartz function ¢ € S(R) such that Fp = —i¢p,
where ¢ is the imaginary unit.

(f) (6p) Which of the following statements are true:
(1) F(L*(R)) € Co(R)

(2) S(R) is dense in S*(R)
(3) LP(R) C S*(R) for every p € [1, o0].
(4) H*(R?) C Cy(R?) when s > d/2.
(5) C'(R) € H*(R).
Problem 2: (24p) Let R denote a real number such that 0 < R < co and define
| mcos(nx) for |z| < R,
fulz) = { 0, for |z| > R.

For which numbers R, if any, is it the case that f, — 0 in S*(R)? Please motivate your answer.

Problem 3: (20p)

(a) (5p) State the definition of a o-algebra.
(b) (5p) State the definition of a measure.

(¢) (10p) Let (X, A, 1) denote a measure space. Suppose that 1, Qo € A. Prove directly from
the axioms that (1 U Q) < u(Q1) + pu(Q2). Give a condition for when equality occurs.

Problem 4: (20p) Set X = [1,00), let A denote the power set on X, let N = {0, 1,2, 3, ...}
denote the natural numbers, and define a measure p on A via

o)=Y 27
7J€QNN

Which of the following functions are Lebesgue integrable with respect to (X, A, )7 For the functions
that are Lebesgue integrable, state the value of | « [ dp. Please motivate briefly.

(a) fi(z) =e”

(b) foz) =€

(c) fs(z) =e€"—9e"
(d) fa(z) = e® cos(rz)



