Because the area under the standard normal curve between -1.96 and 1.96 is .95,

The CLT tells us: we know: B
as the sample size n increases, the sample mean is approximately Normal with p(_ 1.96 < X—p < 1.96) = 095
mean u and standard deviation o/ V7. o/NVn
Thus, we have a standard normal variable This is equivalent to:
— ag — (o
- PlX—196—F— <pu<X+196—— | = 95
7= X —un ( Vi T H Y )
a/Vn

which can be interpreted as the probability that the interval
If the underlying population is Normally distributed, we don’t need CLT or large

sample size for the sample mean to be Normally distributed - normality is < a < o
uaranteed X—19 -—=, X+ 196-—F+=
g : Vn Vn
includes the true mean u is 95%.
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The Clinterval is centered at the sample mean and extends 1.96 g/ Vn

The interval to each side of the sample mean.

— o - o
(X - 1.96 - eV E X+ 196" BV ) Thus the interval's width is 2 (1.96)a/ \/71 and is not random; only the interval
boundaries are random

is thus called the 95% confidence interval for the mean.

This interval varies from sample to sample, as the sample mean varies.

1.960/\/n  1960/\/n
AL A

r N r N

|
1
X—-19%0/\/n X X+ 1.960/\/n

So the interval itself is a random interval: its bounds are random variables.
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For a given sample, the Cl can be expressed either as

g

Vn

(}— 1.96 - \‘;ﬁ,z+ 1.96 - )isa95%CIfor,u

or as

T— 196 — < p <X+ 196 — with 95% confidence

Vi Vi

A concise expression for the intervalis x + 1.96 o/ Vn
where - gives the left endpoint (lower limit) and + gives the right endpoint (upper
limit).
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We started with an event (that the random interval captures the true value u )
whose probability was .95

It is tempting to say that u lies within this fixed interval with probability 0.95.

u is a constant (unfortunately unknown to us). It is therefore incorrect to write the
statement
P(uliesin (a, b)) = 0.95

-- since u either isin (a,b) orisn't.

Basically, u is not random (it’s a constant), so it can't have a probability associated
with its behavior.
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Instead, a correct interpretation of “95% confidence” relies on the long-run relative
frequency interpretation of probability.

To say that an event A has probability .95 is to say that if the same experiment is
performed over and over again, in the long run A will occur 95% of the time.

So the right interpretation is to say that in repeated sampling, 95% of the
confidence intervals obtained from all samples will actually contain u. The other
5% of the intervals will not.
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Example: the vertical line cuts the measurement axis at the true (but unknown)
value of w.

"

One hundred 95% Cls (asterisks identify intervals that do not include ).
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Notice that 7 of the 100 intervals shown fail to contain w. Probability of 1- « is achieved by using z,,, in place of 1.96

In the long run, only 5% of the intervals so constructed would fail to contain w. curve
ZCu

According to this interpretation, the confidence level is not a statement about any

particular interval, eg (79.3, 80.7). Shaded area = «/2

Instead it pertains to what would happen if a very large number of like intervals {
were to be constructed using the same Cl formula. —Zgp 0 Zan

P(=z,<Z<z,)=1-«a
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A 100(1 - a)% confidence interval for the mean u when the value of ¢ is known is A sample of 40 units is selected and diameter measured for each one. The sample
given by mean diameter is 5.426 mm, and the standard deviation of measurements is O.1Tmm.

_ o _ o , ) . . . )
X = Zgp Xt Zn T Let’s calculate a confidence interval for true average diameter using a confidence level
Vi Vn of 90%. This requires that 100(1 - ) = 90, from which « = .10.

or, equivalently, by Using gnorm(0.05)
Zy2=Z0s5=1.645

X E g0l V. (corresponding to a cumulative z-curve area of .95).

The desired interval is then
The formula for the Cl can also be expressed in words as )

Point estimate + (z critical value) (standard error). 5.426 * (1.645) % = 5.426 = 026 = (5.400, 5.452)
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Since the 95% interval extends 1.966/Vn  to each side of

', the width of the interval is 2(1.96) o/ Vn =392

Similarly, the width of the 99% interval is (using gnorm(0.005) )

2(2.58) =5.0/Vn o/\Vn

We have more confidence that the 99% interval
includes the true value precisely because it is wider.

The higher the desired degree of confidence, the wider the resulting interval will be.
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For each desired confidence level and interval width, we can determine the
necessary sample size.

Example: A response time is Normally distributed with standard deviation 25
millisec. A new system has been installed, and we wish to estimate the true
average response time u for the new environment.

Assuming that response times are still normally distributed with o= 25, what
sample size is necessary to ensure that the resulting 95% Cl has a width of (at most)
107
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The sample size n must satisfy
10 = 2+ (1.96)(25/\V/n)
Rearranging this equation gives
Vi =2 (196)(25)/10 = 9.80

So
n=(9.80)2=96.04

Since n must be an integer, a sample size of 97 is required.
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We know that
- a Cl for the mean u of a normal distribution

- a large-sample ClI for u for any distribution
with a confidence level of 100(1 - @) % is:

X+ g 0lVn

A practical difficulty is the value of o; which will rarely be known. Instead we work
with the standardized variable

X — wiSIVn)

Where the sample standard deviation S has replaced o.
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Unknown mean and variance

A Large-Sample Interval for u

Previously, there was randomness only in the numerator of Z by virtue of X ,the
estimator.

In the new standardized variable, both X and S vary in value from one sample to
another.

X — WS/ Vn)

Thus the distribution of this new variable should be wider than the Normal to reflect
the extra uncertainty. This is indeed true when n is small.

However, for large n the substitution of S for o adds little extra variability, so this
variable also has approximately a standard normal distribution.
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A Large-Sample Interval for u

17

If n is sufficiently large, the standardized variable
X—p

7 =
SIN/n

has approximately a standard normal distribution. This implies that

N

x * Zan * \/’;

is a large-sample confidence interval for u with confidence level approximately
100(1 - @) %.

This formula is valid regardless of the population distribution.
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Small sample intervals for the mean

In words, the Cl is
point estimate of u + (z critical value) (estimated standard error of the mean).
Generally speaking, n > 40 will be sufficient to justify the use of this interval.

This is somewhat more conservative than the rule of thumb for the CLT because of
the additional variability introduced by using S in place of o.

Copyright Prof. Vanja Dukic, Applied Mathematics, CU-Boulder STAT 4000/5000

19

*The Cl for u presented in earlier section is valid provided that n is large
* Rule of thumb: n>40

* The resulting interval can be used whatever the nature of the population
distribution.

*The CLT cannot be invoked when n is small
* Need to do something else when n<40
*When n<40, we have to

* make a specific assumption about the form of the population distribution
and

* then derive a Cl tailored to that assumption.

*For example, we could develop a Cl for ¢ when the population is described by a
Normal, or gamma distribution, or a Weibull distribution, and so on.
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The result on which inference is based introduces a new family of probability
distributions called t distributions.

When X is the sample mean of a random sample of size n from a normal
distribution with mean y, the rv

t Distributions roX-np

S/In
has a probability distribution called a t distribution with n - 1 degrees of freedom
(df).
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Figure below illustrates some members of the t-family Properties of t Distributions

Let t, denote the t distribution with v df.
1. Each t, curve is bell-shaped and centered at O.

zcurve

2. Each t, curve is more spread out than the standard
normal (z) curve.

15 curve ) )
3. As vincreases, the spread of the corresponding t, curve

decreases.
Iscurve

4.As v —» 00 , the sequence of t, curves approaches the
standard normal curve (so the z curve is the t curve with

df= o0).

Copyright Prof. Vanja Dukic, Applied Mathematics, CU-Boulder STAT 4000/5000 23 Copyright Prof. Vanja Dukic, Applied Mathematics, CU-Boulder STAT 4000/5000 24



Let t,, = the number on the measurement axis for which the area under the t curve Let X and s be the sample mean and sample standard deviation computed from
with v df to theright of t,,, is o; t,,, is called a t critical value. the results of a random sample from a normal population with mean w.
t, curve . . .
/ v Then a 100(1 - a)% confidence interval for uis

I
/E\<Shaded area = a
1 1

_ s _ K
X —1 =, Xt =
0 T < al2,n—1 \/ﬁ @l2,n—1 \/ﬁ>

t
@r or, more compactly

For example, t s is the t critical value that captures an upper-tail area of .05 under _
the t curve with 6 df X Tt s/Vn.

Because t curves are symmetric about zero, -t,,, captures lower-tail area c.
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A dataset on the modulus of material rupture (psi): The histogram provides support for assuming that the population distribution is at

least approximately normal.

680799 7637.06 6663.28 6165.03 6991.41 6992.23
698146 7569.75 7437.88 6872.39 7663.18 6032.28
6906.04 661717 6984.12 7093.71 7659.50 7378.61
729554 6702.76 7440.17 8053.26 8284.75 734795 o
7422.69 7886.87 6316.67 7713.65 7503.33 7674.99

Histogram of x

There are 30 observations.

Frequency

The sample mean is 7203.191
The sample standard deviation is 543.5400.

r T T T T
6000 6500 7000 7500 &000 8500
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Recall the sample mean and sample standard deviation are 7203.191 and
543.5400, respectively. The 95% Cl is based on n - 1 = 29 degrees of freedom, so
the necessary critical value is t o529 = 2.045. The interval estimate is now

T fysag % = 7203.191 * (2.045) - %
= 7203.191 = 202.938
AN
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The one-sample t Cl for u is robust to small or even moderate departures from
normality unless n is quite small.

By this we mean that if a critical value for 95% confidence, for example, is used in
calculating the interval, the actual confidence level will be reasonably close to the
nominal 95% level.

If, however, n is small and the population distribution is nonnormal, then the actual
confidence level may be considerably different from the one you think you are
using when you obtain a particular critical value from the t table.
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General parameter
Confidence Interval
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The large-sample intervals

XEzgpo/Vn o and X E g, svi

are special cases of a general large-sample Cl for a parameter 6.

Suppose that @ is an estimator such that:

(1) It has approximately a normal distribution;

(2) it is (at least approximately) unbiased;

(3) an expression for 0§ , the standard deviation of 0 ,is available.

Then, 00
P<_Za/2 < — < Za/2> =1l-a
a4

And the Cl for 8 is: 0 +z s
— *al2 6
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Let p denote the proportion of “successes” in a population, where success
identifies an individual or object that has a specified property (e.g.,
individuals who graduated from college, computers that do not need
warranty service, etc.).

A random sample of n individuals is to be selected, and X is the number of
successes in the sample.

A CO nf' d ence I nte rval for a X can be thought of as a sum of all X/'s, where 1is added for every success

. . that occurs and a O for every failure, so X; + ... + X, = X).
Population Proportion !
Thus, X can be regarded as a binomial rv with mean np and o, = + /up(1 — p)

Furthermore, if both np > 10 and n(1-p) = 10, X has approximately a
normal distribution.
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The natural estimatorof pis  p = X/ n, the sample fraction of successes.

Sinceﬁ is the sample mean, (X;+...+X,)/ n
It has approximately a normal distribution. As we know that, E(p) = p

(unbiasedness) and ;= \/p(l——p)/n
The standard deviation g involves the unknown parameter p. O n e_S | d ed CO nfl d ence I nte rval S

Standardizing p then implies that

pP—p

P(—Za/z < /AT < sz) ~1l-a
p(L = p)in
pE Za2 v pain
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And the Clis




The confidence intervals discussed thus far give both a lower confidence bound and

an upper confidence bound for the parameter being estimated.
PP P & Because the cumulative area under the standard normal curve to the left of 1.645

is .95, we have
In some circumstances, an investigator will want only one of these two types of
bounds.

X—n
P <1645 ) ~ .
(S/\/ﬁ 65) 93

For example, a psychologist may wish to calculate a 95% upper confidence bound
for true average reaction time to a particular stimulus, or a reliability engineer may
want only a lower confidence bound for true average lifetime of components of a
certain type.
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Starting with P(-1.645 < Z) ~ .95 and manipulating the inequality results in the
upper confidence bound. A similar argument gives a one-sided bound associated
with any other confidence level.

Proposition
A large-sample upper confidence bound for u s
s

pEEr LT Confidence Intervals for Variance
of a normal population

and a large-sample lower confidence bound for u s

>X =z,
H RV
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The graphs of several X2 probability density functions are
Let X;, X;, ..., X, be a random sample from a normal distribution with parameters u
and o2 Then

(n—DS? _ I - X?

2 2

ag a
has a chi-squared ( Y 2) probability distribution with n - 1 df. J (o v) v=3_8
. R . I v=12
We know that the chi-squared distribution is a continuous probability distribution _
with a single parameter v, called the number of degrees of freedom, with possible V=
values 1,2,3,....
> X
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The chi-squared distribution is not symmetric, so need values of )(?w As a consequence
both for & near O and 1
5 (n — 1)82 5 B
PUXT ann1 < P < Xapa1) =1 -«
Each shaded :
area = .01 Or equivalently

_ 162 _ Q2
X7 density curve (n . nS < (n2 ns
/ Xarn—1 Xi-a2n-1

Shaded =
aded area = a Substituting the computed value s into the limits gives a Cl for o2

: Taking square roots gives an interval for o
i
I I

Xav /\/.%9, v X

o —p |

=
N
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A100(1 - a)% confidence interval for the variance o2 of a normal population has
lower limit

_ 2/4,2
(n = DsTXapn-
and upper limit

(n — I)SZ/X%faIZ,nfl

A confidence interval for o has lower and upper limits that are the square roots of
the corresponding limits in the interval for o2
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The data on breakdown voltage of electrically stressed circuits are:

1470 1510 1690 1740 1900 2000 2030 2100 2190
2200 2290 2380 2390 2480 2500 2580 2700

Histogram of x2

breakdown voltage is
approximately normally
distributed. o

Frequency

r T T T 1
1000 1500 2000 2500 3000
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Let o2 denote the variance of the breakdown voltage distribution. The computed
value of the sample variance is
52=137,324.3, the point estimate of o2.

With df =n - 1=16, 2 95% Cl requires X {5.16= 6.908and X %7515 = 28.845.

The interval is

( 16(137324.3)  16(137,324.3)

, ) = (76,172.3,318,064.4)
28.845 6.908

Taking the square root of each endpoint yields
(276.0, 564.0) as the 95% Cl for o.
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Very different than confidence intervals

We need to make a probability statement about the random quantity you are
predicting

For example, you have a random sample of size 10, and each Xi is iid Normal.
You can find the sample mean, and the Cl for the true population mean

Or you can give a 95% interval for a new data point (X11) - that is a prediction
interval, describing where X11 will be with 95% probability.
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