APPLIED ANALYSIS PRELIMINARY EXAMINATION
Jan. 11, 2005

Instructions:

You have three hours to complete this exam. Work all five problems. Please start each
problem on a new page. You MUST prove your conclusions or show a counter-example for all
problems. Write your name on your exam. Each problem is worth 20 points.

1. Let u : R? — R be a C? function.

(a) Show that div (uVu) = |Vul? + uAu
(b) Show that if u solves the equation

Au = Au

and vanishes at the boundary of an open disk D, then
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2. Let f, be a sequence of C*? functions on [0, 4] with f,(0) = f/(0) = 0 for all n. If | f/(x)] < 1
for all n and x € [0,4], prove that the sequence has a uniformly convergent subsequence on
(1,2).

3. Let f(z) € L*(R) and define g(t) = [, f*(x)exp (—t|z[*)dz for ¢ > 0. Show that g(t) is
continuously differentiable on [0, c0) (differentiable with continuous derivative, the derivative
at 0 is considered to be the derivative from right) if and only if zf(z) € L*(R).

4. Y is a closed linear subspace of %, and & € 2. Give a direct proof that there is a unique
no € Y such that || — nol| < ||€& — n|| for any n € Y (the following formula is very useful:

1§ = nl? + 11§ +nll* = 2[IE]1* + [ Inl]*)-
5. The continuous map: F(z,y) = (fi(x,y), f2(z,y)) from R? to R? satisfies:
(a) |fi(z2,y2) — filz1,11)| < 2(|z2 — 21| + |y2 — w1]), for i = 1,2.
(b) F maps the set 2 = (0,1) x (0,1) into itself.
Show that I has a unique fixed point in R2.



