Department of Applied Mathematics
Preliminary Examination in Numerical Analysis
Wednesday January 12, 2005 (10 am - 1 pm)

Submit solutions to four (and no more) of the following six problems. Justify all your answers.

Root finding:

1. a. Derive the secant method for solving one scalar equation f'(x) = 0.
b. Show that the error in the secant method decays like &,+1 = O(g,*), where a = J§2+1 ~ 1.6180.
c. The following is simple generalization of the secant method to a system of two equations in two unknowns
=0
];7((?3; )) —0 ¢ Given three past iterates with corresponding f'and g values, i.e. (Xx, V&, [fk> &k),

k=n,n—1,n-2, one can fit a plane through the (xz,yx,fi)- points and another one through the (xz, v«, gx)
-points. Each of these planes intersect the (x,y)-plane along a straight line. The next iterate will be where
these two straight lines cross.

. n n 1 n
The formula for the 1-D secant method can be written as x,+ = n S / / . Sketch a proof
Xn-1 fn—l 1 fn—l
that, under the proper hypothesis, the 2-D version becomes
Xn  foo &n L fn gn Yn o Jno &n L fn gn
Xptl = | Xn-1 fu-1 o1 [ /| 1 fum1 gn-1 |5 Ynet =| Yot fot Eu-1 | /|1 fum1 gam | (1)
Xn-2 fn—2 gn-2 1 fn—2 gn-2 Yn-2 fn—2 gn-2 1 fn—2 gn-2
Xn — Xn+l fn n Yn ~Vn+l fn n
Hint:  The equations (1) can be written as | x,-1 =Xu+1 fu-1 €n-1 | =0, | Yu-1 =Vut1 fu-1 gu-1 | =0.
Xn-2 ~ Xn+l fn—2 gn-2 Yn-2 ~Vn+l fn—2 gn-2

One way to arrive at these relations is to let the two planes be ax+fy+z=y and dx+ey+z={,
and then substitute into these equations the points that are located on each of the planes. The result
should then follow quickly.

Numerical quadrature:

2. Consider the singular integral [:= f(l) rdrfor0<a<l.
a. Since the integrand is concave, the right-hand rule satisfies the following bound

N
Ir =, h(ih)™ <1
=1

where & = 1/N. This same rule can be viewed as a left-hand rule for the integral on the interval (4,1+h)
which yields the bound

1+
jh rédr<liy.

Use this information to develop a bound on the error Er= | I - Iz|. Find a simple lower bound on the error.

b. Use the same technique to develop an upper bound on the error for the midpoint rule.



N
D=3 h(G =)0

Let f(r) € C*. Find a transformation on the problem that allows the use of standard quadrature rules for the
integral

j (1) r o f(r)dr.

Write the error bounds for the composite trapezoidal rule on the transformed integral. What transformation
assures O(h’) convergence?

Interpolation / Approximation:

3.

Linear algebra:

4.

Consider a function f'(x) sampled at x =0, 1, 2, 3 with the values (0) =0, f(1)=1, f(2) =0 and f(3) =-1.
Find the 3rd degree polynomial that fits the data.

Using B-splines, we can piecewise interpolate the data sy, ..., sy givenatx=0, ..., N by

N
s (x) :% B (x — k) 54 (2)

with the B-splines of order m+1 given by

(x+(m+1)2-D%
m!

m+1
BM(x) = %(—1)1(’”71) 3)

and x7 is defined as x™ for x > 0 and zero for x <0.

Using the properties of B-splines, relate the smoothness of s(x) in (2) to the integer m in (3). In other
words, for a given m, what is the differentiability of s(x)?

Write down the expression and draw a picture of the B-spline used for piecewise linear interpolation of a
data set.

Compute the Fourier transform of a function obtained by piecewise linear spline interpolation of a data set,
and show that it decays as O(w?).

Hint:  You can use that if g(x) is real and even, then its Fourier transform is g(w) = j glx) 2™ @xdx =

—o0

2 Re U g(x) e “‘xdx}
0

The speed by which one can solve a linear system Ax =5 can depend on both the sparsity structure and the actual
values in the coefficient matrix. Describe the fastest non-iterative such methods you can devise for the matrices
below, and tell what the operation count will be (give your operation count answers in forms like O(N?), O(N log
N), etc., when the matrix size is VX V). You can assume that no singularities or other breakdowns will occur (i.e.
pivoting can be used freely for the sake of speed, but you need not consider pivoting for stability or accuracy.)

ao ap az an-1
aN-1 ao ar  az
A=| o (circulant matrix)

ay  oan-2 an-1 Qo
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Hint: Consider writing Ax = b in the form (U*AU)U*x = U*b where U= ﬁ 1 0 o - 0¥

1 @M1 N2 ... w(N—l)z

(with @ =1) is the unitary discrete Fourier transform (DFT) matrix. What form will U’4U take?
How fast can we perform matrixxvector operations involving U (a task described in Atkinson as the
finite Fourier transform)?

(03]

In the next two cases, only the sparsity structure is given:

b. A= (5-diagonal)

c. 4=]" * * (Full main diagonals and first and last rows and columns)

Numerical ODE:

5. a. Derive the coefficients for the backward differentiation formula
Cottns1 +C1ty +CoUn-1 = f{tn+1, Un+1)
that result in a 2nd order method for solving the ODE u' =f(t,u).
b. Show that the scheme derived in a) is convergent.

Consider a stiff linear system of ODEs of the form

du

i =Au , u(0)=up (4)

where 4 is a negative definite matrix.

c. Explain what is meant by a stiff system.
d. By studying the stability domain of the scheme derived in a), determine if this scheme is suitable for
solving (4).

Hint:  You don't have to derive the entire stability domain. It suffices to establish stability for the part of
the complex plane that is relevant for the system in (4).



Numerical PDE:
6. Consider the wave equation
Uy =Cuy, x€[0,1], >0
with initial conditions u(x,0) =f(x), u; (x,0) = g(x), and boundary conditions u(0,f) = u(1,f) = 0, for > 0. Let
Ax = 1/N and define the mesh (x, ;) = (kAx, IAf). Let u} approximate u(x, #;). Use von Neumann analysis to

determine the relationship between Af and Ax for which the following scheme is stable:

Bl _nl 4o I-] I oyl gl
wg ~2uptu o Y1 2up * Uy
At? Ax?




