
Problem 1: Root Finding 
 

(a) The iteration is of the form x! x + sr,   r = b " Ax,   s =
< r,r >

< r,Ar >
. 

 

(b) We have ! (x + sr) =
1

2
< x,Ax > " < x,b > "s < r,r > +

s
2

2
< r,Ar > .  

The first and second derivative tests show that the solution, s =
< r,r >

< r,Ar >
, of 

d

ds
! (x + sr) = 0 yields the minimum. 

 
 
(c) Newton’s method is 

 

 
(d) If ψ(x) is sufficiently differentiable and H(α) is nonsingular (i.e., α is an isolated 
minimizer), then g(x) = x - H(x)-1 ∇ψ (x) is continuously differentiable, g(α) is defined 
and equal to α, and a simple calculation  shows that G(α) = g'(α) = 0. Thus, ||G(α)||∞ < 1 
in a small enough ball about α and a fixed-point corollary implies the desired result. 
 
(e) It converges in one step because it becomes x ← x - A-1(Ax - b) = A-1b. 



Problem 2.

Euler MacLaurin's formula tells what the difference is between an integral and its trapezoidal rule (TR)
approxiamtion Th:   

Th = h [�k=0
m f (a + kh) − 1

2 (f (b) + f (a))] ∫ ¶
a

b
f (t) dt + 1

12 h2(f ∏(b) − f ∏(a)) − 1
720h4(f ///(b) − f ///(a)) +−...

The precise values of the constants in this expansion don't matter in our context. However, the general form
of the expansion, we can see that the error is O(h2)  if  ; it is O(h4)  if    and  f ∏(b) ! f ∏(a) f ∏(b) = f ∏(a)

, etc. f ///(b) ! f ///(a)

In the third of the cases mentioned in the problem, we are integrating a periodic function over its full period,
i.e. all derivatives match between the two ends. Euler-MacLaurin's formula (which is normally 'asymptotic'
rather than 'convergent', i.e. truncations of it are increasingly accurate as  ) will only tell that the errorh d 0
is smaller than any algebraic power of h. To solve the given problem, we think of the integrand in terms of
its Fourier series, and then take note of the fact that TR is exact for the function , and also for all sineh 1
modes (the integrals of which are all zero over the period). In the case of cosine modes (again, all with true
integrals equal to zero) TR will be exact only up to the mode that, by aliasing, on the grid appears as being
equal to one at all the node points. For this mode, the TR will obviously be wrong. This occurs when  

. The amount that is present of this mode is, by the hint,  So, the TR error becomesn = 2�/h 2�
3

(2 − 3 )n.

 ,E i (b − a) 2�
3

(2 − 3 )2�/h = O(e2� ln(2− 3 ) / h)

and thus,    c = 2� ln(2 − 3 )



Solution: Approximation

a)

Using integration by parts we have that
Z
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�1
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�m+1;n+1 =

�

2
�mn

where we used the hint in the last steps.

b)

If we introduce the inner product (f; g) =
R

1

�1
w(x)f(x)g(x) dx and write the

minimizing polynomial pn as pn(x) =
Pn

k=0
ak�k(x) then

Z

1

�1

w(x)(f(x) � pn(x))2 dx = kfk2 � 2(f; pn) + kpnk2

= kfk2 � 2
n
X

k=0

ak(f; �k) +
n
X

k=0

a2

k

= kfk2 �
n
X

k=0

(f; �k)
2 +

n
X

k=0

(f; �k)
2 � 2

n
X

k=0

ak(f; �k) +

n
X

k=0

a2

k

= kfk2 �
n
X

k=0

(f; �k)
2 +

n
X

k=0

((f; �k) � ak)
2

We see that this expression is minimized by setting ak = (f; �k). Therefore,
the minimizing polynomial is given by pn(x) =

Pn

k=0
(f; �k)�k(x).
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Alternatively, this can be proved by requiring that

@

@ak

0

@
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f(x) �
X

k

ak�k(x)

!2

dx

1

A = 0:

c)

Using the result from a), de�ne the orthnormal family of polynomials

�k(x) =

r

2

�
Uk(x):

Using the result from b) and the orthonormal family of polynomials �k(x)
we see that 1=

p
1 � x2 can be approximated by

1p
1 � x2

=
n
X

k=0

Z
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p
1 � x2�k(x)p

1 � x2
dx �k(x)

=
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n
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�
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�1

T 0
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�

Uk(x)

=
2

�

n
X

k=0

1

k + 1
(Tk+1(1) � Tk+1(�1)) Uk(x)

Using that Tk+1(x) = cos((k + 1) arccos(x)), we see that Tk+1(1) = 1 and
Tk+1(�1) = (�1)k+1. Therefore, only terms corresponding to even k survive
in which case Tk+1(1) � Tk+1(�1) = 2.

d)

Using that Tk+1(x) = cos((k + 1) arccosx), we �nd that

Uk(x) =
sin((k + 1) arccos x)p

1 � x2

or, alternatively,

Uk(cos �) =
sin((k + 1)�)

sin �
:
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Hence,

jUk(0)j = jUk(cos
�

2
)j =

�

1; k even
0; k odd

:

Hence, the rate of convergence at x = 0 is O(1=N).
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Problem 4: Linear Algebra 
 
(a) There are either none, one, or infinitely many. Knowing m > n does not reduce the 
possibilities. Knowing m < n means that there can only be none or infinitely many. 
 
(b) A = U D V T, where U ∈ ℜm × m and V ∈ ℜn × n are orthogonal and D ∈ ℜm × n is 
diagonal with entries σ1 ≥ σ2 ≥ ... ≥ σr > σr+1  = ... =  σn   = 0, where r is the rank of A. 
 
(c) UT b must be in the range of D, so b must be in the subspace spanned by the left 
singular vectors with nonzero values (i.e., orthogonal to the last m - r left singular 
vectors). 
 
(d) Substitute A = U D V T  into  ATA x = AT b  to get  V D T D V T x = V D T U T b or  
D T D V T x = D T U T b. Thus, V T x is determined by dividing entry i of U T b by σi for  
i = 1 to r and zeroing out the remaining entries. The solution x is then given by pre-
multiplying that result by V. 
 



Problem 6.

%

æ

% − %

u(x, t + k) − u(x, t)
k +

u(x + h, t) − u(x, t)
h = 0

von Neumann: Plug in   and simplify. This gives  i.e. u(x, t) = � t / k e i� x � − 1
k + e i� h − 1

h = 0,

.  As   varies,   describes a circle in the right half plane, so  1 + this� = 1 + k
h (1 − e i� h) �

k
h (1 − e i�h)

quantity will for every positive value of   come outside the unit circle; hence unconditional instability.k
h

CFL: Information can never flow to the right in the numerical scheme; implies unconditional
instability.

% − % − %

æ

%

u(x, t + k) − u(x, t)
k +

u(x + h, t + k) − u(x − h, t + k)
2h = 0

von Neumann: Plug in   and simplify. This gives  i.e. u(x, t) = � t / k e i� x � − 1
k +

�(e i� h − e −i� h)
2h = 0,

.  Clearly, the magnitude of the denominator is always  and consequently, � = 1

1 + k
h i sin�h

m 1, |� | [ 1.

This shows unconditional stability.

CFL: Information can flow any distance to the right each time step. So the CFL condition will
not ever indicate instability for this scheme.

The completed table will therefore be:

can't tellcan't tellneveralways% − % − %

æ

%

k/h > 1can't tellalwaysnever%

æ

% − % − %

alwaysneveralwaysnever%

æ

% − %

k/h > 1can't tellk/h > 1k/h [ 1%

æ

% − %

unstablestableunstablestable
By CFL conditionBy von Neumann analysisStencil




