Department of Applied Mathematics
Preliminary Examination in Numerical Analysis
Monday August 20, 2007 (10 am - 1 pm)

Submit solutions to four (and no more) of the fafllog six problems. Justify all your answers.

Root finding:
1. Consider the respective scalar and vector funakso
F(x) = % x2-xb
and

«or-3((3 7 3)G)-(GHAD,

a. Determine necessary and sufficient conditionsHp4) to have a unique minimizer (valuexothat
minimizes F(x) ).

b. Under these conditions, write down a specifierfaf Newton's method for finding this minimizergst
from the general form, then simplify as much asspis, showing your work along the way), argue that
method is well posed, and discuss convergence.

C. Assuming thaG(x,y) has a unique minimizer (it does!), write down #ipecific form of Newton's method

for finding this minimizer (start again from therggal form, then simplify as much as possible, shgw
your work along the way), argue that the methodld8 posed, and discuss convergence.

Numerical quadrature:

2. a. GivenN distinct positive nodex, k = 1,...N, show that there exist$weightswi , k = 1,...N, such that
o wregdx = 2Ly wier(x)
is N—1 order accurate.

b. Show that if the nodeg are chosen as roots of the Laguerre polynomiads) there exists weights ,
such that

Jo €7XF() dx= Ticy wicf (x)
is 2N -1 order accurate.
Hint:  The Laguerre polynomials(x) are orthogonal with respect to the weigt(ix) = e™* foan t

interval[0,). You may also use the result thatp(k) s aipolynomial of degree up @N-1
then there exists polynomiakx) andr(x) of degreeN-1 such thatp(x) = s(X) Ln(X) + r(x).



Inter polation / Approximation:

3. a. Define the minimax error of approximating adiion by a polynomial.

b. Find the maximum norm of the error of approximgte* using the first degree Taylor polynomial on the
interval [-1,1], expanding about = 0.

C. In terms of the maximum norm of the error, atisgsiares approximation is usually superior to @dra
approximation. Find the first degree polynomiaklesquares approximation that minimizes the erfor o
approximatinge* in the norm|f —g|| = \/ﬁl [f(X) — g(xX)|? dx

d. An even better approach for approximatiefgon [-1,1] using polynomials is to use Chebyshev
polynomials. Using the formula

ez 2%) = 35(i2) + Ty (=) In(i2) (X" + X7,
where J, (z) denotes thath order Bessel function, derive the expression
X =Jo(i) +2 Xy (=)™ In(i) Tn(X).
Hint:  Use the substitutiox=e"Y and remember tfia¢x) = cogn arccogx))
Linear algebra:
4, LetA be an invertiblenxn matrix and Ig}-|| denote the kEieen norm.

a. Define condk), the condition number & (with respect to solving linear systems - nottfar eigenvalue
problem).

b. Suppose that you do not soldx=b  exactly, bueatsibbtain an approximatich, , with nonzero redidua
r =b-A%X. Derive an uppeand lower bound for the error W relativeto |x|| in terms of cond(A),|f|| , and
|bll

C. Suppose now thdtis orthogonal. What ig|A|| ? Prove your claim. Wisatbondf)? Prove your claim.



Numerical ODE:

2
5. The following is an example of a predictor-cotoescheme for solving’ = f(t, y) |
which is not derived from the Adams Bashforth / Mou formulas: 15
Vi = Yn-1 + 2kfn (leapfrog predictor) T
Yn+1 = % Yn+ % Yn-1+ %"(f,’;rl +2fp) (corrector) 05
The stability domain of this scheme is illustratedhe figure to the right: ol— _|
05
a. Determine the order of accuracy and check thecaadition for stability.
-1
Hints: You may use the result
Orderpredictor/corrector = min (Ordercorrector, Orderpredictor+1) 157
To check the root condition, it suffices to appig scheme 2y 15 1 18 D' 05
to y' =0.
b. Show that the stability domain extends alongitieginary axis and negative real assctly to+1.5i and
to -1.5 respectively.
Numerical PDE:
6. Saul'ev's scheme for approximating the heat exuati: = o Uy (witho > 0), consists of repeatedly using the p&

approximations

ux, t+ k) — u(xt) :%(u(x+h,t)—u(x,t)—u(x,t+k)+u(x—h,t+k))
and
u(x, t+2k) —u(x,t +K) =‘;—f(u(x+h,t+2k)—u(x,t+2k)—u(x,t+k)+u(x—h,t+k))

to advance two time levels. If we are given bouyda@anditions on both sides, both of the schemegfieetively
explicit. However, it can be shown that the combiseheme is consistent with the heat equation ibnﬁy» Oas
the computational mesh is refined.

Use von Neumann analysis to determine the stalsitibdition on 1 = ah—kz if we were to
a. use just one of the two versions repeatedly.

b. use the two versions alternatingly (as is presctin the method).



