1. Root Finding. Consider the respective scalar and vector functionals F'(x) = %2* — xb and

s =3 (53 () GG L5)

(a) Determine necessary and sufficient conditions for F'(x) to have a unique minimizer.

Answer: If a = 0, then either b = 0, in which case F(x) = 0 and the minimizer is not unique,
or b # 0, in which case lim,_.gign(b)o0 £’ (x) = —oo and no minimizer exists. If a < 0, then
lim|g oo F(x) = —o0 and no minimizer exists. If @ > 0, then F(z) is minimized iff F'(z) =
ax — b =0, that is, iff z = b/a. So the n.a.s.c. is that a > 0.

(b) Under these conditions, write down the specific form of Newton’s method for finding this mini-
mizer (start from the general form, then simplify as much as possible, showing your work along the
way), argue that the method is well posed, and discuss convergence.

Answer: We have x «— z — F'(z)/F"(x) = x — (ax — b)/a = b/a, which is the unique minimizer of
F(x). Newton’s method is well posed because a > 0, and it converges to the unique minimizer in
one step for any initial guess.

(c) Assuming that G(x,y) has a unique minimizer (it does!), write down the specific form of New-
ton’s method for finding this minimizer (start from the general form, then simplify as much as
possible, showing your work along the way), argue that the method is well posed, and discuss con-
vergence.

Answer: A little vector calculus or a lot of algebra shows that Newton’s method is just
x x 2 1\ /(2 -1\(= 2
h p— p—
Y Y -1 1 -1 1 Y -1 ’
which simplifies to
v _ (2 -1\ 2)_(1
Y -1 1 -1) \0)°

This result is the unique minimizer of G(z,y). Thus, Newton’s method is well posed because the
matrix is invertible, and it converges to the unique minimizer in one step for any initial guess.



Interpolation/Approximation solution

a) Let p(x) be a polynomial. The minimax error p,(f) is defined as
pulf) = b =Pl

deg

b) The first degree Taylor polyonomial is p(x) = 14 z. We now maximize the absolute value
of the error function

e(r)y=e"—1—u.
This function has only one extreme point where % = 0 at x = 0 where the error is 0.
Therefore the maximimum must be attained at x = +1. A direct computation gives that

the max error is e — 2 ~ 0.7 (at z = 1).

c) We want to find coefficients by and b; that minimizes the function
1

F(bo,b1) = ||€z - b() - bll'”% = / (Gz - b() - bl.’L')Q dx.

1

8

We therefore solve

oF e—e !
_— b —
Obo 0% b 2
and aF
6b1 =0& bl = 36

Hence, the minimizing polynomial is p(z) = % + 3?’”

d) Substituting x = €% gives us

&Y Le—iy .
+ J() ZZ + Z zny + e—zny)
=
%Y = Jo(iz) + 22 Jn(iz) cos ny
n=1

Substituting y = arccos x and setting z = 1 finally gives us

e’ = Jo(i) + 2 Z (1) cos(n arccos x) )+ 2 Z (x).



4. Linear Algebra. Let A be an invertible n x n matrix and let || - || denote the Euclidean norm.

(a) Define cond(A), the condition number of A.

Answer: cond(4) = ||A]l - [|[A7Y).

(b) Suppose that you solve do not solve Az = b exactly, but instead obtain an approximation, Z,
with nonzero residual r = b — AZ. Derive an upper and lower bound for the error in ¥ relative to

||| in terms of cond(A), |||, and ||b|].

Answer: From the fact that »r = A(x — 2), it follows that ||r|| < ||A]| - ||z — Z||. Similarly,
r — 7 = A~ lr implies that ||z — Z|| < ||A7Y]] - |r||. These bounds combine to yield

gl N .
- <J|lz—z| < |A g 1
1a[ < | | < [JAT ] - [[]] (1)

Similarly, from Az = b we can derive the bounds

[0l .
T < ]| < JATH] - [jo]l,
Al
which can be rewritten as
A - {[oll = (=)l — (o]l

Combining inequalities (1) and (2) yields the desired bounds:

[

N 0 [
ol

cond(A) [|b] =[]

< cond(A)

(c) Suppose now that A is orthogonal. What is ||A||? Prove your claim. What is cond(A)? Prove
your claim.

Answer: ||A| = 1 because ||Az||?> =< Az, Az >=< AT Az, x >= ||z||?>. From this it follows that
cond(A) = [ A - [[A7H] = [[A]l - |AT]| = [|A|* = 1.



Numerical ODE:

5a

For linear multistep schemes, we test the order by checking for how high degree
polynomials the scheme is exact. Without affecting the outcome, we can simplify by
setting k=1 andt =0.

Predictor:

y=1,f=0 1= 1+2.1.0 OK

y=t,f=1 1=-1+2.1-1 OK

y=t?,f=2t 1= 1+2-1.-0 OK

y=13,f=3t> 1=-1+2-1-0 FAIL: Second order
Corrector:

y=1,f=0 1=2.1+%.1 +%40+2.-00 OK

=t,f=1 1=%.0+1.(-)+&@+2-1) OK

gztz,f=2t 1:2-0+i-(1 )+L21E2+2-O; OK

y=13, f=3t2 1=§-0+§-(—1)+%(3+2-0) OK

y=t4 =43 1=2.0+5-1 +%54+2-0) FAIL: Third order

Hence, the combined scheme has the order min (3, 2+1) = 3.

To test the root condition, it suffices to apply a scheme to the ODE y' = 0. The predictor
then vanishes, and the corrector reduces to the linear recursion relation

_4 1
Ynt1 =5 Yn+ 5 Yn-1.

Its characteristic equation r?-%r -+ =0hastherootsr; =1and r, = -4, i.e. theroot
condition is satisfied.

To obtain the stability domain, we always consider the ODE y' = 1y. The combined
scheme then becomes

Yre1 =5 Yo + 5 Yot + %5 (A(Yn-1 + 2KAyn) + 24 yn)
Setting & =k, thislinear recursion relation has the characteristic equation
r2—g(E2+&+)r-¢(26+1)=0.

We get the stability domain by letting r run around the unit circle and follow how ¢& then
varies. To test specific &-points, we plug in these &-values and solve for r:

E=+15i = r2+(1—§i)r—%—§i =0 = r1=—§+§i , r2=—%+§i

E=-15i > r2+(l+gi)r-s+¢i=0 = r=—g—4, p=—5—%i
5 5 5 5 5 5 5

E=-15 = r2-{r+£=0 = ri=1 ,I2= %

In each of the cases, there is one root exactly on the unit circle (the one listed first) while
the second root isinside it. Hence, the proposed &-values lie on the edge of the stability
domain.



Numerical PDE:

6a

Consider the first of the two stages. The routine procedure for applying the von Neumann
test isthe substitution u(x, t) = & Y<e'*, which gives (after some simplification; also set
) =<k
E-1=)(e“"N-1-¢c+¢e o),
Solving for & and taking its magnitude gives

_|1=A+leeh
|f|_ 1+i_ie—iwh

_‘ 1-A(1-cos wh)+ilsin wh
| 1+i(Q-coswh)+iisinwh|’

Since A(1- cos wh) > 0, the magnitude of the numerator isless than or equal to the
magnitude of the denominator, showing that |£]| < 1. Even the first stage alone is therefore
unconditionally stable.

The second stage isidentical to thefirst stage if we just change h - —h. For the same
reason as above, thiswill also be unconditionally stable by itself.

Since neither stage can increase the amplitude of any Fourier mode, the same will hold no
matter in which order we intermix the stages. The combined schemeisalso
unconditionally stable.





