
DEPARTMENT OF APPLIED MATHEMATICSPRELIMINARY EXAMINATION IN NUMERICAL ANALYSISAUGUST, 2008Submit solutions to four (and no more) of the following six problems. Justify all your answers.1. Root Finding. Consider the �xed-point iteration x(k+1) = Mx(k) +y for solving x = Mx +y,where M ∈ ℜn×n is symmetri
 and y ∈ ℜn is given.(a) Show that the iteration 
onverges for any x(0) ∈ ℜn if and only if the Eu
lidean norm of M ,
‖M‖, is less than 1.(b) Let A ∈ ℜn×n be symmetri
 and positive de�nite and b ∈ ℜn. Use (a) to show that the iteration
x(k+1) = x(k) − (1/‖A‖)(Ax(k) − b) 
onverges in the Eu
lidean norm to the solution of Ax = b forany x(0) ∈ ℜn. Bound the 
onvergen
e fa
tor in terms of the eigenvalues of A.2. Numeri
al quadrature. Asymptoti
 expansion of the trapezoidal rule (the Euler-Ma
laurinformula) has the form,
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fn),and fi = f(a + b−a

n i), i = 0, . . . , n.(a) Derive c2 and the 
orresponding term of this expansion. (Hint: use integration by parts. Note:a simple statement of the value of c2 will not 
ount.)Make a brief, 
on
ise statement as an answer to:(b) How does Romberg's integration use the Euler-Ma
laurin formula?(
) What is a 
lass of fun
tions for whi
h the trapezoidal rule is exa
t (provided that the numberof nodes is su�
iently large)?3. Interpolation/Approximation. Let the entries of x = [x0, x1, . . . , xN−1]
T be N dis
retesamples of a 
ontinuous fun
tion f , observed at time points tk = 2πk/N , k = 0, 1, . . . , N − 1.(a) What is the 
onne
tion between the trigonometri
 interpolation of f at (tk, xk), k = 0, 1, . . . , N−

1, and the dis
rete Fourier transform X = FNx, where FN = [fpq] is the Vandermonde matrix with
fpq = ωpq

N

ωN = e−2πi/N .(b) Using N = 16, explain how the radix-2 splitting idea 
an be used to speed up the dis
retetransform, i.e., the 
al
ulation of the produ
t y = F16x.4. Linear Algebra.(a) De�ne the singular value de
omposition (SVD) and Jordan 
anoni
al form of any real squarematrix, A ∈ ℜn×n, and show that they 
an both be written as de
ompositions of the form A =matrix × matrix × matrix. 1
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an you 
ompute the singular values and right and left singular ve
tors by 
omputingeigenvalues and eigenve
tors of two operators related to A?(
) State ne
essary and su�
ient 
onditions on A for it to have a de
omposition that serves as bothits SVD and its Jordan 
anoni
al form. Prove your 
laim.5. Numeri
al ODEs. Consider a �rst order system of ODEs
y′ = f(t,y)with the initial 
ondition y(0) = y0. Consider

f(t,y) = Ay,where
A =

(

−1000001
2000 −999999

2000
−999999

2000 −1000001
2000

)

.(a) Sele
t a �rst order method for solving this system and explain your 
hoi
e. What a

ura
y doyou expe
t if the step size h = 10−4 on [0, 1]? Does this 
hoi
e of step size assure stability?Consider the impli
it midpoint rule,
yn+1 = yn + hf

(

tn +
h

2
,
1

2
(yn + yn+1)

)

.(b) Find the order of this s
heme and derive its region of absolute stability.(
) How would you argue that the method is 
onvergent? Is it appropriate for the linear systemabove?5. Numeri
al PDEs. Consider the partial di�erential equation de�ned in the (t, x)-domain
utt = 2uxx

−1 ≤ x ≤ 1

0 < twith boundary and initial 
onditions
u(t,−1) = u(t, 1) = 0 ; t > 0

u(0, x) = e−x2

− e−1 ; −1 ≤ x ≤ 1

ut(0, x) = (x + 1)(x − 1) ; −1 ≤ x ≤ 1and spatial dis
retization with step size h and time dis
retization with step size k.(a) Create an expli
it O(h2 + k2) �nite di�eren
e approximation to the solution.(b) How would one a

urately 
ompute the solution at the �rst time point t1 = k?(
) How would one 
hoose the sizes of h and k so as to maintain stability? Why?
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