Preliminary Exam Partial Differential Equations January 1998

There are 5 problems. Y ou must do 4 of them. Please mark which four you choose—only four problems
will be graded.

1) (25 pts) Letu(x,y) satisfy Laplace' s equation in a semi-infinite strip:

Du=0 O< x<¥, O<y<H
uOy)=1 0<y<H

ux0 =45 5L

u(x,H =0 0 <x <¥
u(xy) bounded asx® ¥ ,0<y<H

a) Obtain aformal solution to this equation.
b) Evaluate u(L,H).
c) Evaluate ux(L,H)

d) Does u haveafinitelimitasx® ¥ ?1f so, what isit? Justify your answer.

2) (25 Pts)
a) The following two statements are apparently in conflict (amost amusing paradox). Why isthisa
paradox? Explain how thefirst statement can be modified to eliminate the paradox.
i) “If two 2p periodic, Lo functions have identical Fourier seriesthen they are equal.”

1 x=0 have the same Fourier serieson

ii) “The functions f(X) = In(cosh x) and g(x) :{In(cosh X) x+ 0

theinterval -p <x<p.”

b) Assume the following
Theorem (Convergencein the Mean): Let f be continuous and periodic on R with period
2L, then the Fourier seriesfor f convergesto finthe Lo sensg, i.e. if S(X) isthe Fourier series

[0 60— s00) k=
for f, then L( %) S(x)) dx=0
Prove the proper statement of (i).
L 2
c) Derive Parseval’ s theorem, % }[ | €X)[%dx = %0 +§ la,|?+ b, [, using the convergence theorem in
L 1

(b).
——OVER —



3) (25 pts) Thefollowing nonlinear PDE is a specia case of an equation known as the Monge-Ampére
equation. In this problem we reduce the equation to an equivalent first-order equation and solve it.

Jd 5=2 dd il =0 ()
Here subscripts denote partial derivatives, asusual.
a) Show that (1) isequivaent to

:Ji_t)t(_thjzxt:thjzxt_thsxx (”)

[Hint: this part is easy]

b) Show that (I1) can be written as afirst order equation for u = t/j x. What isthe first order equation?
[Hint: we ordered thetermsin (I1) asthey are for a reason!]

) Suppose that we are given theinitial conditions

j (x0) = 1+ 2e**
j (x0) =4e*>

Find u(x,t) for t>0. Thenfind (x,t) for t > 0.



For Problems (4) and (5): Thetransverse vibrations of string with no stiffness are governed by the
wave egquation. When stiffness isimportant, an additional term proportional to uyxxx, must be added,
to give the equation

TPu_ LTu _ 7%
@ =S ¥ (1
To this equation we add:
Boundary Conditions InitialConditions:
uo,t) =0
u(L,t) =0 u(x0) = U(x) (v)

O<x<L

‘111_1‘;(01) =0 {0 =v(
ﬂ—z)lé(L,t) -0

4) (25 Pts) Prove uniqueness for thismodel. More precisely, prove that it has at most one solution that
is twice-continuoudy differentiable in x (C2[0,L]) and that evolves from the initid data. What
assumptions are required on the functions U and VV?

5) (25 Pts)
a) and the formal solution of (I11) with (IV). Be sure that all symbolsin your solution are defined
clearly.

b) Define the fundamental period of the motion to be the earliest time after t=0 at which the lowest
Fourier mode returnstoitsinitial position and velocity. (If the lowest modeis constant in time, then
the fundamental period is the time at which the next lowest Fourier mode returnsto itsinitial position
and velocity). Denote this period by T. What is T?

c) Define the fundamental frequency by w(c, a) = 1/T. For a2>0 isthis frequency higher or lower than

that for a2 = 0? In other words, does the stiffness of the string raise or lower the fundamental
frequency?

d) Isthe motion of the string periodic if a2 = 0?If so, find the period of the motion. If not, explain why.
(Assume that U(x) and V(X) are such that all Fourier modes are nonzero).

€) Isthe motion of the string periodic if a2 > 0 ?If so, find the period of the motion. If not, explain why.
(Assumethat U(X) and V(X) are such that all Fourier modes are nonzero).



