Preliminary Exam Partial Differential Equations January 1999

There are 5 problems. Y ou must do 4 of them. Please mark which four you choose—only four
problems will be graded.

1)(25 Pts) Let u(x, t) be defined by the formal integral,
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u(x,t)=2—lp(‘)r(m)e' e"dm
Y

where r (m) is bounded and continuous for all m.
Comment: If you use any parts of the Riemann-Lebesgue lemma in your arguments below,
you must prove them.

a) By formally differentiating under the integral sign, show that u(x,t) satisfies the heat
equation, T,u=1,°u provided the derivatives exist.

b) Show that for any t > 0, fuis uniformly bounded in x. [The argument for f,2uis
identical. Thisjustifiesthe calculationin (a).]

c) Showthatfort>0,u(x,t)® Oasx ® +¥.

2)(25 Pts) The electromagnetic field in a medium obeys the wave equation with a speed c that
depends upon the medium. Suppose the medium has a jump discontinuity at x = 0, with speed ¢
for x < 0, and with speed ¢, for x > O:

E,- ¢°E, =0, x<Q t>0

E,- ¢’E,,=0, x>0,t>0

The electric field and its spatial derivative are continuous across x = 0:
E(0 ,t) = E(O,,t)
E,(0.,t) = E,(0,.t)

Suppose that the field isinitially alocalized pulse P(x) which is nonzero only in adomain
O<a<x<b, and that E; isinitially zero.

a) Find E(x,t). [Hint: you may find it useful to solve the problemin the two domains
x2Z 0, and later impose the conditions at x= 0]

b) When does the pulse first enter the region x < 0?
c) What is the width of the pulse once it has entered the region x < 0?



3)(25 Pts) Let u(x, t) be the temperaturein arod of length L. It satisfiesthe
following problem.

Tu=kT2u, 0<x<L, t>0
ﬂxU:Q X =0, t>0
u=_0, x=L, t>0
u(x, 0) =0, O<x<lL, t=0,

where Q is a constant.
a) What is the steady-state temperature distribution in the rod?
b) What is the maximum temperature in the rod at steady state? Where does it occur?
Cc) At steady state, what is the rate of heat-transfer to the rod?
d) Find u(x, t) fort > 0.
€) Approximately how long is required before the temperature in the rod is within 1% of its
steady-state value at every x? Justify your answer.

4) (25 Pts) The objective of this problem isto solve:
1 Tu+fu=u’
y

u(x,1) = x>

a) For what values of (x,y) does the existence and uniqueness theorem imply that there exists a
unique solution to this problem?

b) Find the solution u(x,y).

c¢) For what values of (x,y) does the solution exist?

5) (25 Pts) Consider the Laplace equation in the 3D sphere with “Robin” -type boundary
conditions

Du =0, r<i

u B . _
" +au=1(@Q,j), r=1

where (r,q,j ) are spherical coordinatesand a > 0 isaconstant. Prove that this equation has at
most one solution u(r,q,j ). Be sureto carefully state your assumptions on u and f.



