Preliminary Examination Partial Differential Equations August 2004

There are 5 problems. Each problem isworth 25 points. Y ou mug do 4 of them. Please mark which 4
you choo® bonly 4 will begraded. A sheet of convenient formulaeis provided.

1. Let u(x,t) satisfy the patial differential equation,
du—u’d u+u=0,
subject to initial/bounday conditionsat t = O:
$0, x! 0, N\ X
u= & X 0<x<],

&1 x#1.

u(x,0) ‘

a) Findthesolutionu(x,t) fort > 0, whenever it exists. Be explicit; make suretha your solutionis
defined everywhere the solution exists.

b) Sketch afew characteristicsfor t > 0. If thesolution has more than oneregion, besure to
sketch at least onecharacteristic in each region.

c) Do chaacteristicsever crossfort > 0? If so, identify an (x,t) where two (or more)
characteristicscross. If not, evaluage u(xt) at {x=1,t =1}.

d) Findan uppe boundandalower boundonu(x,t) fort! 0. For each bound either identify an
(x,t) where theboundis achieved, or state explicitly tha theboundis notachieved fort! O.

2. (Note: Part (b) of this problem can bedoneeven if pat (@) istoo hard.
Let D bean arbitrary shgped domain in the plane and consder the Helmholtz equaion

Suppo this equaion has an infinite set of real-valued, C? solutions! mn(Xy) for real comrespondng
eigenvdues” mn wheremn# [0,1,2,E] , andtha all theeigenvdues are different, i.e.. ", # " 0q
unlessp=m ang=m.

a) Showtha thefundions! n, are orthogondonD, i.e, tha "D! mn (Yo (Xy) = 0unless p
=mang=m.

Now consider Laplace’s equation on the right cylinder with base D and 2
height z= H: 0
Vau(x,y,z) = 0,111 4(x,y,z) = Olllon!!loD,
u(x,y,H)=1.

b) Findaformal solutionto this bounday value problem in terms
of the! mn.



3. Let u(xt) satisfy thewave equdionin onedimenson,

d’u=c’d’u,

. . . . ct .
in a domain to the right of a moving boundary at the location X =! 10 For t=0, u=0 on this

boundary. At t=0,

0, O<x<£, 0, 0<x<E

k k

u(x,0) = U(x) = { sin(kx — 77), %sm%, du(x,0) = V(x) = | kecog(kx — ) %gs%
0, X>9—n. 0 X>9—7[

Thus u(x,0) consists of a localized sinusoidal pulse with spatial wavenumber K, and a duration of 4
periods. This signal moves strictly to the left, and thus can be though of as an incomngsignal from
the domain t <0 [so u(xt) = f(x+ct) for t <0]. The purpose of this question is to determine how the
signal interacts with the moving boundary.
a) A measuringdeviceislocated in fixed postionat x = 2$/k. Duringwha timeinterval (witht!
0) does this device measure anonzro signd fromtheincoming wave?
b) Thedevicerecordsasinuoidd signd as theincoming wave moves past it. Wha isthe
(tempord) frequency of thissignd?
¢) When doestheincoming wave first reach the moving bounday? Where isthebounday
located at this time?
d) Theincoming signd reflects off thebounday, generating areflected signd that moves to the
rightwith speed c. Whenisthereflected signd first observed at x = 2$/k?
e) Wha isthetemporal frequency of thereflected signd? It ishighe, lower, or thesame asthe
frequency of theincoming signd?
f) Istheamplitudeof thereflected signd highe, lower, or the same as theamplitudeof the
incoming signd?

4. A fundionistwo-frequency quasperiodic if it has an expangon of theform
#
f(X) — $ a.m,nei(m! L+n! )X
m,n="#
where the frequencies %4 and % are independent, i.e. there are no integers (m,n) # (0,0) such that m%q

+n/,=0. The purpose of this problem is to find an analogue of Bessel @ inequality for this series.
Assume that the coefficients a,,, are defined by the integral (analogous to the Fourier case)

— i 1 S #i(mog +n%, )x
8, = lim oL $L dxf (x)e



whereit is assumed that thislimit exists. Using techniques and ogousto those for Fourier series, show
tha for any integer N> 0,

N
n

‘4 |imlg§de|f(x)|2 ,

L$ %],

‘am,n

m,n=!' N

where thelimit ontherightis assumed to exist.

5. Let u(xt) solve thefollowing problem:

!,u:"!fu+#u, O<x<L, t>0, ">0,#>0,
u=0, x=0,t>0,

1.u=0, x=L,t>0,

u(x,0)=1, O<x<L, t=0.

a) Findu(xt) for0" x" L,t>0.
b) Forlargetimes, find the approximate location (in x) of the maximum value of u(x,t) asafundion
of time. [Younead NOT find the maximum valueof u.]

¢) Theeisacritical valueof # (call it %) suchthat u(x,t) & Oast& ' if # <#, butnotif #! #,.
Find #, intermsof { ", L}.

d) Suppoe # = #,. Does u(x,t) approach asteady stateast & ' ? If so, wha isthesteady state? If
not, describein wordsthe behavior of u(xt) ast & ' .



