
Preliminary Examination Partial Differential Equations  August 2004 
 
There are 5 problems.  Each problem is worth 25 points.  You must do 4 of them.  Please mark which 4 
you choose Ð only 4 will be graded.   A sheet of convenient formulae is provided. 
 
1.  Let u(x,t) satisfy the partial differential equation, 
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subject to initial/boundary conditions at t = 0: 

  u =
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a) Find the solution u(x,t) for t > 0, whenever it exists.  Be explicit; make sure that your solution is 

defined everywhere the solution exists. 
b) Sketch a few characteristics for t > 0.   If the solution has more than one region, be sure to 

sketch at least one characteristic in each region. 
c) Do characteristics ever cross for t > 0?  If so, identify an (x,t) where two (or more) 

characteristics cross.   If not, evaluate u(x,t) at { x = 1, t = 1}. 
d) Find an upper bound and a lower bound on u(x,t) for t !  0.  For each bound, either identify an 

(x,t) where the bound is achieved, or state explicitly that the bound is not achieved for t !  0.   
 
 
 
 
 
2. (Note: Part (b) of this problem can be done even if part (a) is too hard. 
Let D be an arbitrary shaped domain in the plane and consider the Helmholtz equation 

   ! 2
u = " u,!!!!!u(x,y) = 0!!!on!!!#D  

Suppose this equation has an infinite set of real-valued, C2 solutions ! m,n(x,y) for real corresponding 
eigenvalues " m,n  where m,n #  [0,1,2,É] , and that all the eigenvalues are different, i.e.. " m,n ≠ " p,q 
unless p = m  an q = m. 

a) Show that the functions ! m,n are orthogonal on D, i.e., that ! m,n(x,y)! p,q(x,y)
D" = 0unless p 

= m  an q = m. 
 
Now consider Laplace’s equation on the right cylinder with base D and 
height z= H: 

   !
2
u(x,y,z) = 0,!!!!!!!!!

u(x,y,0) = 0,

u(x,y,z) = 0!!!on!!!"D,

u(x,y,H ) = 1.

 

b)  Find a formal solution to this boundary value problem in terms 
of the ! m,n. 
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3.   Let u(x,t) satisfy the wave equation in one dimension,  
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2u, 

 

in a domain to the right of a moving boundary at the location 
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x = !
ct
10

.  For t ≥ 0, u = 0 on this 

boundary. At   t = 0,  
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Thus u(x,0) consists of a localized sinusoidal pulse with spatial wavenumber k, and a duration of 4 
periods.  This signal moves strictly to the left, and thus can be though of as an incoming signal from 
the domain t ≤ 0 [so  u(x,t) = f(x+ct) for  t ≤ 0]. The purpose of this question is to determine how the 
signal interacts with the moving boundary. 

a) A measuring device is located in fixed position at x = 2$/k.  During what time interval (with t !  
0) does this device measure a nonzero signal from the incoming wave? 

b) The device records a sinusoidal signal as the incoming wave moves past it.  What is the 
(temporal) frequency of this signal? 

c) When does the incoming wave first reach the  moving boundary?  Where is the boundary 
located at this time? 

d) The incoming signal reflects off the boundary, generating a reflected signal that moves to the 
right with speed c.  When is the reflected signal first observed at x = 2$/k?  

e) What is the temporal frequency of the reflected signal?  It is higher, lower, or the same as the 
frequency of the incoming signal? 

f) Is the amplitude of the reflected signal higher, lower, or the same as the amplitude of the 
incoming signal? 

 
 
 
 
4. A function is two-frequency quasiperiodic if it has an expansion of the form 

  f (x) = am,ne
i (m! 1 +n! 2 )x

m,n=" #

#

$  

where the frequencies %1 and %2 are independent, i.e. there are no integers (m,n) ≠ (0,0) such that m%1 
+ n! 2 = 0. The purpose of this problem is to find an analogue of BesselÕs inequality for this series. 
 Assume that the coefficients am,n are defined by the integral (analogous to the Fourier case) 

  am,n = lim
L! "

1
2L

dx
#L

L

$ f (x)e#i (m%1 +n%2 )x   



where it is assumed that this limit exists. Using techniques analogous to those for Fourier series, show 
that for any integer N > 0, 

  am,n

2

m,n= ! N

N

" # lim
L$ %

1
L

dx f (x) 2

! L

L

& , 

where the limit on the right is assumed to exist. 
 
 
5.   Let u(x,t) solve the following problem: 
 

� 

!
t
u = "!

x

2
u + #u , 0 < x < L,  t > 0,  "  > 0, # > 0, 

 u = 0,   x = 0, t > 0, 

� 

! xu = 0,  x = L, t > 0, 

� 

u(x,0) = 1,  0 < x < L,  t = 0.   
 
a)  Find u(x,t) for 0 "  x "  L, t > 0. 
b)  For large times, find the approximate location (in x) of the maximum value of u(x,t)  as a function 
of time.  [You need NOT find the maximum value of u.] 
c)  There is a critical value of # (call it #0) such that u(x,t) &  0 as t &  '  if # < #0, but not if # !  #0. 
Find #0 in terms of { " , L} .  
d)  Suppose # = #0.  Does u(x,t) approach a steady state as t &  ' ?  If so, what is the steady state?  If 
not, describe in words the behavior of u(x,t) as t &  ' . 
 


