NESTED ITERATION AND FIRST-ORDER SYSTEM LEAST SQUARES FOR
INCOMPRESSIBLE, RESISTIVE MAGNETOHYDRODYNAMICS
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Abstract.  This paper develops a nested iteration algorithm to solve ti me-dependent nonlinear systems of partial
di erential equations. For each time step, Newton's method  is used to form approximate solutions from a sequence
of nested spaces, where the resolution of the approximation s increases as the algorithm progresses. Nested iteration
results in most of the iterations being performed on coarser grids, where minimal work is needed to reduce error to the
level of discretization error. The approximate solution on  a given coarse grid is interpolated to a re ned grid and used
as an initial guess for the problem posed there. The approxim ation is then already close enough to the solution on
the current grid that a minimal amount of work is needed to sol  ve the re ned problem, due to the rapid convergence
of Newton's method near a solution. The paper develops an alg orithm that attempts to optimize accuracy-per-
computational-cost on each grid, so that essentially no unn ecessary work is done on any grid. The nested iteration
algorithm is then applied to a reduced 2D model of the incompr essible, resistive magnetohydrodynamic (MHD)
equations. Using this algorithm on the MHD equations in the ¢ ontext of a rst-order system least-squares (FOSLS)
nite element discretization and algebraic multigrid (AMG ) to solve the linearized systems, instabilities in a model
tokamak fusion reactor are simulated. Numerical results sh ow that this highly complex nonlinear problem is solved
in an equivalent of 30-80 ne-grid relaxation sweeps per tim e step.
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1. Introduction.  This paper applies a nested iteration algorithm to a set of ircompressible
resistive Magnetohydrodynamic (MHD) equations. A rst-or der systems least-squares (FOSLS)
[11, 12] nite element discretization is used. The main focws of this paper is to show that nested
iteration is a crucial component to solving complicated sysems of nonlinear partial di erential
equations. As is shown for the MHD equations, nested iterathn allows for a complicated system of
nonlinear equations to be solved to within discretization accuracy in only a handful of work units
(WUs). A WU is de ned as the amount of computation required to perform one ne-grid relaxation
sweep. The main idea is that most of the work is done on coarserigs where computation is much
cheaper. The approximation to the solution on these coarserigs is interpolated up to successively
ner grids, where linearizations and algebraic solves are jgplied. The process is then continued to
ner grids until a desired error tolerance or resolution is reached. The result is that coarse grids
give fairly accurate initial guesses for solving on the ne gids and, thus, less work is needed to
approximate the solution at the desired resolution. The algrithm is designed to maximize the
accuracy-per-computational-cost of solving the system oéquations. To accomplish this e ciently,
estimates of the accuracy on the next ner grid and the work that is required to obtain that solution
are needed. Thus, the discretization methods used need to\g good a posterior error measures. In
addition, an estimate of how well the algebraic solver perfams is needed. This includes estimates of
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the convergence factors of the algebraic solver and how muahore work it costs to perform such an
iteration on a ne grid compared to a coarse grid. The algorithm described in this framework can be
applied to any discretization and linear solver method that produces these estimates. Thus, in this
sense, it is designed in a general framework. However, the spi ¢ application described is MHD,
FOSLS is the discretization formulation that is used, and alebraic multigrid (AMG) is the linear
solver that is applied. The a posteriori error measures maké very amenable to the nested iteration
algorithm that comes naturally with FOSLS. As a result, the resistive MHD system described in
section 4 is solved to within discretization error using ony 30-80 WUs per time step.

The MHD system and the FOSLS formulation applied to it are discussed in detail in the
companion paper [2], so we include only a brief description ére in section 2. In section 3, the
nested iteration algorithm is developed. An approach that atempts to minimize the number of
linearization steps and AMG V-cycles required to obtain an gproximation within discretization
error on the current grid is described. A strategy has been deeloped for this, parts of which are
described in [1, 29]. We go into more detail here. In section 4numerical results are shown for a
2D reduced model that simulates plasma instabilities in a tkkamak reactor. These results con rm
that the nested iteration approach yields solutions to the test problems in only a handful of work
units.

2. The MHD equations and FOSLS formulation. The resitive MHD equations are time-
dependent and nonlinear, and involve several dependent vables. The system is a coupling of the
incompressible Navier-Stokes and Maxwell's systems. Therpnitive variables are de ned to be the
uid velocity, u, the uid pressure, p, the magnetic eld, B, the current density, j, and the electric
eld, E. In addition, a resistive form of Ohm's law,

j= (E+u B); (2.1)

is used to eliminate the electric eld, E, from the equations. After a non-dimensionalization using
Alfien units, the following equations for incompressible resistive MHD are obtained (i.e., Navier-
Stokes coupled with Maxwell's equations) [20, 28]:

%t+u ru j B+rp Rier2u=f; (2.2)
%t B ru+urB+é(r )= g; (2.3)
r B=j; (2.4)

r B=0; (2.5)

r u=0; (2.6)

r j=0: 2.7)

Here, R¢ is the uid Reynolds Number and S, is the Lundquist Number, both of which are assumed
to be constants and adjusted for di erent types of physical behavior.

Using the FOSLS method [11, 12], the system is rst put into a d erential rst-order system of
equations. This is done based on a vorticity-velocity-presure-current formulation, due to explicit
vorticity boundary conditions that are provided in all the t est problems. A scaling analysis is
performed in [2], which yields a nice block structure for the MHD system. This results in good
AMG convergence of the linear systems obtained, while stilpreserving the physics of the system.
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Vorticity, ! = r u, is introduced and the nal formulation in 3D is
p __
plzr u Re! =0; (2.8)
Re
p]':r u=0; (2.9)
Re
Rer ! =0; (2.10)
1 @ — 1
= | | =
pﬁ@t u j B Rer p+ p?er f; (2.11)
plzr B S.j=0; (2.12)
S
plzr B =0; (2.13)
SL
Sr j=0; (2.14)
1 @B 1 1 .
——+ B B + p— =g 2.15
p?,_@t Pﬁ(ur ru) B?Lr I=9 ( )

An implicit backward di erencing formula (BDF) time-stepp ing method is applied to this sys-
tem to yield a nonlinear system of equationsL (u) = f, whereL is closely related to the left hand
side of (2.8)-(2.15) andf is a vector of known functions. Here,u = (u;! ;p;B;j)T represents a
vector of all of the dependent variables that should not be cafused with the vector uid velocity,
u. Both [1] and [2] discuss the stability and convergence of ta timestepping on the MHD problem
using FOSLS. Next, the L? norm of the residual of this system is minimized. This is a noguadratic
functional, but since it is the functional of the nonlinear operator, we refer to it as the nonlinear
functional for simplicity:

F(u)=JiL(u) fjo: (2.16)

In general, we wish to nd the argmin of (2.16) in some solution spaceV. We chooseV to be an

H! product space with boundary conditions that are chosen to stisfy the physical constraints of

the problem as well as the assumptions needed for the FOSLSamework. In practice, a series of
nested nite subspaces,V", are used to approximate the solution inV. However, in the Newton-

FOSLS approach [15, 16], system (2.8)-(2.15) is rst lineaized using a Newton step, thus forming
a linear problem and an associated functional to minimize. he linearization is done about some
approximation, uf', in the nite element space, V", and the change, ", is found such that the next

iterate is ul',; = ul + . The linearized equation is then written as

L%uMl M=f L (u): (2.17)

Here, LquM)[ M is the Fechet derivative of L in the direction ['. The linearized operator, L is a
mapping from V" to an L2 product space. This linear problem is now recast as the minirization

of a functional constructed by taking the L? norm of the residual of each equation in the linearized
system. This is written as

h — R hy .— i w1 0y h h hyyii -
=arg min F(7):=arg min jLAuD "] (L (u))jo; (2.18)
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where " is the solution in V. Here, F( ") is actually a quadraticized functional, but since it is the
functional of the linearized operator, it is here on out refared to as the linearized functional. The
minimization of this functional results in the weak form of t he problem that produces a symmetric
positive de nite algebraic system for each Newton step. Thesolution, ", satis es the bilinear weak
form:

LquE "FLuMVT = f L)L) st 2vi: (2.19)

This also states that the error is orthogonal to the nite element space in the functional norm.
Any element in the nite element space, v, can be decomposed into the basis function elements,
i . Thus
] L]

Then, the components of the algebraic linear systemAx = b, are as follows:

Aj = LAuNL TLYuD (2.20)

b= f L (u);LAuM) ] : (2.21)

In addition, proving continuity and coercivity of the resul ting bilinear form results in H* equivalence
of the FOSLS functional. In other words, there exists positve constants,cy and ¢;, such that

cojj "in F(") e "in 8 "2vh (2.22)

Moreover, the FOSLS functional yields a sharp a posteriori dcal error estimate, which is used to
make the algorithm more robust. Additionally, under the rig ht conditions, the FOSLS framework
produces algebraic systems that are solved easily by mulglel iterative solvers. Our choice here is
algebraic multigrid (AMG) [5, 6, 7, 10, 22, 26], which, when gplied to the FOSLS discretization,
has been shown to be an optimal ©(n)) solver for many example problems [10, 11, 12]. Using
the formulation above, and with appropriate boundary conditions, H? equivalence of the linearized
FOSLS functional is shown in [1]. Therefore, the FOSLS fundbnals are a good measure of the
H® norm of the global error and yields a semi-norm of the local eor. Thus, they can be used to
develop an e cient solution algorithm.

3. Nested lteration Strategies. The goal for this section is to establish criteria to control
the number of Newton steps and linear iterations employed atach re nement level. The idea is to
solve the problem with the most accuracy-per-computationdcost. Results below show that only a
few Newton steps and V-cycles are needed to get a good appraxation to the solution on the nest
grid. Under natural hypotheses, which are in force here, thé was proved in [15, 16]. In addition,
we discuss the heuristic that it is not necessary to solve thaliscrete problems on these coarse grids
much below the level of discretization error. In fact, at sone point, doing more work on the coarser
grid is not as e cient as just moving to a ner grid. Itis at thi s point that the FOSLS methodology
proves to be important. Using the a posteriori error estimate of the functional, we determine how
well both the linear and nonlinear systems are being solvedWe refer to F and F as the linearized
and nonlinear functionals, respectively, as in equationsZ.18) and (2.16).
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With the linearized functional, along with the AMG converge nce factors, an estimate of how
much the error of the linear system is being reduced and at whiacost is computed. Likewise, by
measuring the nonlinear functional and by determining the rumber of Newton steps performed,
the accuracy-per-computational-cost required to solve tle nonlinear system is estimated. These
estimates are then used to establish stopping parameters fahe linear iterations as well as for
the Newton iterations. For the linear systems, we decide if he best strategy is to either perform
another V-cycle on the current grid, or to relinearize the system. Work here is an extension of
[1, 29], where the iterations were stopped when the functioal value of the current iterate came
within a given tolerance of the functional minimum. The Newton iterations are also controlled in
this matter, by determining how close the approximate soluion is to the discrete solution of the
nonlinear problem on a given grid. If certain criteria are me, no more linearizations are performed
and the computation is transferred to a ner grid. In the next two subsections, we describe the
stopping criteria in more detail.

3.1. The Linear Problem. First, assume that the system has already been linearized aund
some point ug and only a linear problem, L = g, is being solved. In the full nonlinear setting,
L = L% isthe change from the Newton step, andy= f L (ug). Assume there are only two grids,
grid h and grid 2h, and, for simplicity, that uniform re nement is used to tran sfer between them.
In practice, due to the local error measures that FOSLS proviles, an adaptive mesh re nement
(AMR) method can be employed as well. This is done in the procedings paper, [3]. Using uniform
re nement, though, moving to a ner grid increases the number of elements on the nite element
mesh by 2, where d is the dimension of the problem. Let the true continuous soltion to the
problem be and let 2" and " be the discrete solutions on their respective grids. Sincehie
FOSLS method is used, the functional is an estimate of the eor. We denote the discretization
error, measured in the functional norm, on gridsh and 2h by F" and F2", respectively. In the
process of solving on grid B, several iterates, 2", i = 0;1;::, are obtained. At iteration i, with
iterate 7", the error is measured and denoted byF?2". Since the error is orthogonal to the nite
element space in the functional norm, as can be seen from (2}, it is convenient to write this as

a multiple of the discretization error on grid 2h; that is,
(FZM)?Z = (@+( PM2)(F2M)* (3.1)

This is also seen in gure 3.1. The value 2"F2" is referred to as the algebraic error on grid B,
with 2" being the fraction of the discretization error. Also, assune that the algebraic solver has
a steady convergence factor that is independent of the sizef the grid or the current iterate. This
is not precisely true, but the convergence factor is assumetb be bounded above by a constant,

< 1, independent of the mesh. Thus, we assume is known and 2, = 2. In practice, an
estimate of is obtained from a sequence of residuals of the matrix equains.

Figure 3.1 is intended to demonstrate the strategy for detemining when to stop iterating on
grid 2h and move to grid h. Suppose that iterations are done on grid & and that the current iterate
is 2", with algebraic error 2"F2". Grid 2h is indicated in gure 3.1 by the subspace restricted to
the x-axis, while the plane represents gridnh and the true solution, , is shown hovering above ".
The discrete solution on grid h is closer to the true solution than the coarse grid approximaion. In
addition, iterating on grid 2 h restricts us to only getting closer to 2". Therefore, better accuracy
is obtained by iterating on the ner grid, h. However, this is more costly, so it is important to
know how much accuracy is gained by doing one more iteration o grid 2h and compare this to
the amount of accuracy gained by interpolating to grid h and moving directly toward ". That is,



6 Adler, et al.
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Fig. 3.1 . Linear lterations along grid 2h and grid h.

from the position denoted by 2", is it better to move to position 2, or to the position denoted
by '? Of course, a measure of the accuracy-per computational cosust be established for both
these choices. By assumption, computation on grich costs 2 times the cost of an iteration on
grid 2h and, by examining the triangles in gure 3.1, the reduction of the two errors from the two
types of iteration are determined. In the next few paragrapts, we quantify a measure that helps us
determine an optimal strategy.

Staying on grid 2h and iterating once more yields the new total error for iterate 27, as a sum
of the discretization error plus the algebraic error, whichis approximated as

Fah = ((F?M)?+( 2'F™)?)E: (3.2)

If, instead, the approximate solution is moved to grid h and an iteration is performed to obtain uf,
then the error can be approximated asF!' = ((F")2+( BF")2)z. However, to compare these two
measures, we must account for the fact that an iteration on gid h is more expensive. Instead of
looking at the regular convergence factor, , we look at the e ective convergence factor, 1=-Work
and, thus, the e ective error on grid h is approximated as

FI' = ((FM2+( = fF"))E: (33)
The two measures are equivalent when
1d
(F2)2+( PR =(F"?+ 2 "(§F") (3.4)

Extracting the triangle in gure 3.2 from gure 3.1, the alge braic error on grid 2h, 2"F2", can be
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Fig. 3.2 . Relationship of algebraic errors on di erent grids.

related to the algebraic error on gridh, §F". Then, after some algebra, we obtain

(77 DL (&)

2h\2 _
(A)_ 2 21 d

(3.5)
In other words, in terms of accuracy-per-computational-cet, it is more e cient to move to the ner
grid when the algebraic error on grid 4 is less than Z"F 2",

Of course, this assumes that the discretization errorsF 2" and F", are known. Only the total
error, or linearized FOSLS functional value, of the currentiterate on grid 2h is known, though.
One way to estimate the discretization errors is to assume tht the algebraic error decreases at a
linear rate. Since the functional squared is a quadratic, anestimate of the discretization error, or
the minimum of the quadratic functional, can be extrapolated. We assume

(FSZh)Z - (1 +( gh)Z)(FZh)Z;
and that
(FI)? =@+ ( &)*)(F)?

=@+ 2(IAFN)

Thus, three consecutive steps yields an estimate of both2" and F2". This may require doing a
few extra iterations to get a good estimate of the minimum, bu since this work is done on coarse
grids, we argue that this does not increase the total work sigi cantly.

Another approach to stopping the linear iterations involves using the discrete linear system,
Ax = b, as in (2.20) and (2.21). Note that the main idea for solving he linear system is that the
iterations should stop once the algebraic error is less thar®" of the discretization error, where 7"
is as in (3.5). Therefore, the stopping criterion we seek is

jL oL o AR (3.6)
Using (3.1), this can be rewritten as
G 2h 2hi; ren 2h 2h = 2h
L & L o Pﬁﬁ =R (3.7)
The left-hand side is in the range ofL applied to V2", so (3.7) is equivalent to
L 2h L 2h. Lv2h
su T
vahoy 2 Jitv®jjo

2hE (3.8)
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Since 2" is the minimum of the linearized functional, the Fechet derivative of the square of the
functional, G( 2"), is zero in all directions:

G M[vM =2 L2 g;Lv" =0 8 2v": (3.9)
Thus, L 2";LvZ" = g;Lv®" and (3.8) becomes
L 2 g;Lv" oh
— — ~NF: 3.10
e S TRVE ' (3.10)

In addition, using the fact that the linearized operator is H? elliptic, we use the coercivity bound,
as in (2.22), and the fact that jjv®"jjo ji v¥"jj1 to get that (3.10) is satis ed if the following is true:

LA g;Lveh o
s 9 2heoF: 3.11
v iiv®iio cor (311)

The bound (3.11) can be replaced by a bound in terms of quanties associated with the solution of
the algebraic equations. Using (2.20) and (2.21) and de nilg the algebraic residual ag; = b Ax;,
then (3.11) is satis ed when
T\ ey g T T N
(rir)z  ——=( A 2b xi + jjgjjg) " (3.12)
M
Here, x; is the current iterate of the coe cient vector for the soluti on to the linear system and
jiM 1jj is the 12 norm of the inverse of the mass matrix associated with/". If this stopping criteria
is met, then (3.7) is satis ed. In many applications, these quantities are readily available. However,
if they are di cult to obtain, then estimating F2" as described above is a viable alternative and is
used in our numerical results.
In either case, whether using (3.1) or (3.12) to obtain (3.7) the convergence factor, , and the
h

reduction factor due to the re nement, are needed. Information from a previous grid can

F2h’
be used. For instance, when uniform re nement is usedF" is approximated from F2" using the
assumption that

1

_F2h.

h _
F—2p

wherep is the order of the nite element space used. In [3, 17, 21], ae ciency-based AMR scheme,
known as ACE, is used that estimates the actual error reducton in each element and determines
whether more re nement is necessary. This can then be used tdetermine the reduction factor
in this setting. Thus, we have shown how to determine when to grform another linear iteration
on a given grid in the case of the linearized functional. In tke next section, we discuss the overall
nonlinear problem and derive stopping criteria that indicate when the nonlinear functional is solved
on the order of discretization error associated with each gd.

3.2. The Nonlinear Problem. The overall objective is to minimize is the nonlinear func-
tional, F", on grid h. The linear solves, though, are used to minimize the lineaded functional,
which are assumed to be getting closer to the nonlinear fun@bnal with every Newton step . Lin-
earization of the operator yields a quadratic minimization problem as depicted in gure 3.3. Due to
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nested iteration, after a few linearizations by a quadraticfunctional, the minimum of the linearized

functional approaches the minimum of the nonlinear functicnal. Therefore, comparing the linear
and nonlinear functional gives an indication of when to stopthe Newton iterations. Each Newton

step yields an approximation that is \close" to the predicted minimum of the linearized functional

based on the stopping criteria established in subsection 3. If the linearized functional is \close"

to the nonlinear functional, this is a good indicator that th e approximation is also \close" to the

minimum of the nonlinear functional. However, we need to be nore precise in order to establish an
e ective stopping criteria.

Linear Functionals ) )
Nonlinear Functional
On Grid h

Linear Minima

Nonlinear Minimum

Fig. 3.3 . A 1D interpretation of the nonlinear functional in gray comp ared to several iterates of the linearized
functional in black.

The MHD system, (2.8)-(2.15), is polynomial and the third Frechet derivative of the nonlinear
operator, L%is identically zero. Let " = u,;  ul' denote a step toward the minimum, u", from
the approximation, uf', and assume that the approximations are all contained in a rite element
space denoted by the superscripth. Thus, the Taylor series for this problem is nite and the

nonlinear operator is rewritten as
1
L(uf + )= L(uf)+ LYl M+ ELO((UF)[ nor (3.13)

Taking the norm of the di erence of the nonlinear residual from (3.13) and the linearized residual
from (2.17) yields

Fal 1= i LR o (3.14)

Thus, the di erence gives a measure of the second Fechet désative of the nonlinear operator in
the direction of the Newton step. It is shown below that if this is small and if the linearized problem
has been solved to within a fraction of discretization errot then the approximation is close to the
discrete solution of the full nonlinear problem on that grid. The stopping criteria for the Newton
iterations is then

Fal 1]
Fl D)

(3.15)



10 Adler, et al.

This also implies that the relative di erence between the linearized and nonlinear functionals is
small,

jF(uih+1) F (uih+1 )J Fd[ ih+1]

h h y.
F(Uih+1 F(Uih+1 ) F(ui+l) (1+ )F(ui+1)' (3.16)

Now, just as in the linear case, any iterations on a given gridshould be stopped once the
algebraic error is within a certain limit of the error. At thi s point, it is more e cient to interpolate
to a ner grid and continue from there. Thus, just as in (3.7) for the linear problem, we want

L (ufhy) L uMiie PF M) (3.17)

First, there are several assumptions that are needed. Assuenthat all approximations on previous
grids have been solved to within discretization error on tha grid, which implies

F(ufyy) = O(hP):

Here, h is the grid parameter andp is the order of the nite element space. By solving the lineaized
problem, we satisfy (3.11). It is easily concluded from thisequation that

LA Mo @+ )PF(uly) @+ )PO(hP):

Using coercivity of the linearized functional, this also implies
i o Wi T aO(hp):

In addition, for the MHD problem, L°QuM)[ M'; "= L% I'; M is independent oful and it is easy

to show that for any two directions, w and z, there exists a positive constant,c,, such that
JL%w: zlijo  ciiwiojizijo:
We now use all of these estimates to get a bound on the left-hahside of (3.17).

Using the mean value theorem, the di erence of the nonlineamperator applied to two approx-
imations yields

L(uly) L (u)= L%Mul, o (3.18)

whered" = ul,, +(1  )u" forsome 2 (0;1). Thus, the left-hand side of (3.17) is in the range
of LY0M) and it can be written as

L(ufy) L (uM); LM |
oy LMV Tio ' (3.19)

Sinceu" is the discrete solution to the nonlinear problem, the Fechet derivative of the nonlinear
functional squared at this point, G(u"), is zero in all directions:

L™ f; L% M" =0 8vh2vh: (3.20)
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By adding and subtracting some terms, (3.19) can be broken ito four components:

<u L(ulh) HLYUMMT | Lula)  f LMV L Yul)v]
oo JiL xamvijo JiL xamvijo

!
LM fLquv] L") HLYaMv L v
L AaMvijo JiLAemv o

(3.21)

Equation (3.21) is bounded above by taking the sup over eachegrm. The third term here is zero
from (3.20). By using the mean value theorem onL? as in (3.18), and the coercivity bound, the
fourth term is bounded in the following way:

U L(u") £ LYOMIVT L Qul"] - F Uit o u" v
mor JiL oM vijo JiL amivijo

F(uMcjjo"  uhjjo
Co

%O(hp)F (uhy:

The second term is bounded in the same way, replacing (u") with F (uf,, ). This leaves only the
rst term. Expanding this term using the full MHD operator yi elds

L(uf) f+L%uP)l T+ gLRunr s L)

su = = 3.22
Py R CRITAT (822
This can also be broken into two terms to get
sup SN T+ LAWDUIBLAD o LA T IRLA g o
w2y JiL XM v ijo oy ik M) vhijjo

The rst term gives the exact stopping criteria for the linear iterations as in (3.10). We have
assumed that this term is small. Then, using the stopping crieria, (3.15), and the estimates above,
the second term can be bounded as well. Skipping most of the gébra, it can be shown that

sLOU D ML)V O(hP)
sup 22— ] F(ul,) +1 (3.24)
vh 2y h JiL oM vhljjo '+ Co

Now, with all four terms bounded, we have exactly what we wantfor the algebraic error of the
nonlinear system. Namely, using (3.1) and (3.16), this can hbe bounded in terms of the current
nonlinear functional:

jiL (uly) L (uMiio =

L(uly) L (u");L%ulh V"] "
—p, LS ) i @+ =+«

O(hP)
Co

h
C2 Co~ h
+1)+ =0O(hP)+ =—0O(h") F(ul1):
) CO() AhCo() (uis1)

(3.25)
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All of the terms involving O(hP) are assumed to be small relative to the other terms. This wil
eventually be valid, even if the coercivity constant, ¢y, is small.

Therefore, if we are near the linearized discrete solution d the di erence between the lin-
ear and nonlinear operator is small, we know that the current Newton step approximation is
within a small fraction of the discrete solution to the full nonlinear problem. Then, by ensuring
that the linear, (3.1), and the nonlinear, (3.15), stopping criteria are satis ed, more accuracy-per-
computational-cost is gained by moving to a ner grid.

3.3. Solution Algorithm. With the pieces above, an algorithm is now devised to solve a
system of nonlinear equations,L (u) = f. Starting on a coarse grid with a given initial guess, the
system is linearized and the linearized FOSLS functional ighen minimized on a nite element
space. At this point, several AMG V-cycles are performed uni there is little to gain in accuracy-
per-computational-cost. The system is then relinearized ad the minimum of the new linearized
FOSLS functional is approximated in the same manner. After ech set of linear solves, the relative
di erence between the linearized operator and the nonlinea operator is checked. If this is small,
then we are close enough to the minimum of the nonlinear funébnal. Next, the approximation is
interpolated to a ner grid, where the problem is solved in the same way. This can be done both
adaptively or uniformly. For this paper, we only show results using uniform re nement. However,
an e ciency-based AMR method, ACE [17, 21], has been employd with success on the MHD
problem. Preliminary results can be found in [3]. In any case this process is repeated until an
acceptable error has been reached, or until we have run out afomputational resources, such as
memory. If, as in the case of the MHD equations, it is a time-d@endent problem, the whole process
is performed at each time step. This algorithm is summarizedn the ow chart in gure 3.4.

Start at Time Step 1

Go to Coarsest Grid { Go to Next Time Step

Linearize Problem ‘ Refine Grid

+

‘ Create FOSLS Functional and Minimize ‘

Solve Az =b

HL(us ) —Lus|| <

Fig. 3.4 . Flow chart of nested iteration algorithm.

4. Numerical Results.  In this section, we investigate several MHD test problems toshow
that the nested iteration Newton-FOSLS-AMG method is capable of solving complex nonlinear
systems in about 30-80 work units or ne-grid-relaxation equivalents. The full algorithm, as in
gure 3.4, was applied to two tokamak test problems [13, 14, 3, 27]. From the papers by Chamn,
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Knoll, and Finn [13] and Philip [23], a reduced set of MHD equdions is obtained that simulate a
\large aspect-ratio" tokamak with non-circular cross-sedions. Here, the magnetic B- eld along the
z-direction, or the toroidal direction, is very large and mostly constant. In this context, the plasma
behavior in the poloidal cross-section is studied. This waglescribed in the companion paper, [2].
However, in that paper the nested iteration algorithm was orly applied on the rst time step. Here,
it is applied at each time step and we show that the appropriae physics is captured with only a
handful of work units per time step. Again, the reduced modelis equivalent to the 2D version
of equations (2.8)-(2.15). The x-direction denotes the pepdic poloidal direction in the tokamak,
whereas the y dimension represents a thin annulus in the poldal cross section. In this 2D setting,
vorticity, !, and current density, j, are both scalar variables. A bi-quadratic nite element space
and, for the timestepping, an implicit BDF-2 scheme are used All tests were performed on an AMD
Opteron shared memory machine running Suse Linux and with 6B of shared memory. We now
apply our methodology to two test problems, known as the teamg mode and the island coalescence
problems.

4.1. Test Problem: Tearing Modes. The rst test problem simulates a tearing mode
instability arising from perturbations in a steady-state current density sheet of a tokamak generator.
In this case, a current density sheet in the toroidal direction of the tokamak is perturbed, resulting
in an instability that causes a reconnection in the magnetic eld lines. The result is a formation of
an island in the contours of the current density eld and a \te aring" in the contours of the vorticity.
More details can be found in [4, 13, 14, 23]. For the followingsimulations, we de ne

=[0 ;4] [O;1] Re = S. =1000:

The initial conditions at equilibrium are

tanh(X(y 1=2))+ -(y 1=2)%sect?(:%)

Bo(x;y) = J ; 4.1)
uo(x;y) = 0: (4.2)
Po(xy)=0; (4.3)
ioiy)= 2y 1=22sec?(F2) + Lsectt(Y 1), (4.4)
Po(x;y) = 0:303 + %jBon; (4.5)

where =0:2. These initial conditions are perturbed away from equilitrium as follows:

cos(y)sin(x=2 =2) !

Bo(x;y)= @ 1 sin(y)cos(x=2 =2) A; (4.6)
0

iso0cy)= 5 Zsin(y)sin(x=2 =2) @.7)

poly) = 2 2 2si(y)sin’(x=2  =2) 4.9)

8
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where = 0:001. The boundary conditions are periodic in x and homogenag Dirichlet for the
current density and vorticity on the top and bottom of . Also ,n u=0and n B =0 on
the top and bottom. These boundary conditions guarantee tha the vorticity FOSLS formulation,
(2.8)-(2.15), is H? elliptic [1].

4.1.1. Results. The problem was run to time 200 o with a timestep of 1 5 using BDF-2, an
implicit time-stepping scheme. Here, A is the time in Alfen units. By the nal time step, the
tearing mode has fully developed. The nested iteration algathm is applied at every timestep and
stopping criteria, as described in section 3, were used folhte AMG V-cycles and the linearizations
so that the algebraic problems were each solved to within a sgci ed fraction of the discretization
error. In other words, only a small amount of work was done to dtain the solution on each grid.
As the results show, this was su cient to faithfully produce the relevant physics on a 64 256 ne
grid with quadratic elements. This requires 463239 degrees of freedom. The linear and nonlinear
stopping parameter are

Fq

S

FZ 1.01F? o:1:

On the nest grid and for all time steps, only one Newton step was needed to approximate the
nonlinear solution within discretization error and only a small number of V-cycles were needed for
the linear solves to achieve the desired accuracy.

Vorticity at Time‘ = 50 Vorticity at Time 200

'\ 02 1 ‘ °
L <N s
o
o
| o
| — 05 .
| o e
1 1R i
7 3 by
02 ol S
3 05 S
= = L)
v x

Current Density at Time = 50 Current Density at Time = 200

o5

Fig. 4.1 . Numerical solution after (a) 50 o and (b) 200 o. h = 1=64 p = 2 using uniform re nement.
Re = S. =1000: Top: vorticity. Bottom: current density.

Figure 4.1 shows that the method resolves the problem corrély. The main properties of the
tearing mode have been captured. The total work is shown in tale 4.1. The work units for a given
timestep are computed by rst estimating the work of one V-cycle on a given level, which is de ned
as the V-cycle complexity, C},, at the given re nement level, |, and computed as follows:

P L
C| - i=1 nzj rj . (4 9)
v _— .
nz)

where m' is the total internal levels of a given V-cycle on the overallgrid, I, nzj' is the number of
nonzeroes in the linear system on the V-cycle level, and]-' is the number of relaxations performed.
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For all test problems in this paper, V(1,1) cycles are used, ad, thus, rj' = 2. This value is then
multiplied by the number of V-cycles performed on that nested grid for all Newton steps. To
compare the work from one grid to another, this value is then nultiplied by the matrix nonzeros
for that grid and summed over all levels. The total work for the timestep is then de ned as

P, |
=1 NZ, C, Vi

W+ =
T NZ,

(4.10)

Here,NZ, = nz'l is the total nonzeros on each nested iteration gridNZ; refers to the nest grid
for that timestep, V, is the total number of V-cycles performed on the grid, andn is the maximum
re nement levels for the given time step.

The results in table 4.1 show that, using the nested iteration algorithm, complex instabilities
in a fusion reactor simulation are captured at a cost of 30-8Qwvork units. For later time steps,
a slight deterioration in AMG convergence on ner grids is sen. For these later time steps, the
reconnection is beginning to develop and, therefore, moreehtures are forming. Thus, the cost of
our AMG solver needs to be addressed in future work. It appeas that we have scalability in that
the cost is bounded uniformly in the grid size, but that bound is not as small as we expect or would
like. Despite this increased cost, FOSLS gives a discretidesystem that is SPD and AMG solves
it accurately and e ciently, especially in the context of a n ested iteration algorithm. It also gives
sharp error estimates that aid in continuously calculating the accuracy-per-computational-cost. In
addition, as is seen in the proceedings paper, [3], using anc&ency-based AMR scheme reduces
the amount of work needed to obtain the same accuracy for thedution.

Time | Grid DOF Nwt Steps | Avg V-cycles | Work Units | Avg WU/Timestep
1-82 6 595 1 4 0.011
1-82 5 2,079 2 11. 0.118
1-82 4 7,735 2 14.1 0.650
1-82 3 29,799 2 17.8 3.421 35 WU
1-82 2 116,935 1 15.7 12.677
1-82 1 463,239 1 5.7 18.358
83-200 6 595 2 8 0.021
83-200 5 2,079 2 11 0.118
83-200 4 7,735 2 18.4 0.852
83-200 3 29,799 2 21 4.063 77 WU
83-200 2 116,935 1 20.9 16.869
83-200 1 463,239 1 16.9 55.036
Table 4.1

Number of degrees of freedom (DOF), Newton steps, and V-cycl es used at each level and timestep. The number
of work units (WU) or equivalent ne-grid relaxations are al so computed here.

In the next problem, the island coalescence instability, weagain see the e ectiveness of the
nested iteration algorithm.

4.1.2. Test Problem: Island Coalescence. The second test problem simulates an island
coalescence in the current density arising from perturbatbns in an initial current density sheet.
Again, a current density sheet in the toroidal direction of the tokamak is perturbed, resulting in an
instability that causes a reconnection in the magnetic eld lines and merging of two islands in the
current density eld. This produces a sharp peak in current density where the magnetic eld lines
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reconnect. This region is known as the reconnection zone anithie point at which the magnetic eld
lines break is known as theX point. See [4, 18, 23] for more details. For the following simlations,
we de ne

=[ 111 [ L1] Re = S, =50;00L

The initial conditions at equilibrium are

N 1 sinh(2y) .
Bolxiy) = cosh(2y )+ kcos(2x ) ksin2x) (4.11)
Uo(x;y) = 0; (4.12)
Lo(x;y)=0; (4.13)
ey = _ 2 (k* 1) :
Jao(x;y)=r1  Bo= (cosh(2y ) +0:2cos(2x ))2’ (4.14)
oy @K 1 :
PoCay) = =5+ osh@y )70 2cos@x )2 (4.15)
wherek = 0:2. These initial conditions are perturbed away from equilitrium as follows:
L cos(x )sin( %)
Bo(x;y)= @ 1 Lcos( ¥)sin(x) A; (4.16)
0
js0(y) = cos( 3)cos(x); (4.17)
where = 0:01: The boundary conditions are periodic in x and Dirichlet for the current density

and vorticity on the top and bottom of the domain. Also n u andn B are known on the top and
bottom. Again, the FOSLS formulation, (2.8)-(2.15), is H?! elliptic.

4.1.3. Results. The problem was run to time 8 o with a timestep of 0:1 o using a BDF-2
scheme. At the end of the simulation, the islands have beguna coalesce and a large peak in current
density has occurred at the reconnection point. Using unifom re nement and quadratic elements,
the nested iteration was performed up to a 128 128 grid. This leads to 462343 degrees of freedom.
The linear and nonlinear stopping parameters are again

Fq

S

F2 1:.01F? 0:1:
As with the Tearing Mode instability, on the nest grid and fo r all time steps, only a couple of

Newton steps were needed for the Newton iterations to convgle and a small number of V-cycles
were needed for AMG to resolve the linear system. This is seem table 4.2. In this problem,

when the reconnection begins, a sharp peak in current densitoccurs, resulting in steep gradients
in the magnetic eld. As a result, the nonlinearities in the problem get larger for these time steps.
This may explain why, for later timesteps, two Newton steps ae needed to get the linear and
nonlinear operators to be close on the nest grid. These featres might not be seen on the coarser
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grids and, therefore, a little more work is needed. On a biggemachine, higher resolutions can be
obtained, and we expect the algorithm to eventually only neel one Newton step on the nest grids.
Future work will simulate the algorithm on a parallel version of the code that will allow for more
re nement. However, with the resolution obtained here, the algorithm is still capable of capturing
the appropriate physics in only 65 work units per time step. The results with uniform re nement
at time 8 5 are seen in gure 4.2. This shows the sharp peak in the currentlensity as well as the
coalescence of the two islands.

Time | Grid DOF Nwt Steps | Avg V-cycles | Work Units | Avg WU/Timestep
1-80 7 175 1.2 4.7 0.003

1-80 6 567 1.8 8.7 0.027

1-80 5 2,023 1 4 0.056

1-80 4 7,623 1 4.1 0.229 65 WU
1-80 3 29,575 1.1 5.7 1.147

1-80 2 116,487 1.4 11.7 9.532

1-80 1 462,343 1.5 16.8 54.433

Table 4.2

Number of degrees of freedom (DOF), Newton steps, and V-cycl es used at each level and timestep. The number
of work units (WU) or equivalent ne-grid relaxations are al so computed here.

Fig. 4.2 . Numerical solution of current density (j) after (a) 2 and (b) 6 o. h=1=64 p=2 using uniform
renement. Re = S =50;001L:

In addition to showing that the algorithm works well numeric ally on the island problem, we
also con rm that it is capable of capturing the physics of the problem. To do this, the growth and
reconnection rates of the instabilities are measured. Thesare described in [4, 13, 18, 23].

First, the growth rate, which measures the rate at which the perturbation from the equilibrium
state in all the primitive variables grows over time, is computed as follows:

(1) = logjju U ojjo: (4.18)

Here, U is any of the dependent variables andU, is the unperturbed initial equilibrium state of
that variable. We expect the perturbations for the island instability to grow exponentially with
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time up until the reconnection occurs. This is seen as a lingarate for ( t). After this, the growth
rate should remain steady with order one. This is shown in gue 4.3 for Reynolds and Lundquist
numbers of 5,000 and 50,001. The instabilities are propagatg at the expected rate.

Fig. 4.3 . Growth rate of all variables over time. Leftt Re = S =5;000. Right: Re = S| =50;001.

Another measure of the quality of the approximate solution is the reconnection rate. This
describes how the magnetic eld lines break and reconnect @r time. It is measured by checking
how the current density, j, changes with time relative to its equilibrium state, proportionally to
the resistivity of the system, speci cally at the point wher e the reconnection occurs. For the island
coalescence problem, this is known as th& -point, or the point at which the two islands collide.
We have

Eaix = Gix = oGO 1O @19)

where is the poloidal ux function. As in [13, 18], it is expe cted that the reconnection rate

increases over time until the reconnection occurs, when it @aches its peak magnitude. It then
decays back to zero as the islands merge into one. For higheruhdquist numbers (i.e. lower

resistivities), this decay involves some oscillations knan as \sloshing" [18]. This behavior is also
observed as seen in gure 4.4. For a Lundquist number of 300, the reconnection rate peaks and
then smoothly decays to zero. For Lundquist numbers of 10000 and 50001, the sloshing develops
after the reconnection has occurred. In addition, it is predcted that the peak reconnection rate

decreases with Lundquist number with orderO(S; l:2). The nested iteration method captures this

relation, as seen in gure 4.4.

5. Discussion. We showed that the FOSLS nite element method, along with neged iteration,
is highly e ective for the complicated, current-vorticity form of resistive MHD. Real world MHD
applications are solved very e ciently when the focus is on acuracy-per-computational-cost. The
crux of the above methodology is that most of the di cult comp utations, such as the linearizations,
are done on coarser grids where computing is less expensivdoreover, the result of interpolating
the solution from the coarse grid up to the ne grid provides a good starting guess for the solution
on that ner grid. As a result, when the desired accuracy is reached, an approximation to the
solution is obtained in only a few work units. The use of FOSLSgreatly aids this process. Its
sharp, a posteriori error estimate allows parameters to be @mputed that are used to estimate the
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Fig. 4.4 . Top and Bottom Left: Reconnection Rate vs Time. Top Left: S. =5;000. Top Right: S =50;001.
Bottom Left: S, =10;000. Bottom Right: Peak reconnection rate vs. Lundquist number , S, .

current accuracy-per-computational-cost. However, any ther discretization method and iterative
linear solver that can provide such parameters can be used stead.

While this paper mainly focused on the nested iteration conepts, an additional way to obtain
better accuracy-per-computational-cost is through the ug of adaptive mesh re nement (AMR).
This allows for the meshes to be locally re ned at each timestp and, therefore, follow the physics
of the solution as it evolves over time. As stated above, the eiency-based AMR scheme, ACE
[17, 21], has been used on these type of MHD problems with suess [1, 3]. For the island coalescence
problem, using the ACE algorithm along with the nested iteration Newton-FOSLS-AMG scheme
results in 10% of the work that uniform re nement requires to get to the same functional error.

Several aspects still need to be studied. First, if previougslata are used to determine when to
move to a ner grid, then the previous data must be solved \wel enough" to get good estimates. For
instance, is it necessary to solve the problem on the previaitime step to a greater accuracy than
otherwise required in order to obtain accurate parameters?For this paper, all of the parameters
were chosen based on average estimates and were xed for thetie run. In the future, we hope
to develop heuristics that allow these parameters to be adjated dynamically. At some point, more
complicated physics could occur and, then, the algorithm neds to determine those parameters
more precisely.

Second, the linear system solvers are what dictate the ovellae ciency of the NI-Newton-
FOSLS method. For this paper, the algebraic systems are sobd with a classical algebraic multigrid
method. Deteriorations in the algebraic convergence for ioreased timestep size as well as Reynolds
and Lundquist numbers are observed. The current AMG algorihhm can be improved in several ways.
One might develop an improved AMG scheme for the above type ofystems of PDEs that might
involve the use of newly developed adaptive multigrid algoithms described more in [8, 9, 19]. Using
a problem speci c linear solver would produce scalable redts and, thus, would greatly enhance the
positive e ects of using nested iteration.

Finally, there are many other MHD problems to be tested, as wé as other time-dependent
problems in uid dynamics that have large nonlinearities. Using a rst-order system least squares
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formulation with nested iteration, we were able to resolve he above MHD physics, and we believe
that, with a careful formulation, it can be used for many other time-dependent nonlinear systems.
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