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Abstract. In a companion paper [8], we prop ose a new multilev el solver for two-dimensional
elliptic systems of partial di®erential equations (PDEs) with nonlinearit y of type u@v. The approach
is based on a multilev el pro jection metho d (PML [9]) applied to a ¯rst-order system least-squares
(FOSLS) functional that allows us to treat the nonlinearit y directly . While [8] focuses on compu-
tation, here we concentrate on developing a theoretical framework that con¯rms optimal two-level
convergence. To do so, we choosea ¯rst-order formulation of the Navier-Stok esequations as a basis of
our theory . We establish contin uit y and coercivit y bounds for the linearized Navier-Stok es equations
and the full nonquadratic least-squares functional, as well as existence and uniqueness of a functional
minimizer. This leads to the immediate result that one cycle of the two-level PML metho d reduces
the functional norm by a factor that is uniformly less than 1.
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1. In tro duction. Our companion paper [8] intro ducesa new multilev el solver
for two-dimensionalelliptic systemsof partial di®erential equations(PDEs) with non-
linearit y of type u@v. The approach is basedon a multilev el projection method (PML
[9]) applied to a ¯rst-order system least-squares(FOSLS) functional, where the non-
linearit y is treated directly, with no needfor linearization anywhere in the algorithm.
While [8] focuseson computation, the key objective of the present paper is to establish
local well-posednessof our functional minimization problem. This result leadsto the
immediate conclusion that our two-level solver convergeslinearly with grid indepen-
dent factors, as observed numerically in [8]. This two-grid result can be extended to
W -cyclesin the usual way. However, an important alternativ e would be to establish
a V-cycle result basedon the general theory developed in [11] and [12]. This alter-
native would naturally yield grid-dependent convergencebounds becauseof the weak
smoothnessassumptionson the problem formulation (i.e., only Lipschitz continuit y
on the domain boundary).

We baseour theory for a two-level PML method on the ¯rst-order formulation of
the Navier-Stokes formulation given in (2.1) below. Although we choosethis formu-
lation as a foundation for our theoretical framework, it is not limited to it: similar
results can be establishedfor other PDEs of this class.

This paper is organized in the following way. Section 2 provides the ¯rst-order
system formulation, with de¯nitions, notation, and description of one two-level PML

yBio engineering Institute, The Univ ersity of Auckland, Priv ate Bag 92019, Auckland 1, New
Zealand. Email : o.rohrle@acukland.ac.nz . This work was sponsored by the Departmen t of Energy
under grant numbers DE-F C02-01ER25479 and DE-F G02-03ER25574, Lawrence Liv ermore National
Lab oratory under contract number B533502, Sandia National Lab oratory under contract number
15268, and the National Science Foundation under VIGRE grant number DMS-9810751.

zDepartmen t of Applied Mathematics, Campus Box 526, Univ ersity of Colorado at Boulder,
Boulder, CO, 80309{0526. Email : f tmanteuf, stevemg@colorado.edu. This work was sponsored by
the Departmen t of Energy under grant numbers DE-F C02-01ER25479 and DE-F G02-03ER25574,
Lawrence Liv ermore National Lab oratory under contract number B533502, Sandia National Lab-
oratory under contract number 15268, and the National Science Foundation under VIGRE grant
number DMS-9810751.

1



cycle step. Section 3 establishesseveral continuit y and coercivity bounds for the
Oseenequations,aswell as for the full nonquadratic least-squaresfunctional. Section
4 shows existenceand uniquenessof a functional minimizer, somecharacteristics of
coarse-gridcorrection and relaxation, and two-grid convergence.

2. First-Order System Form ulation, De¯nitions, Notation, and Other
Preliminaries. We use c and C throughout as generic constants that my change
value with every occurrence but are independent of mesh size. To keep track of a
speci¯c value for a constant, subindicesmay be used.

First-order systemleast-squaresformulations for the Navier-Stokesequationsare
discussedin [1, 2, 3, 6]. In the framework of this paper, we consider the ¯rst-order
velocity-°ux formulation of the Navier-Stokesequationsgiven in [1] and [2]:

L (x) = g :=

8
>>>>>><

>>>>>>:

r u t ¡ U = 0 in ­ ;

¡ (r ¢U )t + r p + Re U t u = f in ­ ;

r ¢u = 0 in ­ ;

r £ U = 0 in ­ ;

r
¡
tr U

¢
= 0 in ­ ;

(2.1)

where ­ is a subset of Rn (n = 2; 3) with Lipschitz continuous boundary @­ and
f 2 L 2(­) n . As boundary conditions, without loss of generality, we take u = 0 and
n£ U = 0 on @­, wheren is the outward unit normal on @­. Writing the unknownsas
x = (u; U ; p), then the nonquadratic functional is constructed by taking the L 2-norm
of each interior equation:

F (x; g) = kL (x) ¡ gk
2

0; ­
; x 2 VVV; (2.2)

where g = (0; f ; 0; 0; 0)T and the spaceis de¯ned by

VVV = H 1
0 (­) n £ V0 £ (H 1(­) =R);

with

V0 = f U 2 H 1(­) n 2
: n £ U = 0 on @­ g:

It is shown in [5] that the Navier-Stokesequationsgenerally have more than onesolu-
tion, unlessthe viscosity and the external forcessatisfy very stringent requirements.
However, it can also be shown that, in many practical examples,these solutions are
mostly isolated, i.e., there exist a neighborhood in which each solution is unique.
Bifurcation phenomenaare rare. We thus assumewe are in a closedneighborhood,
B(x¤; r ), of an isolated solution, x ¤ 2 VVV, to (2.1), that is, a global minimum of (2.2),
for which F (x¤; g) = 0. The neighborhood is taken to be an H 1-ball around x¤ with
radius r > 0 de¯ned as

B(x¤; r ) :=
©

x 2 VVV : kx ¡ x¤k1; ­ < r
ª

;

where

kxk
2

1; ­
´ kuk

2

1; ­
+ kU k

2

1; ­
+ kpk

2

1; ­
:
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Its closure is B(x¤; r ) =
©

x 2 VVV : kx ¡ x¤k1; ­ · r
ª

. Several placesalong the way,
we assumethat r is so small that certain expansionswe develop give us the desired
bounds.

Denote by L 0(x)[y ] the ¯rst Fr¶echet derivative of operator L at x 2 VVV in direction
y = (v ; V ; q) 2 VVV. Note that the nonlinear term, Re U t u, in (2.1) becomesRe(V t u +
U t v) in L 0(x)[y ] and that L 0(x)[y ] is linear in y . Also, L 0(x) is the sameoperator
as that for the Oseen equations (cf. [7]). L 00(x)[y ; z] denotes the second Fr¶echet
derivative at x in directions y and z = (w; W ; t) 2 VVV. For the linear terms of (2.1),
the secondFr¶echet derivative is the zero operator. For the nonlinear term, we obtain
Re(V t w + W t v), so L 00(x) is independent of x.

Another set de¯nition we use later is the closedline segment connecting points
x, y 2 VVV: [x ; y ] := f µx + (1 ¡ µ)y : 0 · µ · 1g. This notation should not be confused
with the squarebrackets usedfor directional derivativesbecausethe operator always
immediately precedesthe direction.

Having de¯ned the ¯rst and secondFr¶echet derivatives for operator L , we are
able to expressthe ¯rst and secondFr¶echet derivativesof the nonquadratic functional
in (2.2) in terms of L and its derivatives. For x; y 2 VVV, the ¯rst Fr¶echet derivative of
(2.2) in direction y is

F 0(x ; g)[y ] = 2 <L (x) ¡ g; L 0(x)[y ]> : (2.3)

Its secondFr¶echet derivative in direction [y ; y ] (neededlater for Taylor expansions)
is

F 00(x ; g)[y ; y ] = 2 kL 0(x)[y ]k
2

0; ­
+ 2 <L(x) ¡ g; L 00(x)[y ; y ]> : (2.4)

Remark 1. As with all multigrid schemes,relaxation is the basis for our PML
approach. One choice is steepest descent, which involves a gradient direction, d, in VVV
and a stepsize,s, determined as the smallest nonnegativecritic al point of F (x ¡ sd; g).
To understand this step, it is useful to examine the polynomial

F (x ¡ sd; g) = F (x; g) ¡ sF 0(x ; g)[d] +
s2

2
F 00(x ; g)[d; d]

¡
s3

6
F 000(x ; g)[d; d; d] +

s4

24
F (4) (x ; g)[d; d; d; d]:

From (2.4), we see that F 000(x ; g)[d; d; d] = 6 < L 0(x)[d]; L 00(x)[d; d] > and
F (4) (x ; g)[d; d; d; d] = 6 < L 00(x)[d; d]; L 00(x)[d; d]> . Thus, when F 00(x ; g) > 0, an
inspection of this polynomial for s > 0 implies that there existsa smallest nonnegative
critic al point, s, of F (x ¡ sd; g) and that it must be a local minimum of F (x; g) such
that F (x ¡ sd; g) · F (x; g). (Note that either d = 0 and F (x ¡ sd; g) = F (x; g), so
s = 0, or F (x ¡ sd; g) initial ly decreases,but then tends to + 1 as s goes from 0 to
1 .)

Similar de¯nitions can be made for subspacesof VVV. Consider a quasi-uniform
¯nite element partition of ­ with approximate mesh size h and let H h (­) be the
corresponding ¯nite element subspaceof H 1(­) consisting of piecewisepolynomials:
a function in H h (­) is continuous on ­ and polynomial within each element. Let
H h

0 (­) denote the subspaceof H h (­) of functions that are zero on @­. Then de¯ne

Sh = H h
0 (­) n £ Vh

0 £ (H h (­) =R) ½ VVV;
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with

Vh
0 = f U h 2 H h (­) n 2

: n £ U h = 0 on @­ g:

Supposealso that we have a corresponding coarser2h level so that the corresponding
discrete space, S2h , forms a subspaceof Sh . For this paper, we assumestandard
nested¯nite element spaces,S2h ½ Sh ½ VVV, that satisfy the approximation property,

inf
x 2h 2S 2h

kxh ¡ x2h k
2

0; ­
· C1 h2 kxh k

2

1; ­
; (2.5)

and the inverseestimate,

kxh k
2

1; ­
·

C2

h2 kxh k
2

0; ­
; (2.6)

for all xh in Sh , whereC1 and C2 are positive constants that do not depend on h (see
[4]). Further, de¯ne a discrete H 1-ball by Bh (x¤; r ) =

©
xh 2 Sh : kxh ¡ x¤k1; ­ < r

ª

and its closure by B
h
(x¤; r ) =

©
xh 2 Sh : kxh ¡ x¤k1; ­ · r

ª
. As we said, we

chooser progressively smaller in several places in what follows. Nowhere does this
requirement depend on h. However, we implicitly assumethat, no matter how small
r becomes,h is so small that Bh (x¤; r ) 6= ; .

Before being able to de¯ne the relaxation scheme and two-level PML method,
we intro duce the discrete functional and its gradient as well as the operator norm
associated with the secondFr¶echet derivative of functional F (x; g).

Definition 2.1 (Discrete Functional and its L 2-Gradient). Let xh 2

B
h
(x¤; r ) and de¯ne F h (xh ; g) as the restriction of F (x h ; g) to space Sh . Now let

y h 2 Sh . By the de¯nition of the ¯rst Fr¶echetderivative, we have

F h 0
(xh ; g)[y h ] = <L (xh ) ¡ g; L 0(xh )[y h ]>;

and, since Sh is ¯nite dimensional, the RieszRepresentation Theorem guarantees the
existence of the discrete L 2-gradient, r h F (xh ; g) 2 Sh , which satis¯es

F h 0
(xh ; g)[y h ] = <L 0¤(xh )

¡
L (xh ) ¡ g

¢
; y h> =: < r h F (xh ; g); y h> :

Note that r h F (xh ; g) 2 Sh can be de¯ned weakly by < r h F (xh ; g); y h > = < L(xh ) ¡
g; L 0(xh )[y h ]> , for all y h 2 Sh . Note also that r h F h (xh ; g) = r h F h (xh ; gh ), where
gh is the L 2-orthogonal projection of g onto space L 0(xh )Sh .

Remark 2. Denote by xh
¤ the elementin Sh that minimizes (2.2) over B

h
(x¤; r ).

Such an element exists because this set is compact and F (x; g) is continuous, as we
show in Theorem 2. Note that if x h 2 Bh (x¤; r ) (i.e., the interior of the ball), then
xh

¤ is a grid h critic al point in the sensethat

< r h F (xh
¤ ; g); y h> = <L(xh

¤ ) ¡ g; L 0(xh
¤ )[y h ]> = 0; (2.7)

for all y h 2 Sh , provided F 00(x ; g) is bounded on B(x¤; r ), as we show in Theorem 1
below. This follows from a standard argument based on Taylor series and outlined as
follows: if

0 · F
¡
xh

¤ ¡ sr h F (xh
¤ ; g)

¢
¡ F (xh

¤ ; g) =

¡ skr h F (xh
¤ ; g)k

2

0; ­
+ s2F 00(~xh ; g)[r h F (xh

¤ ; g); r h F (xh
¤ ; g)];
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and, for small enoughbut positive s, we could make the last expression negative (a
contradiction) unlessr h F (xh

¤ ; g) = 0. This standard argument is referred to later in
the proof of Lemma4.3 to showthat the coarse-grid correction stepof PML (described
next) is determined by a grid 2h critic al point. That x ¤ is a critic al point of F (x; g)
in B(x¤; r ) follows simply from (2.3).

Definition 2.2 (Discrete Opera tor Norm of the Second Deriv ative).

Let xh 2 B
h
(x¤; r ) and y h 2 Sh . Then the discrete operator norm associated with the

second Fr¶echetderivative of functional F (x h ; g) is de¯ned by

kjF 00(xh ; g)kj0;h = sup
06= y h 2 Sh

¯
¯F 00(xh ; g)[y h ; y h ]

¯
¯

<y h ; y h>
:

Next, we de¯ne one step of relaxation. We consider two types of schemes,both
of which usethe discrete gradient as a descent direction. The ¯rst schemereducesto
Richardson for the linear caseand the secondis optimal steepest descent. The theory
focuseson the Richardson-type schemebecauseit is simpler to analyzeand it setsthe
stagefor a simple conclusionfor steepest descent.

Definition 2.3 (Relaxa tion). One step of Richardson-type relaxation is de-
¯ned by

xh Ã xh ¡
!

kjF 00(xh ; g)kj0;h

r h F (xh ; g); (2.8)

where r h F (xh ; g) is the search direction, 1=kjF 00(xh ; g)kj0;h the basic step length, and
! a damping parameter. One step of steepest descent is de¯ned by

xh Ã xh ¡ sr h F (xh ; g); (2.9)

where s is chosenas the smallest nonnegative root of

@F
@s

³ ¡
xh ¡ sr h F (xh ; g)

¢
; g

´
= 0: (2.10)

Wenow haveall the ingredients neededto describe the two-level PML method. Its
¯rst step computes the nearest locally optimal coarse-gridcorrection, which Lemma
4.3 below shows must exist uniquely provided we are closeenough to x ¤. Its second
step is one relaxation sweep given by either (2.8) or (2.9). The method in (2.8) is
well de¯ned becauseF 00(xh ; g) is nonzero, as Theorem 1 below shows. The method
in (2.9) is also well de¯ned as Remark 1 shows.

STEP 1. For a given initial guess,x h
0 2 Sh , perform the coarse-grid correction

stepgiven by xh
1
2

Ã xh
0 + x2h

¤ , where x2h
¤ is the local minimizer of F (x h

0 + x2h ; g) (e.g.,

it is a grid 2h critic al point) with minimal H 1-norm:

x2h
¤ = argmin

x 2h 2 S2h

n
kx2h k1; ­ : r 2h F (xh

0 + x2h ; g) = 0; F (xh
0 + x2h ; g) · F (xh

0 ; g)
o

:

STEP 2. Let xh
1 be the result of one relaxation stepgivenby (2.8) or (2.9) applied

to xh
1
2
.

Further iterations of PML are de¯ned in the obvious way, with x h
k taking on the

role of xh
0 and xh

k+1 being the result corresponding to x h
1 , for k = 1; 2; : : : .

5



3. Con tin uit y and Co ercivit y bounds. In this section,we ¯rst establishcon-
tinuit y and coercivity for the Oseenequations (Lemma 3.3). We then use Lemmas
3.1 and 3.3 to prove continuit y and coercivity of F 00(x ; g)[y ; y ] asa function of y 2 VVV,
for all x 2 B(x¤; r ) (Theorem 1). The results in this section help us later to establish
the key objective of our two-level method: one cycle of two-level PML reducesthe
functional norm by a factor that is bounded uniformly below 1 (Theorem 4).

Lemma 3.1. There exist a ° 0, depending only on Re and ­ , such that

kL 00(x)[y ; z]k0; ­ · ° 0kyk1; ­ kzk1; ­ ;

for all x ; y , and z in VVV.
Proof. Recall, for x = (u; U ; p), y = (v ; W ; q), and z = (w; W ; t) in VVV, that the

secondFr¶echet derivative for the linear terms of (2.1) is the zero operator. For the
nonlinear term, we obtain Re(V t w + W t v). Then, the result follows directly from
the Sobolev Imbedding Theorem about multiplication in Sobolev spaces(Corollary
I.1.1 in [5]).

Lemma 3.2. For all x = (u; U ; p) 2 VVV, there exist two positive constants, ~c3 and
~C3, depending only on Re, x, and ­ , such that

~c3(x) kyk
2

1; ­
· kL 0(x)[y ]k

2

0; ­
· ~C3(x) kyk

2

1; ­
;

for all y = (v ; V ; q) 2 VVV.
Proof. We use the derivation of the regularity estimate, as well as Theorems

3.2, 4.1, and 4.2 in [7], as guidelines for the proof of this lemma. Analogous to the
continuit y and coercivity proof for L 0

¡
(u; p)

¢£
(v ; V ; q)

¤
in [7], we start from the Oseen

equations in the following form:

¡ ¢ v + Re
£
(r v t )t u + U t v

¤
+ r q = f ;

r ¢v = g;
(3.1)

whereg 2 L 2(­). The ¯rst equation di®ersfrom that in [7] becauseU is usedinstead
of r u t . We also relax the smoothnessassumption by only requiring u and U to be
in H 1

0 (­) n and V0, respectively. ([7] requires u to be in H 2
0 (­) n ).

First, we establish an a priori H 1-regularity estimate for the equations in (3.1):
if ­ hasLipschitz boundary, then, for f 2 H ¡ 1

0 (­) n and g 2 L 2
0(­), the weak solution

of (3.1), (v ; q) 2 H 1
0 (­) n £ L 2

0(­), satis¯es the a priori estimate

kr v t k0; ­ + kqk0; ­ · const
¡
kf k¡ 1 ; ­ + kgk0; ­ + kvk±o + ±; ­

¢
; (3.2)

for ± 2 (0; 1
2 ), where ±o = 0 for ­ ½ R2 and ±o = 1

2 for ­ ½ R3.
To prove this estimate, we ¯rst take the pointwisedot product of the ¯rst equation

of (3.1) with any Ã 2 H 1
0 (­) n and the dot product of the secondequation of (3.1)

with any Á 2 L 2(­), integrate it over ­, and use integration by parts. This yields

< r v t ; r Ã t> + Re <(r v t )t u + U t v ; Ã> ¡ <q; r ¢Ã> = < f ; Ã>;

< r ¢v ; Á> = <g; Á> :
(3.3)

Sinceg 2 L 2(­), we can choosean s 2 H 1
0 (­) n , according to Lemma 4.1 in [7], such

that

r ¢s = g and jsj1; ­ · Ckgk0; ­ : (3.4)
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Then, setting ÀÀÀ = v ¡ s 2 H 1
0 (­) n in (3.3), we have

8
><

>:

< r ÀÀÀt ; r Ã t> + Re <(r ÀÀÀt )t u + U tÀÀÀ; Ã> ¡ <q; r ¢Ã> = < f ; Ã> ¡ < r st ; r Ã t>

¡ Re < (r st )t u + U t s; Ã>;

< r ¢ÀÀÀ; Á> = <0; Á>;
(3.5)

for any Ã 2 H 1
0 (­) n and Á 2 L 2(­). For the ¯rst equation in (3.5), by taking Ã = ÀÀÀ,

we obtain

kr ÀÀÀt k2
0; ­

= < f ;ÀÀÀ> ¡ < r st ; r ÀÀÀt> ¡ Re
¡

< (r ÀÀÀt )t u + U tÀÀÀ;ÀÀÀ> + <(r st )t u + U t s;ÀÀÀ>
¢

· j < f ;ÀÀÀ> j + j < r st ; r ÀÀÀt> j

+ Re j <U tÀÀÀ;ÀÀÀ> + <(r ÀÀÀt )t u;ÀÀÀ> + <U t s;ÀÀÀ> + <(r st )t u;ÀÀÀ> j:
(3.6)

For the ¯rst term of the upper bound in (3.6), recall the de¯nition of the H ¡ 1(­)
norm:

kf k¡ 1 ; ­ := sup
06= ÀÀÀ2 H 1

0 (­)

< f ;ÀÀÀ>
jÀÀÀj1; ­

)
< f ;ÀÀÀ>
jÀÀÀj1; ­

· kf k¡ 1 ; ­ ; 8ÀÀÀ 6= 0 2 H 1
0 (­) n :

Hence, for all ÀÀÀ 6= 0 2 H 1
0 (­) n , we have < f ;ÀÀÀ> · kf k¡ 1 ; ­ kr ÀÀÀk0; ­ : To bound the

secondterm, we usethe Cauchy-Schwarz's inequality:

< r st ; r ÀÀÀt> · kr st k0; ­ kr ÀÀÀt k0; ­ = jsj1; ­ kr ÀÀÀt k0; ­

(3.4)
· Ckgk0; ­ kr ÀÀÀt k0; ­ :

It remains to derive bounds for the last four terms, which are classi¯ed in [5] as trilin-
ear. In the following, C denotesa genericconstant that might depend on Re;­ ; kuk1 ,
and kU k1 .

According to the Sobolev Imbedding Theorem I.1.3 in [5], the spaceH 1(­) is
continuously imbeddedin L 4(­) for n · 4. Then,

j <UÀÀÀ;ÀÀÀ> j =

¯
¯
¯
¯
¯
¯

nX

i;j =1

Z

­
Àj Uij Ài dx

¯
¯
¯
¯
¯
¯

·
nX

i;j =1

kÀj k0; ­ kUij k0; 4 ; ­ kÀi k0; 4 ; ­

· CkÀÀÀk0; ­ kU k1; ­ kÀÀÀk1; ­ · CkÀÀÀk±o + ±; ­ kU k1; ­ jÀÀÀj1; ­ :

(3.7)

The last inequality is a result of the Poincar¶e-Friedrichs inequality (kÀÀÀk1; ­ · CjÀÀÀj1; ­ ).
Applying the Sobolev Imbedding Theorem to the secondtrilinear term leadsto

< (r ÀÀÀt )t u;ÀÀÀ> · kr ÀÀÀt k0; ­ ku tÀÀÀk0; ­ · kr ÀÀÀt k0; ­ kuk1; ­ kÀÀÀk±o + ±; ­ : (3.8)

Similar arguments hold for the remaining two trilinear terms. Hence,

<U t s;ÀÀÀ> · C kU k1; ­ jsj1; ­ kÀÀÀk1; ­ · C kU k1; ­ kr ÀÀÀt k0; ­ kgk0; ­ (3.9)

and

< (r st )t u;ÀÀÀ> · C jsj1; ­ kuk1; ­ kÀÀÀk1; ­ · C kuk1; ­ kr ÀÀÀt k0; ­ kgk0; ­ : (3.10)

Combining the results yields

kr ÀÀÀt k2
0; ­

· kf k¡ 1 ; ­ kr ÀÀÀk0; ­ + Ckgk0; ­ kr ÀÀÀk0; ­ + CkU k1; ­ kÀÀÀk±o + ±; ­ kr ÀÀÀk0; ­

+ C
¡
kU k1; ­ + kuk1; ­

¢
kgk0; ­ kr ÀÀÀk0; ­ :

7



Canceling kr ÀÀÀk0; ­ gives

kr ÀÀÀt k0; ­ · C(Re;kuk1; ­ ; kU k1; ­ ; ­)
h
kf k¡ 1 ; ­ + kgk0; ­ + kÀÀÀk±o + ±; ­

i
: (3.11)

To bound q, chooseÃ 2 H 1
0 (­) n according to Lemma 4.1 in [7] such that

r ¢Ã = q and jÃ j1; ­ · Ckqk0; ­ : (3.12)

Using again the ¯rst equation of (3.5), we obtain

kqk2
0; ­

= < r ÀÀÀt ; r Ã t> + Re <(r ÀÀÀt )t u + U tÀÀÀ; Ã>

¡ < f ; Ã> + < r st ; r Ã t> + Re <(r st )t u + U t s; Ã>

· < r ÀÀÀt ; r Ã t> + Re <(r ÀÀÀt )t u + U tÀÀÀ; Ã>

+ j < f ; Ã> j+ < r st ; r Ã t> + Re <(r st )t u + U t s; Ã> :

We proceedsimilarly as with the bound kr ÀÀÀt k0; ­ . For all Ã 6= 0 2 H 1
0 (­) n ,

< f ; Ã> · kf k¡ 1 ; ­ jÃ j1; ­

(3.12)
· Ckf k¡ 1 ; ­ kqk0; ­ ; (3.13)

< r ÀÀÀt ; r Ã t> · kr ÀÀÀt k0; ­ kr Ã t k0; ­ = jÀÀÀj1; ­ jÃ j1; ­

(3.12)
· CjÀÀÀj1; ­ kqk0; ­ ; (3.14)

and

< r st ; r Ã t> · kr st k0; ­ kr Ã t k0; ­ = jsj1; ­ jÃ j1; ­

(3.12)
· Cjsj1; ­ kqk0; ­ : (3.15)

The bounds for trilinear terms < (r ÀÀÀt )t u; Ã > and < (r st )t u; Ã > follow directly by
applying Lemma IV.2.1 in [5] and the Poincar¶e-Friedrichs inequality:

< (r ÀÀÀt )t u; Ã> · C jÀÀÀj1; ­ kuk1; ­ kÃk1; ­ · C kuk1; ­ kr ÀÀÀt k0; ­ jÃ j1; ­ (3.16)

and

< (r st )t u; Ã> · C jsj1; ­ kuk1; ­ kÃk1; ­ · C kuk1; ­ jsj1; ­ jÃ j1; ­ : (3.17)

For the remaining trilinear terms, we follow the argument in (3.7):

<U tÀÀÀ; Ã> · C kU k1; ­ kÀÀÀk1; ­ jÃ j1; ­ · C kU k1; ­ kr ÀÀÀt k0; ­ jÃ j1; ­ (3.18)

and

<U t s; Ã> · C kU k1; ­ ksk1; ­ jÃ j1; ­ · C kU k1; ­ jsj1; ­ jÃ j1; ­ : (3.19)

With (3.13)-(3.19), we have

kqk2
0; ­

· Ckf k¡ 1 ; ­ kqk0; ­ + CjÀÀÀj1; ­ kqk0; ­ + Cjsj1; ­ kqk0; ­

+ C
³

kr ÀÀÀt k0; ­ + jsj1; ­

´
jÃ j1; ­

(3.12)
· C(Re;kuk1; ­ ; kU k1; ­ ; ­)

³
kf k¡ 1 ; ­ + kr ÀÀÀt k0; ­ + jsj1; ­

´
kqk0; ­

(3.4) ;(3.11)
· C(Re;kuk1; ­ ; kU k1; ­ ; ­)

³
kf k¡ 1 ; ­ + kgk0; ­ + kÀÀÀk±o + ±; ­

´
kqk0; ­ :
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Canceling kqk0; ­ results in

kqk0; ­ · C(Re;kuk1; ­ ; kU k1; ­ ; ­)
³

kf k¡ 1 ; ­ + kgk0; ­ + kÀÀÀk±o + ±; ­

´
: (3.20)

Recall that we seekan estimate for kr v t k0; ­ + kqk0; ­ in terms of v and q and not
for kr ÀÀÀt k0; ­ + kqk0; ­ in terms of ÀÀÀ and q. Earlier, we de¯ned ÀÀÀ to be the di®erence
betweenv and s. Now, adding s to ÀÀÀ leadsto estimatesfor kr v t k0; ­ + kqk0; ­ in terms
of v and q:

kr v t k0; ­ · kr ÀÀÀt + r st k0; ­ · kr ÀÀÀt k0; ­ + kr st k0; ­

(3.11)
· C(Re;kuk1; ­ ; kU k1; ­ ; ­)

h
kf k¡ 1 ; ­ + kgk0; ­ + kÀÀÀk±o + ±; ­ + kr st k0; ­

i

· C(Re;kuk1; ­ ; kU k1; ­ ; ­)
h
kf k¡ 1 ; ­ + kgk0; ­ + kvk±o + ±; ­ + Cjsj1; ­

i

(3.4)
· C(Re;kuk1; ­ ; kU k1; ­ ; ­)

h
kf k¡ 1 ; ­ + kgk0; ­ + kvk±o + ±; ­ + Ckgk0; ­

i

· C(Re;kuk1; ­ ; kU k1; ­ ; ­)
h
kf k¡ 1 ; ­ + kgk0; ­ + kvk±o + ±; ­

i
:

Similarly,

kqk0; ­ · C(Re;kuk1; ­ ; kU k1; ­ ; ­)
h
kf k¡ 1 ; ­ + kgk0; ­ + kÀÀÀk±o + ±; ­

i

· C(Re;kuk1; ­ ; kU k1; ­ ; ­)
h
kf k¡ 1 ; ­ + kgk0; ­ + kvk±o + ±; ­

i
:

Combining the bounds for kr v t k0; ­ and kqk0; ­ results in the a priori estimate

kr v t k0; ­ + kqk0; ­ · C(Re;kuk1; ­ ; kU k1; ­ ; ­)
h
kf k¡ 1 ; ­ + kgk0; ­ + kvk±o + ±; ­

i
: (3.21)

Theorem 4.1 in [7] removesthe kvk±o + ±; ­ term by assuminguniquenessof the solution,
(v ; V ; q) 2 VVV. This is a direct consequenceof the standard compactnessargument.
SinceH 1

0 (­) is compact in H ±o + ±(­), where ± 2 (0; 1
2 ) and ±o = 0 or 1

2 depending on
the spatial dimensionof the domain, wecanapply the standard compactnessargument
to (3.21) in a way similar to the estimate kr v t k0; ­ + kqk0; ­ · C(Re;u; ­)

h
kf k¡ 1 ; ­ +

kgk0; ­ + kvk0; ­

i
in the proof of Theorem 4.1 of [7]. We also note that the slightly

di®erent constant in (3.21) (comparedto the regularity estimate in [7]) hasno further
implications in [7] on Theorems 3.2, 4.1, and 4.2 or their proofs. Thus, we obtain
continuit y and coercivity for L 0(x)[y ] under the somewhat weaker assumptionsof x
and y being in VVV.

We concludethat there exist two positive constants, ~c3 and ~C3, which depend on
Re, the H 1-norm of u and U , and ­, such that

~c3(x) kyk
2

1; ­
· kL 0(x)[y ]k

2

0; ­
· ~C3(x) kyk

2

1; ­
;

for all y 2 VVV.

The next lemmaestablishes,for all x 2 B(x ¤; r ) and r su±ciently small, a uniform
coercivity and continuit y bound on kL 0(x)[y ]k

2

0; ­
.
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Lemma 3.3. Let x¤ be an isolated solution of (2.2) and let ~c3(x¤) and ~C3(x¤)
be the respective coercivity and continuity constants as de¯ned in Lemma 3.2. Then,

c3kyk
2

1; ­
· kL 0(x)[y ]k

2

0; ­
· C3kyk

2

1; ­
;

for all x = (u; U ; p) 2 B(x¤; r ), y = (v ; V ; q), and z = (w; W ; t) 2 VVV, where c3 :=
~c3(x¤) ¡ ° 0r 2 > 0 provided r <

p
~c3(x¤)=°0 and C3 := ~C3(x¤) + ° 0r 2 > 0.

Proof. For all x ; y 2 B(x¤; r ) and r determined later, Lemma 3.2 implies that

kL 0(x)[y ]k
2

0; ­
= kL 0(x)[y ] ¡ L 0(x¤)[y ] + L 0(x¤)[y ]k

2

0; ­

· kL 00(~x)[x ¡ x¤; y ]k
2

0; ­
+ kL 0(x¤)[y ]k

2

0; ­

·
¡
° 0kx ¡ x¤k

2

1; ­
+ ~C3(x¤)

¢
kyk

2

1; ­

·
¡
° 0r 2 + ~C3(x¤)

¢
kyk

2

1; ­
=: C3kyk

2

1; ­

and

kL 0(x)[y ]k
2

0; ­
= kL 0(x)[y ] ¡ L 0(x¤)[y ] + L 0(x¤)[y ]k

2

0; ­

¸ ¡ kL 00(~x)[x ¡ x¤; y ]k
2

0; ­
+ kL 0(x¤)[y ]k

2

0; ­

¸
¡

¡ ° 0kx ¡ x¤k
2

1; ­
+ ~c3(x¤)

¢
kyk

2

1; ­

¸
¡

¡ ° 0r 2 + ~c3(x¤)
¢
kyk

2

1; ­
=: c3kyk

2

1; ­
:

Constant C3 is obviously positive and r <
q

~c3 (x ¤ )
° 0

ensuresthat c3 is positive.

Note that c3 and C3 in Lemma 3.3 depend only on Re, r , and ­.

Next, we derive continuit y and coercivity results for the full nonquadratic func-
tional, F (x; g). First, we establish these results for its secondFr¶echet derivative.
Then, almost as a direct implication of this, we achieve continuit y and coercivity for
the functional norm itself. We restrict ourselvesto an r that is small enoughto ensure
that all of theseresults hold uniformly for x 2 B(x ¤; r ).

Theorem 1. There exist an r > 0 such that, for any x 2 B(x ¤; r ), the second
Fr¶echet derivative of F (x; g) in direction [y ; y ], y 2 VVV, is positive. Furthermore,
there exist two positive constants, c4 and C4, which depend only on Re, r , and ­ ,
such that

F 00(x ; g)[y ; z] · C4kyk1; ­ kzk1; ­ (3.22)

and

c4kyk
2

1; ­
· F 00(x ; g)[y ; y ]; (3.23)

for any x 2 B(x¤; r ) and all y 2 VVV.
Proof. First, we show that F 00(x ; g)[y ; y ] is positive. Let x 2 B(x ¤; r ), with

r <
q

~c3 (x ¤ )
° 0

, as in the proof of Lemma 3.3. Then the Cauchy-Schwarz inequality and
Lemmas3.1 and 3.3 show that

<L (x) ¡ g; L 00(x)[y ; y ]> = <L 0(~x)[x ¡ x¤]; L 00(x)[y ; y ]>

· kL 0(~x)[x ¡ x¤]k0; ­ ¢kL 00(x)[y ; y ]k0; ­

·
p

C3° 0 kx ¡ x¤k1; ­ kyk
2

1; ­
;

(3.24)

10



where ~x 2 [x¤; x ] ½ B(x¤; r ). Then, by (2.4), (3.24), and Lemma 3.3, we have

F 00(x ; g)[y ; y ] = 2 kL 0(x)[y ]k
2

0; ­
+ 2 <L(x) ¡ g; L 00(x)[y ; y ]>

¸ 2c3kyk
2

1; ­
¡ 2

p
C3° 0 kx ¡ x¤k1; ­ kyk

2

1; ­

=
¡
2c3 ¡ 2

p
C3° 0 kx ¡ x¤k1; ­

¢
kyk

2

1; ­

=
µ

2~c3(x¤) ¡ 2° 0r 2 ¡ 2° 0r
q

~C3(x¤) + ° 0r 2

¶
kyk

2

1; ­

=: c4(r ) kyk
2

1; ­
:

Since c4(r ) is continuous with respect to r and c4(0) = 2~c3(x¤) > 0; then c4(r ) is
positive for small enoughr > 0. This r ensuresthat the secondFr¶echet derivative of
F (x; g) in direction [y ; y ] is positive for all x 2 B(x ¤; r ).

The upper bound for F 00(x ; g)[y ; z] follows by Lemma 3.3, (3.24), and Lemma
3.1:

F 00(x ; g)[y ; z] = 2kL 0(x)[y ]k0; ­ kL 0(x)[z]k0; ­ + 2 <L(x) ¡ g; L 00(x)[y ; z]>

· 2C3kyk1; ­ kzk1; ­ + 2
p

C3° 0kx ¡ x¤k1; ­ kyk1; ­ kzk1; ­

·
³

2C3 + 2
p

C3° 0 r
´

kyk1; ­ kzk1; ­

=: C4(r ) kyk1; ­ kzk1; ­ :

Remark 3. We henceforth assumethat the r of Theorem 1 is so small that it is
lessthan 0:4 c3p

C3 ° 0
. This can be alwaysarranged by choosing r small enough.

Remark 4. The results of Lemma 3.1, Lemma 3.3, and Theorem 1 stil l hold
if we restrict ourselvesto a subspace of VVV by assuming that x = xh 2 B

h
(x¤; r ),

y = y h 2 Sh , and z = zh 2 Sh .
Theorem 2. The nonquadratic functional, F (x; g), is coercive and continuous

for all x 2 B(x¤; r ), where r , c3, and C3 are de¯ned as in Theorem 1:

1
2

c3kx ¡ x¤k
2

1; ­
· F (x; g) ·

1
2

C3kx ¡ x¤k
2

1; ­
: (3.25)

Proof. For any x 2 B(x¤; r ) and some~x 2 [x¤; x ] ½ B(x¤; r ), we have

F (x; g) = F (x¤; g) + F 0(x¤; g)[x ¡ x¤] +
1
2

F 00(~x; g)[x ¡ x¤; x ¡ x¤]:

The result now follows from the fact that F (x ¤; g) = F 0(x¤; g)[x ¡ x¤] = 0 (see(2.3)
for the secondequality) and Theorem 1.

A similar result can be easily establishedfor discrete spaceSh .
Theorem 3. The functional norm,

p
F (xh ; g) ¡ F (xh

¤ ; g), is coercive and con-

tinuous for all xh 2 B
h
(x¤; r ), where r , c3, and C3 are de¯ned as in Theorem 1:

1
2

c3kxh ¡ xh
¤ k

2

1; ­
· F (xh ; g) ¡ F (xh

¤ ; g) ·
1
2

C3kxh ¡ xh
¤ k

2

1; ­
: (3.26)
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Proof. For any xh 2 B
h
(x¤; r ) and some~x 2 [x¤; xh ] ½ B

h
(x¤; r ), we have

F (xh ; g) ¡ F (xh
¤ ; g) = F 0(xh

¤ ; g)[xh ¡ xh
¤ ] +

1
2

F 00(~x; g)[xh ¡ xh
¤ ; xh ¡ xh

¤ ]:

From De¯nition 2.1, we know that F 0(xh
¤ ; g)[xh ¡ xh

¤ ] = <L (xh
¤ ) ¡ g; L 0(xh

¤ )[xh ¡ xh
¤ ]> =

0; for all xh ¡ xh
¤ 2 Sh (seeRemark 2). Hence,continuit y and coercivity again follow

directly from Theorem 1.

4. Con vergence. This section establishesunique minimizers of the functionals
we use in B(x¤; r ), B

h
(x¤; r ), and B

2h
(x¤; r ) under the assumption that r and h are

su±ciently small. This is done in Lemmas 4.1, 4.2, and 4.3, respectively. Theorem
4 then shows that our coarse-gridcorrection and relaxation steps remain in a closed
H 1-ball about x¤ and it establishesuniform convergenceof our two-level PML scheme.

Lemma 4.1. Let x¤ be an isolated solution of (2.2) and r be de¯ned as in Theorem
1. Then x¤ is the unique minimizer in B(x ¤; r ) of F (x; g). It is characterized by
F 0(x¤; g)[y ] = 0, for all y 2 VVV, that is, it is the unique critic al point in B(x ¤; r ).

Proof. The ¯rst assertion follows from (3.25). That x ¤ is a critical point follows
from (2.3). We thus only need to show that it is the only critical point in B(x ¤; r ),
that is, that F 0(x ; g)[y ] = 0 for all y 2 VVV and x 2 B(x¤; r ) imply x = x¤. Under
theseassumptions,for all y 2 VVV, we have

0 = F 0(x ; g)[y ] ¡ F 0(x¤; g)[y ] = F 00(~x; g)[y ; x ¡ x¤];

for some~x 2 [x¤; x ] ½ B(x¤; r ). With y = x ¡ x¤ 2 VVV and Theorem 1, we thus obtain

0 = F 00(~x; g)[x ¡ x¤; x ¡ x¤] ¸ c4kx ¡ x¤k
2

1; ­
:

Therefore, x = x¤ and the proof is complete.

Next, we prove the discrete analog to Lemma 4.1.
Lemma 4.2. Let x¤ be an isolated solution of (2.2). Let r , c4, and C4 be de¯ned

as in Theorem 1 and assumethat h is su±ciently small. Then there exists a unique
minimizer, xh

¤ , in B
h
(x¤; r ) of F (x; g). It is characterized by r h F (xh

¤ ; g) = 0, that

is, it is the unique grid h critic al point in B
h
(x¤; r ).

Proof. For x = xh 2 B
h
(x¤; r ) ½ B(x¤; r ), Theorem 2 yields

1
2

c4kxh ¡ x¤k
2

1; ­
· F (xh ; g) ·

1
2

C4kxh ¡ x¤k
2

1; ­
: (4.1)

We ¯rst prove that the minimizer over B
h
(x¤; r ), which exists by compactness,is

actually in Bh (x¤; r ). To this end, it su±cesto show that there exist an x h 2 Bh (x¤; r )
that has a smaller functional value than the minimum of F (x; g) on @Bh (x¤; r ). To
prove uniquenessof the minimizer, we then usean argument similar to that in Lemma
4.1.

Any xh
@2 @Bh (x¤; r ) must satisfy kxh

@¡ x¤k
2

1; ­
= r 2. Hence,by (4.1), we have

F (xh
@; g) ¸

1
2

c4kxh
@¡ x¤k

2

1; ­
=

1
2

c4r 2;
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for all xh
@ 2 @Bh (x¤; r ). Now let r 1 =

p
c4=C4 r and assumethat h is so small that

B
h
(x¤; r 1) is not empty. Again by (4.1), any x h 2 Bh (x¤; r 1) ½ Bh (x¤; r ) must satisfy

F (xh ; g) ·
1
2

C4kxh ¡ x¤k
2

1; ­
<

1
2

C4r 2
1 =

1
2

c4r 2 · F (xh
@; g):

Therefore, the minimizer, x h
¤ , of F (xh ; g) over B

h
(x¤; r ) must actually be in Bh (x¤; r ).

Remark 2 con¯rms that it is a grid h critical point: r h F (xh
¤ ; g) = 0.

To prove uniqueness,note that any other minimizer, x h , in Bh (x¤; r ) must be a
grid h critical point: r h F (xh ; g) = 0. It now su±ces to show that x h

¤ is the only grid
h critical point (which also proves the characterization assertion). To this end, note,
for all y h 2 Sh , that

0 = < r h F (xh ; g); y h> ¡ < r h F (xh
¤ ; g); y h>

= F 0(xh ; g)[y h ] ¡ F 0(xh
¤ ; g)[y h ] = F 00(~xh ; g)[y h ; xh ¡ xh

¤ ];

for some~xh 2 Bh (x¤; r ). Again choosing y h = xh ¡ xh
¤ 2 Sh ½ VVV and using Theorem

1 yields

0 = F 00(~xh ; g)[xh ¡ xh
¤ ; xh ¡ xh

¤ ] ¸ c4kxh ¡ xh
¤ k

2

1; ­
;

which establishesthe result.

Lemma 4.3. Let r , c4, and C4 be de¯ned as in Theorem 1 and choose any
r 1 <

p
c4=C4 r . Then, for x 2 B(x¤; r 1), there exists a unique minimizer, x ¤

2h =
argminx 2h 2S 2h ;x + x 2h 2 B(x ¤ ;r ) F (x + x2h ; g). If r is small enough, then this minimizer

is characterized by r 2h F (x + x2h ; g) = 0, with x + x2h 2 B(x¤; r ) that is, it is the
unique grid 2h critic al point for which x + x 2h stays in B(x¤; r ). Thus, the result, xh

1
2
,

of Step 1 of PML stays in B
h
(x¤; r ) for any initial guess,x h

0 , in B
h
(x¤; r 1).

Proof. The minimizer, x2h
¤ , clearly existsby compactness.(Note that

©
x + S2h

ª
\

B(x¤; r ) is a nonempty set becauseit contains x = x + 0.) To prove uniquenessand
the fact that x2h

¤ is a grid 2h critical point, ¯rst note that any x @2 @B(x¤; r ) must,
by Theorem 2, satisfy F (x@; g) ¸ 1

2 c4kx@¡ x¤k
2

1; ­
= 1

2 c4r 2: Then, with x 2 B(x¤; r 1),
again Theorem 2 implies that

F (x; g) ·
1
2

C4kx ¡ x¤k
2

1; ­
·

1
2

C4r 2
1 < F (x@; g):

Thus, F (x + x¤
2h ; g) · F (x; g) < F (x@; g), which implies that x + x ¤

2h 2 B(x¤; r ).
Then x2h

¤ must satisfy the gradient condition, which follows by a similar standard
argument similar to that of Remark 2.

Uniquenessand the characterization assertion can be now establishedas in the
proofsof Lemmas4.1and 4.2. To this end,assumethat there existsanother minimizer,
x + x2h 2 Bh (x¤; r ), so that r 2h F (x + x2h ; g) = 0. It now su±ces to show that
this grid 2h critical point condition implies that x 2h = x2h

¤ (which also proves the
characterization assertion). To this end, note, for all y 2h 2 S2h , that

0 = < r 2h F (x + x2h ; g); y 2h> ¡ < r 2h F (x + x¤
2h ; g); y 2h>

= F 0(x + x2h ; g)[y 2h ] ¡ F 0(x + x¤
2h ; g)[y 2h ] = F 00(x + ~x2h ; g)[y 2h ; x2h ¡ x¤

2h ];
13



for somex + ~x2h 2 Bh (x¤; r ). As before, this leadsto

0 = F 00(x + ~x2h ; g)[x2h ¡ x¤
2h ; x2h ¡ x¤

2h ] ¸ c4kx2h ¡ x¤
2h k

2

1; ­
;

which provesuniquenessand the characterization assertion.
The ¯nal claim follows simply by choosingx = x h and noting that we can choose

r > 0 so small that the nearestoptimally corrected x h must be the one in B(x¤; r ).

Theorem 4. Let r and r 1 as in Lemma 4.3, de¯ne r 0 =
p

c4=C4 r 1, and choose
h and ! su±ciently small. Then, for any x h

0 2 B(x¤; r 0), the PML iterates based on

either (2.8) or (2.9) remain in B
h
(x¤; r ) and convergelinearly with uniformly bounded

factor according to

F (xh
k+1 ; g) ¡ F (xh

¤ ; g) · ·
³

F (xh
k ; g) ¡ F (xh

¤ ; g)
´

; k = 0; 1; 2; : : : ;

where · 2 [0; 1) dependsonly on Re, r , and ­ .
Proof. We omit this fairly straightforward but somewhat lengthy proof and

instead refer the reader to [10] for details.
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