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Abstract. In a companion paper [8], we propose a new multilev el solver for two-dimensional
elliptic systems of partial di®erential equations (PDEs) with nonlinearit y of type u@. The approach
is based on a multilev el projection method (PML [9]) applied to a Trst-order system least-squares
(FOSLS) functional that allows us to treat the nonlinearit y directly . While [8] focuseson compu-
tation, here we concentrate on developing a theoretical framework that conrms optimal two-level
convergence. To do so, we choosea rst-order formulation of the Navier-Stok esequations as a basis of
our theory. We establish contin uity and coercivit y bounds for the linearized Navier-Stok esequations
and the full nonquadratic least-squares functional, aswell as existence and uniqueness of a functional
minimizer. This leads to the immediate result that one cycle of the two-level PML method reduces
the functional norm by a factor that is uniformly lessthan 1.
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1. Intro duction. Our companion paper [8] introducesa new multilev el solver
for two-dimensionalelliptic systemsof partial di®ererial equations(PDESs) with non-
linearity of type u@. The approad is basedon a multilev el projection method (PML
[9]) applied to a rst-order systemleast-squares(FOSLS) functional, where the non-
linearity is treated directly, with no needfor linearization anywherein the algorithm.
While [8] focuseson computation, the key objective of the presert paper is to establish
local well-posednessf our functional minimization problem. This result leadsto the
immediate conclusionthat our two-level solver corvergeslinearly with grid indepen-
dent factors, as obsened numerically in [8]. This two-grid result can be extendedto
W -cyclesin the usual way. Howewver, an important alternative would be to establish
a V-cycle result basedon the generaltheory deweloped in [11] and [12]. This alter-
native would naturally yield grid-dependert convergencebounds becauseof the weak
smoothnessassumptionson the problem formulation (i.e., only Lipschitz cortinuity
on the domain boundary).

We baseour theory for a two-level PML method on the rst-order formulation of
the Navier-Stokes formulation givenin (2.1) below. Although we choosethis formu-
lation as a foundation for our theoretical framework, it is not limited to it: similar
results can be establishedfor other PDEs of this class.

This paper is organizedin the following way. Section 2 provides the rst-order
system formulation, with de nitions, notation, and description of one two-level PML
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cycle step. Section 3 establishesseweral continuity and coercivity bounds for the
Oseenequations, aswell asfor the full nonquadratic least-squaredunctional. Section
4 shows existenceand uniquenessof a functional minimizer, some characteristics of
coarse-gridcorrection and relaxation, and two-grid convergence.

2. First-Order System Form ulation, De nitions, Notation, and Other
Preliminaries.  We use c and C throughout as generic constarts that my change
value with ewvery occurrencebut are independert of meshsize. To keeptrack of a
speci ¢ value for a constart, subindicesmay be used.

First-order systemleast-squaresformulations for the Navier-Stokesequationsare
discussedin [1, 2, 3, 6]. In the framework of this paper, we consider the rst-order
velocity-°ux formulation of the Navier-Stokes equationsgivenin [1] and [2]:

8 t. — H
ruju=20 in - ;
%i(r ¢U)'+r p+ ReU'u=f in-;
L(x)=g9g:= reu=20 in-; (2.1)
% reu=20 in-;
' r'trU:O in-;

where - is a subsetof R" (n = 2;3) with Lipschitz continuous boundary @ and
f 2 L?(-) ". As boundary conditions, without loss of generality, we take u = 0 and
nfEU = 0on @, wheren isthe outward unit normal on @. Writing the unknowns as
x = (u;U;p), then the nonquadratic functional is constructed by taking the L2-norm
of ead interior equation:

F(x;g) = kL(X) i gki;_ ; X2 V; (2.2)
whereg = (0;f;0;0;0)" and the spaceis de ned by
V=Hg() "£Vo£ (H(-) =R);
with
Vo=fU2HY) " :nfU=0 on @g:

It is shawvn in [5] that the Navier-Stokesequationsgenerally have more than one solu-
tion, unlessthe viscosity and the external forcessatisfy very stringent requiremerts.
Howewer, it can also be shown that, in many practical examples,these solutions are
mostly isolated, i.e., there exist a neighborhood in which ead solution is unique.
Bifurcation phenomenaare rare. We thus assumewe are in a closedneighborhood,
B(xs;r), of an isolated solution, x, 2 V, to (2.1), that is, a global minimum of (2.2),
for which F (Xo;g) = 0. The neighborhood is taken to be an H -ball around x. with
radiusr > 0 de ned as
a

©
B(Xo;r):= x2V:ikxj xok,. <rT ;
where

kxk "~ kuk, + kUK + kpk. -
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— © a
Its closureis B(xs;r) = x 2 V :kxj Xok. - r . Sewral placesalong the way,
we assumethat r is so small that certain expansionswe develop give us the desired
bounds.

Denote by LYx)[y] the rst Fr&cet derivative of operator L at x 2 V in direction
y = (v;V;q) 2 V. Note that the nonlinear term, Re U'u, in (2.1) becomesRe(V tu +
Utv) in LYx)[y] and that LYx)[y] is linear in y. Also, LYx) is the same operator
as that for the Oseenequations (cf. [7]). L%x)[y;z] denotesthe second FrEdet
derivative at x in directionsy and z = (w;W ;t) 2 V. For the linear terms of (2.1),
the secondFr@cdet derivative is the zero operator. For the nonlinear term, we obtain
Re(Viw + Wtv), soL%x) is independert of x.

Another set de nition we use later is the closedline segmem connecting points
X,y2V:[x;y] = fux+ (1j Wy :0- p- 1g. This notation should not be confused
with the squarebrackets usedfor directional derivativesbecausethe operator always
immediately precedesthe direction.

Having de ned the 'rst and secondFr§det derivatives for operator L, we are
ableto expressthe rst and secondFr§det derivativesof the nonquadratic functional
in (2.2) in terms of L and its derivatives. For x;y 2 V, the rst Fr&det derivative of
(2.2) in direction y is

FA;9)lyl= 2<L(X)i g; LAy : (2.3)

Its secondFr§cet derivative in direction [y;y] (neededlater for Taylor expansions)
is

FOUx; g)ly;yl = 2kLAX)IyIK, + 2<L(x) i gLW)ly;yP : (2.4)

Remark 1. As with all multigrid schemes,relaxation is the basis for our PML
approach. One choice is steepest des@nt, which involves a gradient direction, d, in V
and a stepsize, s, determined asthe smallest nonnegative critic al point of F (xj sd; g).
To understand this step, it is useful to examine the polynomial

F(xi sd;g) = F(x;0)i sFYx;g)d]+ %FO((X;Q)[d;d]
i %Foo?x;g)[d;d;dh Z—;F(“)(x;g)[d;d;d;d]:

From (2.4), we see that F%x;g)[d;d;d] = 6 < LYx)[d];L%x)[d;d] > and
F®(x;g)[d;d;d;d] = 6 <L%x)[d;d];L%x)[d;d]>. Thus, whenF%x;g) > 0, an
inspection of this polynomial for s > 0 implies that there exists a smallest nonnegative
critical point, s, of F(x j sd;g) and that it must be a local minimum of F (x;g) such
that F(x i sd;g) - F(x;g). (Note that eitherd = 0 and F(x j sd;g) = F(x;Q), so
s= 0, or F(xj sd;g) initial ly decreases,but then tendsto +1 ass gcesfrom 0 to
1)

Similar de nitions can be made for subspacesof V. Consider a quasi-uniform
“nite elemert partition of - with approximate mesh size h and let H"(-) be the
corresponding nite elemert subspaceof H1(-) consisting of piecewisepolynomials:
a function in H"(-) is continuous on - and polynomial within eah elemen. Let
H{(-) denotethe subspaceof H"(-) of functions that are zeroon @. Then dene

S"=H{C) "EVSE H") =R)nV;
3



with
VE=fUM2H") ™ :ngEU=0 on @g:

Supposealsothat we have a corresponding coarser2h level sothat the corresponding
discrete space, S?", forms a subspaceof S". For this paper, we assumestandard
nested nite elemer spaces,S?" ¥ SM ¥V, that satisfy the approximation property,

inf k" x2'k_ - Cih?kx"k._; (2.5)

x2h 2g 2h
and the inverseestimate,

hy? Cay hp2 .

kx"k, - ﬁkx Ky s (2.6)
for all x" in S", where C; and C, are positive constartsgthat do not depend on h (see
[4]). Further, dene a discrete H L-ball by B"(xa;r) = x" 2 SM  kx" i xok, <1
and its closure by B"(xa;r) = x" 2 S : kxh | Xak, - r . As we said, we
chooser progressiely smaller in seweral placesin what follows. Nowhere does this
requiremert depend on h. Howewer, we implicitly assumethat, no matter how small
r becomesh is sosmall that B"(x.;r) 6 ;.

Before being able to de ne the relaxation scheme and two-level PML method,
we introduce the discrete functional and its gradient as well as the operator norm
assaiated with the secondFr§det derivative of functional F (x; g).

Definition 2.1 (Discrete Functional and its L2-Gradient). Let x" 2
B"(xa:r) and dehe FN(x":g) as the restriction of F (x":g) to space S". Now let
y" 2 Sh. By the denition of the rst Fr§chetderivative, we have

FPxM gy = <L(x™) i g LMy

and, since S" is Tnite dimensional, the Riesz Representation Theorem guarantees the
existene of the discrete L2-gradient, r "F (x";g) 2 S", which satis es

i ¢
0 |
FUx gy " =<LP (") L(x") i gy">=i<r "F(x";g)iy"> :

Note that r "F (x";g) 2 S" can be de'ned weakly by <r "F (x";g);y">=<L(x")
g;LqxM[y"]>, for all y" 2 S". Note alsothat r "F"(x";g) = r "F"(x";g"), wher
g" is the L2-orthogonal projection of g onto space L9Yx")S".

Remark 2. Denote by x! the elementin S" that minimizes (2.2) over §h(xn; r.
Such an element exists because this set is compact and F (x; g) is continuous, as we
showin Theorem 2. Note that if x" 2 B"(xq;r) (i.e., the interior of the kall), then
xf is a grid h critical point in the sensethat

<r "F(xD;9);y">= <L(xD)i g LDy ">=0; (2.7)

for all y" 2 S", provided F °{x; g) is bounded on B(xs;r), as we showin Theorem 1
below. This follows from a standard argument based on Taylor series and outlined as
follows: if

i ¢
0- F'xni st "F(xYig) i F(x;g) =
i skr "F(xigk + SFOUg)lr "F (xR g);r E(xD; g)l;
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and, for small enoughbut positive s, we could make the last expression negative (a
contradiction) unlessr "F (x1;g) = 0. This standard argumentis referred to later in
the proof of Lemma4.3 to showthat the coarse-grid correction step of PML (described
next) is determined by a grid 2h critical point. That X is a critical point of F (x; Q)
in B(Xa;r) follows simply from (2.3).
Definition 2.2 (Discrete Operator Norm of the Second Deriv ative).
Let x" 2 B"(xa;r) and y" 2 S". Then the discrete operator norm assaiated with the
second Fr§chetderivative of functional F (x";g) is de'ned by
FORx"9ly"y"
kiF M g)kj., = su i ’ :
iF %" 9)ki,., 0o SR TSy iy

Next, we de ne one step of relaxation. We considertwo types of schemes,both
of which usethe discrete gradiert asa descen direction. The rst schemereducesto
Richardsonfor the linear caseand the secondis optimal steepestdescen. The theory
focuseson the Richardson-type schemebecauset is simpler to analyzeand it setsthe
stagefor a simple conclusionfor steepest descen.

Definition 2.3 (Relaxa tion). One step of Richardson-type relaxation is de-
“ned by

!
h & oh : hE (ywh- o)
gk, O 29)
where r "F (x";g) is the search direction, 1=kjF °{x"; g)kj,,, the basic steplength, and
I a damping parameter. One step of steepest des@nt is de ned by

x"A x"i st "F(x";0); (2.9)
where s is chosenas the smallest nonnegative root of
3 .
i ¢
% 'x"i st "E(xM:g) ;g =0 (2.10)

We now have all the ingredients neededto describe the two-level PML method. Its
“rst step computesthe nearestlocally optimal coarse-gridcorrection, which Lemma
4.3 below shavs must exist uniquely provided we are closeenoughto x.. Its second
step is one relaxation sweep given by either (2.8) or (2.9). The method in (2.8) is
well de ned becauseF °{x"; g) is nonzero, as Theorem 1 below shavs. The method
in (2.9) is alsowell de ned as Remark 1 shaws.

STEP 1. For a giveninitial guess,xf) 2 S", perform the coarse-grid correction
stepgiven byxg A xB+x2", wher x2" is the local minimizer of F (x} + x2"; g) (e.g.,
it is a grid 2h critic al point) with minimal H -norm:

n o]
x2" = argmin  kx®"k, 1 2"F(x§ + x?";9) = 0; F(x) + x*";g) - F(x§;0) :
x2h 2 g2h

STEP 2. Letx! bethe resultof one relaxation stepgivenby (2.8) or (2.9) applied
to x1.
2
Further iterations of PML are de ned in the obvious way, with xE taking on the
role of x§j and x!,, being the result corresponding to x1, for k = 1,2;::: .
5



3. Contin uity and Coercivit y bounds. In this section,we rst establishcon-
tinuity and coercivity for the Oseenequations (Lemma 3.3). We then use Lemmas
3.1and 3.3to prove continuity and coercivity of F °Ux; g)[y;y] asa function ofy 2 V,
for all x 2 B(Xs;r) (Theorem 1). The results in this section help us later to establish
the key objective of our two-level method: one cycle of two-level PML reducesthe
functional norm by a factor that is bounded uniformly below 1 (Theorem 4).

Lemma 3.1. There exist a °g, depending only on Re and - , suchthat

KLUy zlk,. - °okyk, kzk, ;

for all x;y, andz in V.

Proof. Recall, for x = (u;U;p), y = (v;W;Qq), andz = (w; W ;t) in V, that the
secondFr§det derivative for the linear terms of (2.1) is the zero operator. For the
nonlinear term, we obtain Re(V'w + W 'v). Then, the result follows directly from
the Sobolev Imbedding Theorem about multiplication in Sobolev spaces(Corollary
[.1.1in [5]). O

Lemma 3.2. For all x = (u;U;p) 2 V, there exist two positive constants, e; and
Cs, depending only on Re, X, and - , suchthat

es(x) kyk, - KLAIylk - Ca(x) kyk._;

forally = (v;V;qQ 2 V.

Proof. We use the derivation of the regularity estimate, as well as Theorems
3.2,4.1,and 4.2 in [7], as guidelines for thgcproof of ghis lemma. Analogousto the
continuity and coercivity proof for L% (u;p) (v;V;q) in [7], we start from the Oseen
equationsin the following form:

£ o
i¢tv+Re(rvh)iu+U'v +rqg= f;

3.1
rev= gq; 3-1)

whereg 2 L2(-). The rst equation di®ersfrom that in [7] becauseU is usedinstead
of r ut. We also relax the smoothnessassumption by only requiring u and U to be
in HY(-) ™ and Vo, respectively. ([7] requiresu to bein H3(-) ").

First, we establish an a priori H ‘-regularity estimate for the equationsin (3.1):
if - hasLipschitz boundary, then, for f 2 H} () "andg2 L2(-), the weaksolution
of (3.1), (v;q) 2 H3(-) " £ L3(-), satis esthe a priori estimate

i ¢
kr vk, + kak,. - const kik , +kgk, +kvk . (3.2)

for +2 (0; 3), where+ = Ofor - 2R? and % = 1 for - % R3.

To provethis estimate, we rst takethe pointwisedot product of the “rst equation
of (3.1) with any A 2 H3(-) " and the dot product of the secondequation of (3.1)
with any A2 L2(-), integrate it over -, and useintegration by parts. This yields

<r vhr A'> +Re<(r vi)'u+ U'v;A> | <qgr ¢A> =  <f;A>

o . (3.3)
<r ¢v;A> = <gA>:

Sinceg 2 L?(-), we canchoosean s?2 H3(-) ", accordingto Lemma 4.1 in [7], suc
that

res=g and jsj. - Ckogk,. : (3.4)
6



Then, setting A= v | s2 Hg(-) " in (3.3), we have
8 N . R - o o ~
> <r Ar A'> +Re<(r A)'u+ U'AA> | <qgr ¢A> = <f;A>j <rshr A'>
i Re<(r s")'u+ U's;A>;

> -
) <0 A>;

<r ¢A A>
(3.5)
forany A 2 H3(-) " and A2 L?(-). For the Tst equation in (3.5), by taking A = A,
we obtain
N N R i < L s ., ¢
kr Ak2 =<f;A> i <rsh;r A> jRe <(r A)'u+ U'AA + <(r s)'u+ U's;A>
<A jHj<rsthr A>
+ Rej<U'AA + <(r A)'u;A> + <U's; A + <(r sHu:As
(3.6)
For the rst term of the upper bound in (3.6), recall the de nition of the Hi 1(-)
norm:
<f:A> ) <f:A>
jAjl;-
Hence,for all A& 02 Hi(-) ", we have <f;A> - kfk , kr Ak, : To bound the
secondterm, we usethe Cauchy-Schwarz's inequality:

kfk ,.. == sup

. —_— kfk .. ; 8A6 02 Hj(-)
osA2H1() AL '

o 5 5 (3.4) R
<rshr A> . krs'k, kr Ak, = jsj, kr A'k,. - Ckgk, kr Ak, :

It remainsto derive boundsfor the last four terms, which are classi ed in [5] astrilin-
ear. In the following, C denotesa genericconstart that might depend on Re;- ; kuk,,
and kUK, .

According to the Sobolev Imbedding Theorem 1.1.3 in [5], the spaceH (-) is
continuously imbeddedin L4(-) for n - 4. Then,

e 2 = ‘
J<UAA j= — A] Uij A dx— kA’ ko;_ kUij ko;4;- kAko;4;.
ij=1 - i =1 (3.7

CkAk, kUK, KAk, - CKAk, ., kUk, jAj, :

£;-

The last inequality is a result of the Poincar§-Friedrichs inequality (kAk, - CjAj, ).
Applying the Sobolev Imbedding Theorem to the secondtrilinear term leadsto

<(r AY'u;A>- kr Ak, ku'Ak, - kr Ak, kuk, kAthw_ : (3.8)
Similar argumerts hold for the remaining two trilinear terms. Hence,
<U's;A> - CkUk, jsj, kAk, - CkUk, kr A'k, koK, (3.9)
and
<(r s)'u;A> - Cjsj, kuk, KAk, - C kuk, kr A'k, kgk, : (3.10)

Combining the results yields
ke A2 - kfk . kr Ak, + Ckgko;_¢kr Ak, + CkUK, KAk, ., kr Ak,

+C'kuk, . + kuk,  kgk, kr Ak, :
7



Cancelingkr Ak,  gives

h i
kr Ak, - C(Reskuk, ;kUk, ;-) kfk , +kgk, +KkAk .. @ (3.11)
To bound g, chooseA 2 H}(-) " accordingto Lemma 4.1 in [7] such that
r¢A=q and jAj, - Ckok, : (3.12)
Using again the “rst equation of (3.5), we obtain
kak? = <r A';r A'> +Re<(r A)'u+ U'AA>
i <f:A>+ <r sh;r A'> +Re<(r s")'u+ U's;A>
- <r Air A'> +Re<(r A)tu + U'AA>
+j<f;A> j+ <r st:r A'> +Re<(r sH)'u+ U's;A> :
We proceedsimilarly aswith the bound kr Atk, . For all A 6 02 H(-) ",
. . (3.12)
<t;A> . kik , jAj,. - Ckfk , Kok, : (3.13)
5 ~ X - . 5 (3.12) N
<r Air A'> - kr A'k,_kr Ak, = jA, jAj,. - CjA, kak, ; (3.14)
and
X - B (3.12)
<rshr A'> . krstk, kr A'k, = jsj, jAj, - Cjsj, kak, : (3.15)

The bounds for trilinear terms < (r A)tu:A> and < (r st)tu;A> follow directly by

applying Lemma IV.2.1 in [5] and the Poincar§-Fiedrichs inequality:

<(r AY'u;A> - CjA, kuk, KAk, - Ckuk, kr Ak, jAj,

and
<(r sH'u;A> - Cjsj, kuk, KAk, - Ckuk, jsj, jAj, :
For the remaining trilinear terms, we follow the argumert in (3.7):
<U'A/A> - C kUK, KAk, jAj, - CKkUKk, kr Ak, jAj,

and

<U's;A> - C kUK, ksk, jAj, - CKkUK, jsj, jAj, :

With (3.13)-(3.19), we have

kgkZ - CKfk,, kok,, + CiAj, kok, + Cisj, ko,
+ C kr Atko;— + Jsjl JAjl
(3.12) N . .
C(Re;kuk, ;kUk, ;-) kfk , +kr Ak, +jsj,.
(3.4) :(3.11) s

C(Reskuk, kUK, ;-) kfk , +kgk, + KAk, .

8

(3.16)

(3.17)

(3.18)

(3.19)

Kaok,..

kak,.. :



Cancelingkgk,. resultsin
3
C(Re;kuk, ;kUk, ;-) kfk , +kgk, + KAk,

kak (3.20)

0:- + 1
Recall that we seekan estimate for kr v‘ko;_ + kok,.. in terms of v and g and not
for kr A'k, + kok,_ in terms of A and g. Earlier, we de'ned A to be the di®erence
betweenv ands. Now, adding s to A leadsto estimatesfor kr vk, +kgk,  in terms
of v and g

kr vk, - kr A"+ r sk, - kr Ak, + kr s'k,_
(3.11) h . [
- C(Rejkuk, ;kUk, ;-) kfk , +kgk, +kAk _,, +krs'k,.
h o [
C(Rejkuk,.. ;kUK,. ;-) kfk ..+ Kkgk,. + kvk%u;’ + Cjsj,..
(3.4) h i
C(Rejkuk,.. ;kUk,. ;-) kfk .+ kgk,. + kvk, , ,  + Ckgk,.
h A '

C(Rejkuk,.. ;kUK,. ;-) kfk .. + kgk,. + kvk

+ k-

d¥

Similarly,
h R [

kok,. - C(Re;kuk,. ;kUKk, ;-) Kkfk ..+ kgk, + KAk , .

h R

- C(Rejkuk,, ;kUk; ;-) kfk . +kgk, + kvk_

+ -

Combining the bounds for kr v'k, and kok, . resultsin the a priori estimate

h i

kr v'k,. +kak,. - C(Rejkuk, ;kUk, ;-) kfk , +kgk, + kvk, : (3.21)

Theorem4.1in [7] removesthe kvkto term by assuminguniquenessof the solution,
(v;V;q) 2 V. This is a direct consequenceof the standard compactnessargumert.
SinceH}(-) is compactin H***(-), where+2 (0;1) and £ = 0 or 1 depending on
the spatial dimensionof the domain, we canapply the standard compactnesgargumert
to (3.21)in awrisly similar to the estimate kr v'k, +kok, - C(Re;u;-) kfk , +

+ -

kgk,.. + kvk,. in the proof of Theorem 4.1 of [7]. We also note that the slightly

di®erert constart in (3.21) (comparedto the regularity estimate in [7]) hasno further
implications in [7] on Theorems 3.2, 4.1, and 4.2 or their proofs. Thus, we obtain
continuity and coercivity for L9x)[y] under the somewhatweaker assumptions of x
andy beingin V.

We concludethat there exist two positive constarts, ¢; and C3, which depend on
Re, the H'-norm of u and U, and -, suc that

es(x) kyk, - KLIXIYIK . - Ca(x) kyk.;
forally 2V. O

The next lemmaestablishesfor all x 2 B(x;r) andr suxciently small, a uniform
coercivity and cortinuity bound on kL O(x)[y]kz;, .
9



Lemma 3.3. Let X, be an isolated solution of (2.2) and let e3(x.) and C3(Xx)
be the respective coercivity and continuity constants as de ned in Lemma 3.2. Then,

cskyk, - KLYX)YIK, - Cakyk.

for all x = (u;U;p) 2 B(Xa; r) y = (vV g), and z = (w;W;t) 2 V, wher ¢z :=
&3(Xa) | ®or?> Oprovided r < = e3(Xa)=°9 and C3 := C3(Xa) + °or?> 0.
Proof. For all x;y 2 B(xxs;r) and r determined later, Lemma 3.2 implies that
KLYOlylk, = KL)lyli LAxa)ly]+ Loxa)lylk;
KLQOIX i ey, + KLAXa)IYIK,
lookx i xoK + Cg(xn)q:kyki;_
i"or2+ C3(xu)¢kykj;_ = C3kykj;_
and
KLYOlylk,, = KL)lyli LAxa)ly]+ Loxa)lylK;
| KLODOIX i Xaiy Tk, + kLol Tk,
i i °okX i xnki, + &3(Xx) kyki,
oo eg(xn)¢kyki_ = cgkyk

q_—
Constarnt Cj is obviously positive and r < %(X ) ensuresthat c; is positive. O
Note that ¢3 and C3 in Lemma 3.3 depend only on Re, r, and -.

Next, we derive cortinuity and coercivity results for the full nonquadratic func-
tional, F(x;qg). First, we establish these results for its second Fr§det derivative.
Then, almost as a direct implication of this, we achieve corntinuity and coercivity for
the functional norm itself. We restrict ourselvesto anr that is small enoughto ensure
that all of theseresults hold uniformly for x 2 B(Xa;r).

Theorem 1. There exist an r > 0 such that, for any x 2 B(xs;r), the second
Fr@chet derivative of F(x;g) in direction [y;y], y 2 V, is positive. Furthermore,
there exist two positive constants, ¢, and C4, which depend only on Re, r, and -,
suchthat

FOx;g)ly;z] - Cakyk, . kzk,_ (3.22)
and
2 09, . oyl
cakyk, - FORxoly:yl; (3.23)
for any x 2 B(xa;r) andall y 2 V. _
roof. First, we shov that F%{x;g)[y;y] is positive. Let x 2 B(xa;r), with

r< LE) asin the proof of Lemma 3.3. Then the Cauchy-Schwarz inequality and
Lemmas 3.1 and 3.3 show that

<L(X) i g LOVly;yP = <LCoxi xal; LWy y P>
ISLO(*)[Xi Xalky.. SKLOV)LY; y1K,. (3.24)
C3°0 kxj Xak,.. kyki_ ;
10




where x 2 [Xa;X] ¥%2B(Xx;r). Then, by (2.4), (3.24), and Lemma 3.3, we have

FOx:9)ly;y]= 2 kLo(x)[y]k;b +2<L(x)i gLly;yP
, 203kyK. i 2 Cao kxi Xak, kyk.

i p— ¢ 2

2c3i 2 Cz°0 kxj Xok,. Kkyk

M g~ 1 ,
263(xa) i 2°0r%i 2°0r  Ca(Xo) + or2  kyk,_

ca(r) kyki_ :

Since ¢4(r) is cortinuous with respect to r and c4(0) = 2e3(Xs) > 0; then c4(r) is
positive for small enoughr > 0. This r ensuresthat the secondFr§cet derivative of
F (x;g) in direction [y;y] is positive for all x 2 B(Xq;r).

The upper bound for F%x;g)[y;z] follows by Lemma 3.3, (3.24), and Lemma

3.1:
FOUx:g)ly;zl = 2kLAX)[ylk,,. kLX)[zlk,. + 2<L(x) i g;LX)ly:z]>
: 3203kyk1;,pkzk1;, + P Cs°okx i Xak, kyk, kzk,
2C3+ 2 C3°gr kyk, kzk,.
= Cy(r) kyk,.. kzk,.. :
O

Remark 3. We henceforth assumethat the r of Theorem 1 is so small that it is
lessthan 0:49%. This can be alwaysarrangel by choosing r small enough.

Remark 4? 0The results of Lemma 3.1, Lemma 3.3, and Theorem 1 still hold

if we restrict ourselvesto a subsmoe of V by assumingthat x = x" 2 §h(xn;r),
y=yh2sh andz=z"2 sh.

Theorem 2. The nonquadatic functional, F (x;g), is coercive and continuous
for all x 2 B(xs;r), wheter, cz, and C3 are de ned as in Theorem 1:

%CgkXi xuk: - F(x;9) - %C3kXi xukfk: (3.25)

Proof. For any x 2 B(Xa;r) and somex 2 [Xa; X] %2 B(Xx; 1), We have
. — . [0} . . 1 o] . . . . .
FOGQ) = F(Xe;0) + FUai@x i X+ SFOOG QX XX i Xal:

The result now follows from the fact that F (xa;0) = F9Xa;9)[X i Xa] = 0 (see(2.3)
for the secondequality) and Theorem 1. O

A similar result can be easily establiipedfor discrete spaceS".
Theorem 3. The functional norm, = F(x";g) i F(xh;q), is coercive and con-

tinuous for all x" 2 Eh (Xa;r), where r, c3, and Cs are de ned as in Theorem 1:
1
2

L eakx Bk - F(x"g)i F(xhig) -

5 Cskx"; xﬂki_ : (3.26)

11



Proof. For any x" 2 Eh(xa; r) and somex 2 [Xq; x"] l/th(xu; r), we have
F(x":9)i F(x3:0) = FAxg:ox" i x3]+ %Fo?x;g)[xhi x2;x" i XxpJ:

From De nition 2.1, weknow that F(x"; g)[x"j x0]=<L(x0)i g;LYAxD)[x"; xi]>=
0; for all x" j xh 2 SM (seeRemark 2). Hence,cortinuity and coercivity again follow
directly from Theorem 1. O

4. Convergence. This section establishesunique minimizers of the functionals
we usein B(Xa;r), Eh(xu;r), and §2h(xu;r) under the assumptionthat r and h are
suzciently small. This is donein Lemmas4.1, 4.2, and 4.3, respectively. Theorem
4 then shaws that our coarse-gridcorrection and relaxation stepsremain in a closed
H 1-ball about x and it establishesuniform corvergenceof our two-level PML scheme.

Lemma 4.1. Letxq bean isolated solution of (2.2) andr be de ned asin Theorem
1. Then x, is the unique minimizer in B(Xq;r) of F(x;g). It is characterized by
Fxa;0)[y]= 0, for all y 2 V, that is, it is the unique critical point in B(Xa;r).

Proof. The rst assertionfollows from (3.25). That x is a critical point follows
from (2.3). We thus only needto show that it is the only critical point in B(Xq;r),
that is, that FY(x;g)[y] = O for all y 2 V and x 2 B(Xs;r) imply x = X.. Under
theseassumptions,for all y 2 V, we have

0=FY;9lyli FA%a;0)lyl= FoU60)ly;xi Xal;
for somex 2 [Xa;Xx] ¥%2B(Xo;r). With y = Xj Xa 2 V and Theorem 1, we thus obtain
0 = FOU; g)Xi Xo;Xi Xol, CakXj Xok._:
Therefore, x = x» and the proof is complete. O

Next, we prove the discrete analogto Lemma 4.1.

Lemma 4.2. Let X, be an isolated solution of (2.2). Letr, c4, and C4 be de ned
asin Theorem 1 and assumethat h is suzciently small. Then there exists a unique
minimizer, x", in B"(xa:r) of F(x;g). It is characterized by r "F (x!:g) = 0, that
is, it is the unique grid h critical point in B" (Xa;r).

Proof. For x = x" 2 B" (xa:r) % B(xa;r), Theorem 2 yields

1 1
§c4kxhi xukj;_ - F(x";g) - §C4kxhj xnkik: (4.1)

We rst prove that the minimizer over §h(xn;r), which exists by compactness,is
actually in B"(x;r). Tothis end, it sutcesto shaw that there existanx" 2 B"(xx;r)
that has a smaller functional value than the minimum of F (x;g) on @"(xx;r). To
prove uniquenessof the minimizer, we then usean argumert similar to that in Lemma
4.1.

Any x,2 @"(xo;r) must satisfy kxfy Xnki_ = r2. Hence,by (4.1), we have

F(xg0) . %c‘;kx?@i xuki;_ = %Cﬂz;
12



for all X%)Z @"(xa;r). Now let ry = P c4=C4 r and assumethat h is so small that
B" (xa:r1) is not empty. Again by (4.1), any x" 2 B"(xa:r1) % BN (xo: ) must satisfy

1 2 l 1
h. h . 2 _ 2
F(x";0) - §C4|(X i Xukl:_ < EC4|’1 = é(:4r

F(x%0):
Therefore, the minimizer, x?, of F (x"; g) 0ver§h(xu; r) must actually bein B"(xq;r).
Remark 2 con'rms that it is a grid h critical point: r "F (x:g) = 0.

To prove uniqueness,note that any other minimizer, x", in B"(x;r) must be a
grid h critical point: r "F(x";g) = 0. It now sutcesto shaw that x! is the only grid
h critical point (which also provesthe characterization assertion). To this end, note,
for all y" 2 S", that

0= <r "F(x"ghy"> i <r "F(x3;g)y">
= FOUMaly"Ti FUxa:gly"l= FORx"gly"ix"i xzl;

for somex" 2 B"(xa;r). Again choosingy" = x"j x1 2 S" 4V and using Theorem
1 yields

0 = FOueMg)x"i xix"i xf], cakx"j X0k
which establishesthe result. O
Lemma 4.3. Letr, ¢4, and C, be de ned as in Theorem 1 and choose any

ri < c=Csr. Then, for x 2 B(Xa;r1), there exists a unique minimizer, x,2" =
rgmin, 21 55 20 5 4 w20 28(xe ;) F (X + X2";9). If 1 is small enough, then this minimizer

is characterized by r 2"F (x + x2";g) = 0, with x + x?" 2 B(xq;r) that is, it is the
unique grid 2h critic al point for which x + x2" staysin B(xx;r). Thus, the result, x
2

of Step 1 of PML staysin §h(xn;r) for any initial guess,xj, in Eh(xu'@l). a

Proof. The minimizer, x2", clearly exists by compactness.(Note that x+ S2" \
B(x=;r) is a nonempty set becauseit cortains x = x + 0.) To prove uniquenessand
the fact that x2" is a grid 2h critical point, “rst note that any x@2 @B(Xa;r) must,
by Theorem 2, satisfy F (xg @) , 1cikx @i xnki_ = 1cur2: Then, with x 2 B(Xo;r1),
again Theorem 2 implies that

1 2 1
F(x;q) - EC4kxi Xak, - EC4rf< F(X@0):

Thus, F(x + x2";9) - F(X;0) < F(X@Q), which implies that x + x2" 2 B(Xa;T).
Then x2" must satisfy the gradient condition, which follows by a similar standard
argumert similar to that of Remark 2.

Uniquenessand the characterization assertion can be now establishedas in the
proofsof Lemmas4.1and 4.2. Tothis end, assumethat there existsanother minimizer,
x + x?" 2 B"(xq;r), sothat r 2"F(x + x2";g) = 0. It now su*ces to shav that
this grid 2h critical point condition implies that x2" = x2" (which also proves the
characterization assertion). To this end, note, for all y2" 2 S2" that

0= <r 2F (x + x*;g)iy?"> i <r 'F (x + x2"; g);y ">
= FOx+ x®gly™ i FOx+ xSy = FOx+ %2 g)ly %" xa™);
13



for somex + x?" 2 B"(xq;r). As before, this leadsto

2
0 = FOU+ ¥ g)x® i xaMx*i x&"], cakx® i xa"K,,

which provesuniquenessand the characterization assertion.
The "nal claim follows simply by choosingx = x" and noting that we can choose
r > 0 sosmall that the nearestoptimally correctedx" must be the onein B(xx;r). O

Theorem 4. Letr andr; asin Lemma4.3, denerg= P c4=C4r1, and choose
h and! suzciently small. Then, for any x§j 2 B(X«;ro), the PML iterates basel on

either (2.8) or (2.9) remainin Eh (Xa; r) and convergelinearly with uniformly bounded

factor according to
3 .

F(Xfa:0) i FOXS0) - - FOXo)i F(xbig) 5 k=012

where - 2 [0;1) de@endsonly on Re, r, and - .
Proof. We omit this fairly straightforward but somewhat lengthy proof and
instead refer the readerto [10] for details. O
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