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Discretization

What do you see?

•
• • •

•
• ••

•

% %FIRST KEY POINT" "
FE sees grid points (nodes or dofs)

only as characterizations of
continuum functions.
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Localize

•
•

What choice 
do you have?

% %SECOND KEY POINT" "
FE functions are localized to ensure a sparse matrix.
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uh

Continuous piecewise linear functions

•

• • •
•

• ••
•

How do you take 
2nd derivatives of uh ?

% %THIRD KEY POINT" "
FE integrates away 2nd derivatives.

??? - u” = f  ???
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Weak form!
!u" = f

"  ! u"v = fv                        #v

"  (!u")vdx=$ fvdx           #v$
"  u 'v'dx! u 'v |

0

1
=$ fvdx    #v$

"  u 'v'dx=$ fvdx               #v$ % v(0) = v(1) = 0

"  u ',v'( ) = f ,v( )                   #v % v(0) = v(1) = 0

hu    

A
?
AA

u =  trial function

v =  test function

The ⇒ can actually be reversed
to ⇐ if u is smooth enough.

So the weak & strong forms are “equivalent”.

Need basis for space of admissible uh & v. 
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Representation
a basis of “hat” functions

• • • • •
•

•••

!(i) is 
continuous piecewise linear 

& 0 at all nodes except
node i where it’s 1.

h

h!(i)

Any continuous piecewise linear
function can be represented by

uh = .i ui !(i).
h h 

i

Now we’re back to 
using node values.

'
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Weak form

(u ',v ') = ( f ,v)                          !v " v(0) = v(1) = 0.

A
h
= a

ij

h( ) = (!
(i )

h
',!

( j )

h
')( ).

So the matrix is

A A
( uj

h

j! "
( j )

h
',"

(i )

h
') = ( f ,"

(i )

h
)        #i.

(
j! "

(i )

h
',"

( j )

h
')uj

h
= ( f ,"

(i )

h
)        #i.

( uj

h

j! "
( j )

h
',v ') = ( f ,v)              #v $ v(0) = v(1) = 0.

A
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FE basics
Self-adjoint positive definite ⇒ weak functional.

• Model problem 4 L 52:

Lu * - uxx - uyy = f    in  4

                         u = 0   on =4

• Sobolev spaces (wider than classical spaces!):

    L2(4) = {u : %4u2d4 < &}

    H0
1(4) = {u : u, ux , uy ! L2(4), u|=4 = 0}

    (u, v) = %4u v d4

• L is self-adjoint positive definite (more later):

    (Lu, v) = (Mu, Mv) = %4(uxvx+uyvy)d4 = (u, Lv)
    (Lu, u) > 0  if u !  0

• Duality: Solving Lu = f  is
equivalent to minimizing

the weak functional

  F(u) = “(Lu, u)”/2 - (f, u)

              = (Mu, Mv)/2 - (f, u)

• Short story:

   1st derivative test

MF(u) = Lu - f  = 0

   2nd derivative test

F”(u) = L > 0

 

!u =
ux

uy

" 

# 

$ 

% 

& 

' 
We use (Lu, v) for simplicity, 
but really we mean (Mu, Mv). 

This is formal:
Lu is not defined 
on all of H0

1(4). 
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Long story

• Using symmetry & linearity of L & bilinearity of the inner product:

F(u + v)  = (L(u + v), u + v)/2 - (f, u + v)

             = (Lu, u)/2 + (Lu, v) + (Lv, v)/2

- (f, u) - (f, v)

             = F(u) + (Lu, v) - (f, v) + (Lv, v)/2

             = F(u) + (Lu - f, v) + (Lv, v)/2.

• The last term, (Lv, v)/2, is positive for v !  0, but it can be neglected

for very small v. Thus,

F(u + v)  " F(u )     N v ! H0
1(4)   J   (Lu, v) = (f, v)     N v ! H0

1(4)

                              J   “Lu = f”.
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FE constructs

• Assume that 4 is the unit square.

• Consider an nxn grid of square “cells”.

• Continuous piecewise bilinear elements:
Hh L H0

1(4).

• Each uh in Hh is determined by its node
values. This is how we’ll represent them!

• Within each square:
uh = axy + bx + cy + d    &     
uh is linear in a coordinate direction.

• If uh on one side of an element matches uh

on the other at the nodes, then it matches
on the common edge. So uh is continuous.
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Continuity

•
•

uh = axy + bx + cy + d
y = y0 = constant
uh = (ay0 + b)x + (cy0 + d)

"
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FE discretization

• Minimize   F(uh) = (Luh, uh)/2 - (f, uh)

over  uh ! Hh.

• Equilavent to solving    

(Luh, vh) = (f, vh)     N vh ! Hh.

• Basis:   !(ij) is the element of Hh that

equals 1 @ node ij & 0 elsewhere.

• Expansion:  uh(x,y) = .ij uij !(ij) (x,y).

• Problem:  What is Luh * - uxx - uyy ???h h

h

hh
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Weak form

• The Gauss Divergence Theorem & homogeneous

boundary conditions yield

(Lu, v) = (- uxx - uyy, v) = (-M•Mu, v) = (Mu, Mv).

•  Note:

(Mu, Mv) = %4(uxvx + uyvy)d4.

• So the problem becomes

(Muh, Mvh) = (f, vh)     N vh ! Hh

or

 %4(uxvx + uyvy)d4 = %4fvhd4        N vh ! Hh.h h h h
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Towards the matrix equation
for nodal values

(Muh, Mvh) = (f, vh)     N vh ! H h

• Using uh(x,y) = .ij uij !(ij) (x,y) & choosing vh = !(kl):

.ij uij (M!(ij), M!(kl)) = (f, !(kl))     N k, l.

• Matrix terms (M!(ij), M!(kl)) are 0 when

 |i - k|  or  |j - l|  >  1.

• We compute

(M!(ij), M!(ij)) = 8/3   &   (M!(ij), M!(i ±1 j ±1)) = -1/3.

• Assume f is bilinear:

(f, !(kl)) = %4f !(kl)d4 $ h2f(xkl).

h h h

h h h h

h h

hh h h

h h
actually,

Bh fh

(mass matrix)
huh = (uij)   &   fh = (h2f(xkl))
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The matrix equation
Ahuh = fh

where

   uh = (uij)   &   fh = (h2f(xkl))

& the matrix is given by the stencil

Aij
h
=
1

3

!1 !1 !1
!1 8 !1
!1 !1 !1

"

#

$
$

%

&

'
'.

h

stiffness matrix
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Some matrix properties

• Symmetric!  ij  “reaches” to  i±1j±1  as  i±1j±1  to  ij.
• Singular?  Ah 1 = 0 ?!   Depends on boundaries!

   Dirichlet boundary:

• Positive definite!

   Diagonally dominant (strictly so @ boundaries).

Aij
h
=
1

3

!1 !1 !1
!1 8 !1
!1 !1 !1

"

#

$
$

%

&

'
'

Aij
h
=
1

3

!1 !1
8 !1
!1 !1

"

#

$
$

%

&

'
' .
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Abstract FE relaxation
focus on functions, not nodal vectors

• Relaxation involves “local” changes: uh " uh - s !h
 for some

scalar s & !h = !(ij).

But how do we pick s ???

• Use FE principle of minimizing F(uh - s!h) over s :

F(uh - s!h) = (L(uh - s!h), uh - s!h)/2 - (f, uh - s!h)

        = F(uh) - s (Luh - f, !h) + (s2/2) (L!h, !h).

• Let s be the root of the derivative of this quadratic

polynomial w.r.t. s :  s = (Luh - f, !h)/(L!h, !h) = rij/Lij,ij, so

F(uh - s!h) - F(uh) = - (Luh - f, !h)2/(2(L!h, !h)) = - rij/(2Lij,ij).

h

   This is just Gauss-Seidel!

2

h

h
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Abstract FE coarsening
again with focus on functions

• Coarsening involves a “global” change:  uh  " uh + w2h  for
some coarse-grid function w2h.

But how do we pick w2h ???

• Use FE principle of minimizing F(uh + w2h) over w2h:

F(uh + w2h) = (L(uh + w2h), uh + w2h)/2 - (f, uh + w2h)

         = F(uh) + (Luh - f, w2h) + (Lw2h, w2h)/2.

• Let w2h be thr root of the gradient of this quadratic
functional w.r.t. w2h.  This is tricky because you need to
write the gradient as a function in the subspace H2h.  We
go instead from abstract functions to nodal vectors…
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Concrete FE coarsening: I2h
now with focus on nodal vectors

• Adding nodal representations of vh & v2h:

v2h(x,y) = .ij v2h
ij !2h

(ij)(x,y)
    2h  nodal values

   = .ij vh
ij !h

(ij)(x,y) ???

    h  nodal values

• We should be able to do this because v2h  ! H2h L Hh.

• Cell “2i+,2j+”:

(sum over 2h indices
O even h indices)

vh
2i 2j       = v2h

ij

vh
2i+1 2j    = (v2h

ij + v2h
i+1 j)/2

vh
2i 2j+1    = (v2h

ij + v2h
ij+1)/2

vh
2i+1 2j+1 = (v2h

ij + v2h
i+1 j   +

   v2h
ij+1  + v2h

i+1 j+1)/4

h

(sum over h indices)

•
•

• •
•

•
•

•
•
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Concrete FE coarsening (cont’d)
 Ahuh = fh

• Solving this matrix equation is equivalent to minimizing

 Fh(vh) * (Ah vh, vh)/2 - (fh, vh)     (parens here mean Euclidean norm)

over vh ! Hh.  So how do we now correct vh ???

• We minimize Fh(vh + I2h v2h) over v2h ! H2h :

 Fh(vh + I2h v2h)

   = (Ah (vh + I2h v2h), vh + I2h v2h)/2 - (fh, vh + I2h v2h)

   = Fh(vh) + (A2h v2h, v2h)/2 - (f2h, v2h)

h

h h h

h

F2h (v2h).* Fh(vh) +

variational conditions

f2h = I2h(fh- Ah vh)

A2h = I2hAhI2h
 

hT

  hhT
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Outline

)• Model Problems

• Basic Iterative Methods

– Convergence tests

– Analysis

• Elements of Multigrid

– Relaxation

– Coarsening

• Implementation

– Complexity

– Diagnostics

• Some Theory

– Spectral vs. algebraic

• Nonlinear Problems

– Full approximation scheme

• Selected Applications

– Neumann boundaries

– Anisotropic problems

– Variable meshes

– Variable coefficients

• Algebraic Multigrid (AMG)

– Matrix coarsening

• Multilevel Adaptive Methods

– FAC

• Finite Elements

– Variational methodology

Chapters 1-5:        Chapters 6-10:

)

)

)

)

)

)

)

)

)
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Multigrid rules!

We conclude with a few observations:

o We have barely scratched the surface of the myriad ways
that multigrid has been, & can be, employed.

o With diligence & care, multigrid can be made to handle many
types of complications in a robust, efficient manner.

o Further extensions to multigrid methodology are being sought
by many people working on many different problems.
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Multigrid/multilevel/multiscale
an important methodology

• Multigrid has proved successful on a wide variety of
problems, especially elliptic PDEs, but has also found
application in parabolic & hyperbolic PDEs, integral
equations, evolution problems, geodesic problems, …

• Multigrid can be optimal, often O(N ).

• Multigrid can be robust in a practical sense.

• Multigrid is of great interest because it is one of the
very few scalable algorithms, & it can be parallelized
readily & efficiently!




