Exam Review Chapters 35, 6,7

1. (Fall 2011 Final #7) Consider the matrix:

A:

o~ N
N
N

(a) Find all the eigenvalues of A.

(b) For each eigenvalue that you found in part (a), find a basis for the corresponding
eigenspace.

(c¢) Find the general solution of ¥’ = AZ.
solution:

@ p(\) = [A— M| = (2= N1 = N2 —1] = (2= \)(\ — 2)A. Setting p(\) = 0 yields

)\1 - O, )\ng - 2
(b) To find a basis for each eigenspace, we find the eigenvectors associated with each
eigenvalue.

Eigenvalue Eigenvector
A=0 vi=[0,1,—1]"
A=2 ve = [0,1,1]7

Then, the basis for E,—q is vy and the basis for Ey_, is va.

(c) To find the general solution, we must construct a generalized eigenvector for A = 2.
We seek a vector u such that (A — 2/)u = v,. We find u = [2,1,0]7. The general

solution is:
2
+ )
0

2. (Fall 2011 Final #8) Consider the following system of nonlinear equations:
{ i = yle —1) }
@ = (@-yl+y-1

(a) Find all the equilibrium points.

0 0
x(t)=c | 1| +ce® | 1| + cze® (t
—1 1

— = O

(b) Classify the stability of each equilibrium point.

solution:



(a) To find the equilibrium points, we set 2’ = 0 and ¢y’ = 0 simultaneously. When 2’ = 0,
we have y = 0 and x = 1. When ¢y = 0, we have © = y and y = 1 — x. Therefore,
when both 2’ = 0 and 3’ = 0, we find equilibrium points at (0,0), (1,0), (1,1).

(b) To calculate the stability of each equilibrium point, we linearize the system and analyze
the eigenvalues of the Jacobian matrix at each equilibrium point.

- Y z—1
T = [23:—1 1—2y]

Evaluating the matrix at each of the equilibrium points yields the following:

Equilibrium Point Eigenvalues Stability
(0,0) A2 = %5 unstable
(1,0) A1 =1, A =0 | unstable
(1,1) A1 =1, Ay = —1 | unstable

3. (Fall 2010 Final #2) Consider the system

=20 — 2% — o>
y=8—-uxy

(a) Find the equilibrium points for this system.
(b) Classify the stability of each equilibrium point.

(c) Sketch the phase plane, showing all equilibria, nullclines, and some possible solution
curves.

Solution:

(a) The equilibrium points are found when ' = 0 and 3’ = 0 simultaneously. Setting
«/ = 0, we have 2% + y?> = 20. Setting y’ = 0, we have y = 2. We solve these
equations simultaneously by plugging y = % into 2% + y? = 20. Doing this, we find

four equilibrium points: (4,2), (—4, —2), (2,4), (=2, —4).

(b) We find the stability of each equilibrium point by analyzing the eigenvalues of the
Jacobian matrix at each equilibrium point.
—2y
—x

J— [—23:
Y
Evaluating the matrix at each of the equilibrium points yields the following:

Equilibrium Point Eigenvalues Stability
(4,2) Mo=—6% V10 | stable

(—4,-2) M2=06=% v/10 | unstable

(2,4) Ag=—-3=% %@ unstable

(=2, —4) Mg = —3+ 23 | unstable




[Print |
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Cursor position: (-7.24, B.6) ¥

The backward orbit from (-2.7, -4.1) --> a possible eq. pt. near (-4, -2).
Ready.

The forward orbit from (-1.7, -4) --> a possible eq. pt. near (4, 2).
The backward orbit from (-1.7, -4) left the computation window.

(c) [Reasy.
4. (Fall 2010 Final and assorted) Answer the following TRUE or FALSE.

(a) Let A1, A2, A3 be the eigenvalues of

A:

o O Q2
oo
® U O

Then )\1)\2>\3 = 0 and )\1 + /\2 + )\3 ( + 6)
(b) The second order ODE y” + w?y = G(y) is integrable (where G(y) is a nonlinear
function of y).

(c) Let x = F(x) be a 2 x 2 nonlinear system. Let (x., y.) be an equilibrium solution
to this system with a linearization that results in the eigenvalues A\; = 2i, Ay = —21.
It follows that the behavior of the nonlinear system in the local neighborhood of the
equilibrium point is a center.

(d) Given the system 77 = AZ, answer each of the following either TRUE or FALSE
i. #=0isthe only equilibrium point.
ii. The point 0 is a sink if A has a negative (real) eigenvalue.
iii. A has n eigenvalues and n linearly independent eigenvectors.

iv. Assume A is a 3 x 3 matrix. If A has one eigenvalue \; = 2 and a double
eigenvalue A\ 3 = 1, then the general solution contains a generalized eigenvector
if the geometric multiplicity of A 3 is one.

(e) A limit cycle is attracting if the eigenvalue of the limit cycle is less than zero.

solution:



(a) TRUE

(b) TRUE

(c) FALSE

(d) i. FALSE
ii. FALSE
iii. FALSE
iv. TRUE

(e) FALSE

5. (Spring 2007, Exam 3) Consider the second order, linear, homogeneous ODE
' — a2 —6x=0.

(a) Write the above equation in the matrix-vector form @’ = A.
(b) Find the general solution of the system derived in (a).
(c) Sketch the phase portrait of the system derived in (a).

(d) Find and classify the equilibria for the system derived in (a), and determine the behav-
ior of solutions as ¢ — oo.

solution:
(a)
wi| [0 1] |wy
wy| |6 1 |we
(b) We find the eigenvalues and associated eigenvectors to be:

M =3,vy = H Do = —2,vy = {_12]

Our solution is
1 _ 1
w(t) = cre® [3] + e [_21 :
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Cursor position: (-7.26, 8.6) W

The forward orbit from (1.7, 0.16) loft the computation window.
The backward orbit from (1.7, 0.16) left the computation window.

The backward orbit from (-3.2, -0.4) left the computation window.
Ready.
(c) |Reasy.

(d) The equilibrium point is (0, 0) and it is a saddle (seen by the eigenvalues of opposite
sign). As t — o0, solutions will go to infinity. They will approach (asymptotically)
trajectories parallel to the eigenvector vy.



