
4. CONCLUSION AND FUTURE WORK 
This study evaluated the notion that visualizations of 

mathematical formula are often inherently beautiful and visually 

appealing. It was determined that although chaotic attractors as 

composition guides are not necessarily an improvement across the 

board when compared to traditional composition guides, they are 

not a step backwards either. When split apart between the rule of 

thirds, golden spiral, Lorenz, and Rössler compositions, the 

Rössler composition clearly performs better overall. Thus, a solid 

recommendation can be made that using the Rössler attractor as a 

composition guide can result in aesthetically pleasing 

photographs. This finding is particularly interesting because it 

conflicts with commonly taught practice. 

In general, the rule of thirds and the golden spiral are taught as 

successful alternatives to an inclination of new photographers to 

focus subjects in the center of a frame. Yet the Rössler 

composition guide is closely related to that behavior but with a 

focal point slightly off in one corner. Perhaps a successful 

learning technique could be to not only use the Rössler 

composition guide as a successful technique, but one that would 

take very little modification from early photographers‘ natural 

inclinations. As such, the Rössler composition style can be 

implemented as a great learning tool. 

Another explanation of the Rössler compositions possible success 

is the rise of online social networks and shared social media. The 

survey participants have been exposed to more amateur and peer 

photography than what has been historically possible and thus the 

―bulls-eye‖ pattern of composition may be more familiar to the 

participants. A future study could control for familiarity of 

amateur photography to enthusiast or professional photography to 

determine this effect. 

The success of the Rössler composition, and the non-failure of the 

Lorenz composition, suggest that there are likely many more 

opportunities for new composition guides. The focus on 

traditional compositions may be stifling creativity and the field of 

chaotic dynamics seems well posed to offer suggestions for new 

ideas and forms in composition techniques. One can even imagine 

situating objects based on the three-dimensional forms of chaotic 

dynamic formulas in three-dimensional space and then taking the 

two-dimensional photograph from that configuration. Thus, there 

seem to be many opportunities for both immediate pragmatic 

gains for photographers as well as future study for other 

improvements in aesthetic design and thought. 
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Figure 5: CGR of mitochondrial RNA sequence from Homo Sapiens Neanderthalensis.

Figure 6: CGR of human DNA extracted from clone cell.

2.2 Probabilistic assertions about the occurrence of motifs
While [Jef] did report similar results, he relied on visual characterization of the patterns found in CGRs. In fact
it was noted by [Jef] that a more mathematical and measure theoretic approach would be an extremely useful
direction of future research. In the light of the above statement by [Jef], we make a novel attempt in that direction.
It may be useful to note that the following information may be quantified using the CGR,

• Pr(occurrence of a subsequence) = no. of dots in the corresponding sub−quadrant
total no. of dots in the plane

• In a Markov chain model of the genetic sequence, i.e. if {Xi}i≥0 is a Markov process with finite state space
{a, c, g, t}, the joint distribution of the chain (as an example) is computed as follows [Fu]:

Pr(Xn = g,Xn−1 = c, ...,X1 = g,X0 = t) = Pr(Xn = g|Xn−1 = c)...P r(X1 = g|X0 = t)Pr(X0 = t)

Clearly, the terms in the right hand side can be easily derived from the CGR of the sequence, for eg.
Pr(Xn = g|Xn−1 = c) = no. of dots in the cg sub−quadrant

no. of dots in the c sub−quadrant . The above is with respect to a first
order Markov model. For higher order Markov models, it should be clear that the above arguments can be
extended by looking at subsequence lengths of 3 or more and their respective sub-quadrants.

• One interesting aspect of the CGR pointed out earlier is the fact that points close in the sense of the Euclidean
norm in the CGR plane may be far apart in the sequence space. An alternative measure in the CGR space
may be to use the Hausdorff measure. In this regard, it may be useful to point out the strong similarities
between the CGR of the RNA sequence from the Atlantic Hagfish and the Sierpinski gasket; and therefore
we can estimate the Hausdorff dimension of the CGR of the RNA from the Hagfish to be about log 3

log 2 = 1.58
which is numerically verified by using the box-counting algorithm from problem set 10. [Jia] also provide
tight bounds on the estimates of the Hausdorff measure of such fractal sets.

4
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3 Fractal characterization of Ψn

Recall that Ψn denotes the number of times a particular type of rare motif may occur in a random sequence
of length, n. The cumulative distribution of Ψn defined here as Pr(

∑
m≥0 Ψ(m)

n ≤ c) is of immense interest
to probabilists; however the nature of the rare events does not enable one to compute this explicitly and hence
many like [Erh] have proposed approximate distributions with error bounds. Here, we propose a novel fractal
characterization of Ψn in terms of a set whose elements are described based on

∑
m≥0 Ψ(m)

n ≤ c in some limiting
sense stated shortly below. Such results have recently been of much interest in the context of random walks.

3.1 Fractal geometry in a probability space, (Ω,F , µ)[DT]
Definition: A subset A ⊂ Ω is said to be a fractal with respect to a measure (probability measure) µ over Ω if
µ(A) = 0 and dimµ(A) = Dimµ(A) = constant. Here, dim(.) is the Hausdorff dimension and Dim(.) is the
packing dimension as described in [DT]

Clearly, our knowledge about the Cantor set being a fractal satisfies this definition because the lebesgue mea-
sure, λ(A) = 0 and dimλ(A) = Dimλ(A) = log 2

log 3 . It may also be useful to recall the equivalence of the lebesgue
measure over the unit real line and the probability measure over Ω [Qu].

In the same spirit, we state the following theorem.

Theorem [Bill][DT]: For ω ∈ Ω, let un(ω) = {ω0 : Xi(ω0) = Xi(ω); i = 1, 2, ..., n} and let A = {ω :
Xk(ω) = ak; k = 1, ..., n} ⊂ Ω s.t. µ(A) = 0 for some n, then ∃ν(A) = p(a1, ..., an) s.t. ν(un(ω)) ≤
µ(un(ω))c ∀ω ∈ Ω and c > 0 constant.
Also, for some M0 ⊂ {ω : limn→∞

log ν(un(ω))
log µ(un(ω)) = c}, if ν(M0) > 0; then M0 is a fractal and dimµ(M0) =

Dimµ(M0) = c.

3.2 Characterization of Ψn

Let Zi denote a finite length querry subsequence (or motif) and S0 be the rarely occurring target motif of the same
length. Ψn :=

∑
i≥1[Zi ∈ S0] ≡

∑
i≥1 Ii; where Ii has success probability ps0 . Here, [.] refers to the indicator

function.

The strong law of large numbers implies 1
m

∑
m≥1 Ψ(m)

n → nps0 as m → ∞, n fixed. Next we define,

A := {ω : 1
m

∑
m≥1 Ψ(m)

n (ω) 9 nps0} and Bc := {ω : limm→∞
1
m

∑
m≥1 Ψ(m)

n (ω) ≤ c ∈ [0, nps0)}.
Clearly, Bc ⊂ A;Pr(Bc) = Pr(A) = 0. Hence, using the theorem above we have a new measure ν s.t.
ν(Bc) > 0, dimµ(Bc) = f(c) and Bc is a fractal.

It must be pointed out here that while the theorem above is only an existence statement of the new measure
ν, no general construction of such a measure has been reported in the literature; however some example specific
constructions have been proposed for ν by [Bill].

4 Conclusion
In this paper, we have presented a fractal representation of genetic sequence via the modified CGR algorithm
and have thereby shown the inherent dependencies amongst the nucleotide bases. We have made an attempt to
extend the visual features of the CGR to more probabilistic and measure theoretic assertions about the same.
We have also proposed a novel fractal based characterization of Ψn which was defined as the number of times
a rare motif may be seen in a random gene sequence. Future work may include extending this characterization
and establishing a stronger mathematical relation between the fractal characterization and the recent works on
approximating probability distribution for Ψn. A comparative study of the CGR based representation of genes
and other graphical representations of genes may also be very interesting.
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Spatiotemporal Chaos:
Effect of Spatial Smoothing on Bifurcations in a Discrete-Time Chaotic Map

Chaotic Dynamics

Per Sebastian Skardal
(Dated: Due April 30)

I. INTRODUCTION

Many problems that arise in either physics, chemistry, or biology are spatiotemporal in nature. That is they evolve
according to both spatial and dynamic effects. In general spatiotemporal dynamics problems are difficult to solve and
there is little general theory about the behavior of solutions. This paper will explore the spatiotemporal dynamics
of a system inspired by previous and current research with my advisor Professor Juan G. Restrepo. The system will
be a set of integrodifference equations that is applicable to cardiac dynamics. The system is discrete in time and
continuous in space.

Because the system is discrete in time several quantities are analytically solvable. This will both ease some of the
reliance on numerical simulation and yield some analytical results. The model is biologically relevent in a certain
parameter range that does not induce chaotic behavior, but I will explore more extreme parameter choices that do.
The goals of this paper are mathematical rather than biological. I will not connect results back to biology, but rather
explore spatiotemporal dynamics in a more complicated regime for a more academic purpose.

A. Other work in spatiotemporal dynamics

The two most generic ways to add spatial dependence to a dynamical system utilize either spatial derivatives or
spatial integrals. Thus, coupling these with either differential or difference equations (in time) can lead to many
possibilities in modelling spatiotemporal behavior. Coupling spatial derivatives with time derivatives yields systems
of partial differential equations, which are for instance applicable to some reaction-diffusion systems1 and fluid flow
problems. Coupling spatial integrals with time derivatives yields systems of integro-differential equations, which can
model populations of coupled oscillators2–4. Both spatial derivatives and integrals can be coupled with discrete-time
maps as well, which can model cardiac behavior5.

The case in which spatial integrals are combined with discrete-time maps remain a less popular choice to model
phenomena. However, some interesting examples exist. In 1986 Kot and Schaffer6 studied a handful of integrodiffer-
ence equations used to model the dispersal of organisms in ecology. As is usually the case in biological models, several
simplifying assumptions were made, for instance the homogeneity of the environment. The main goal of the paper,
however, was to spark interest in specifically integro-difference equations.

In 1998 Venkataramani and Ott7 used integrodifference equations to explore temporal period doubling in a spa-
tiotemporal system. Specifically the application was in the pattern formation in vibrated sand. Their system consisted
of a discrete-time map that was then analyzed in the Fourier domain.

B. Inspiration: cardiac dynamics

The system in this paper is one that models the behavior of cardiac alternans. In heart tissue the two most important
quantities are the trans-membrane voltage V and the intracellular calcium concentration [Ca2+]i. A normal, healthy
heart displays perfectly periodic signals (with periodicity one) for both the voltage and calcium concentration. That
is, if T is the period of stimulation, then V (t) = V (t + T ) and [Ca2+]i(t) = [Ca2+]i(t + T ) for any time t. If the
voltage and calcium signals lose this periodicity, however, several kinds of cardiac arrhythmia can occur.

Cardiac alternans is defined as an alternating pattern of the voltage and calcium signals in which the signals become
period two. The easiest way to visualize this transition is through the action potential duration (APD) and peak
calcium (Ĉa) quantities. The action potential duration at a beat n (APDn) is defined as the time that it takes a cell
to repolarize after a stimulus at that beat and the peak calcium at a beat n (Ĉan) is defined as the local maximum
of the calcium signal during that beat. A heuristic of these measurements is given in figure 1(a).

In terms of these measurements, cardiac alternans becomes an alternating large-small-large-small pattern of the
discrete-time quantities APDn and Ĉan. Healthy cardiac function displays period one behavior and cardiac alternans
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(a) (b)

FIG. 1: The measurements of APDn and cCan(a). Period-doubling bifurcation: the transistion from normal cardiac behavior
to alternans(b).

displays period two behavior, which suggests that this transition is a period-doubling bifurcation. In fact, in 1984
Guevara et. al.8 showed that this is true. A heuristic of this period-doubling bifurcation is shown in figure 1(b).

Cardiac alternans can appear in a two ways. First, the alternans in voltage and calcium can be positively coupled.
This means that a large (small) action potential corresponds to a large (small) calcium signal at the same beat. In
other words, APDn will be large (small) when Ĉan is large (small). Voltage and calcium can also be negatively
coupled. This means that a large (small) action potential corresponds to small (large) calcium signal at the same
beat. In other words, APDn will be large (small) when Ĉan is small (large).

Furthermore, cardiac alternans can be induced by either voltage or calcium. Because of the way that voltage affects
the calcium concentration, voltage-induced alternans are always positively coupled. However, when alternans are
calcium-induced, the coupling can be either positive or negative. This complication follows from the complexity of
the different calcium currents flowing in and out of the cell.

The effects of voltage-induced alternans has been the topic of several papers (for example by Karma5,9) and are
relatively well understood. However, the effect of calcium-induced alternans remains for the most part unexplored
and poorly understood. This was the inspiration of our model of cardiac behavior. That is, the goal is to induce
calcium alternans in a system where calcium and voltage are coupled together on some spatial domain.

C. The governing equations

Keeping in mind that we wish to model some sort of period-doubling behavior, we introduce the following discrete-
time map

cn+1 = −rcn + c3n, for r ≥ 0. (1)

Not unlike the logistic map, this map has both cascades of period-doubling bifurcations as well as banded chaotic
regions in parameter space. The reason we have chosen this map is because of the symmetry of periodic solutions
around c = 0, which will make some analytical solutions attainable. Later analysis of this map will show a (stable)
period-one solution for 0 ≤ r ≤ 1, period-two solutions for 1 ≤ r ≤ 2, and so on.

The fact that periodic solutions (and chaotic sequences) will be in the range [−2, 2] may raise some issues in so far
as the modelling of actual calcium levels in the heart. However in the regime of period-one and -two solutions, the
map above is conjugate to the actual values of Ĉa both for a healthy heart and one with alternans. Formally this
means that by some (continuous) change of coordinates we can map steady-state solutions c∗ of equation (1) to more
realistic values for Ĉa seen experimentally.

However, to fully explore the effects of alternans, we must couple calcium to voltage, even if the alternans are not
voltage driven. First, we will introduce a few coupling parameters that describe the interaction between calcium and
voltage alternans. Second, we will introduce a spatial integral kernel in the voltage equation to model the diffusion of
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voltage across the domain. The equations are the following:

cn+1(x) = −rcn(x) + c3n(x) + αan(x),

an+1(x) =
∫
G(x, x′)[βan(x′) + γcn+1(x′)]dx′. (2)

Here cn(x) and an(x) represent the value of the calcium and voltage alternans, respectively, at a point x in the
spatial domain, r is our “bifurcation” parameter and is a measure of how strong the calcium alternans are, α, β,
and γ are coupling parameters, and G(x, x′) is the diffusive integral kernel. α represents voltage-to-calcium coupling,
which is always positive, so α < 0, γ represents calcium-to-voltage coupling, which can be positive or negative, so γ
can have either sign, and β represents the perpetuation of voltage alternans, so β < 0. All three coupling parameters
are taken to be less than one in magnitude to prevent divergence of solutions. In our computations we choose

G(x, x′) = G(x, x′, σ2) to be Gaussian with standard deviation σ2 (G(x, x′, σ2) = 1√
2πσ2 e

− (x−x′)2

2σ2 ). In our simulations
we will take σ = 1. The spatial domain will be one dimensional.

There are three main topics of interest as to the solutions to this map. First, we will explore how steady-state
solutions to this system coarsen. By coarsen, we mean how the domain seperates into different in-phase regions. An
example of this is the plot in figure 2(a), which depicts period-two steady-state solutions for different r values given
random initial conditions (red is small r, blue is large r). Second, we will explore the effects the coupling parameters
have on bifurcations. Since the bifurcation is driven by the map in equation (1), we expect the bifurcations of the
system (2) to be similar. Finally, we will explore the competition between the bifurcation parameter r and the diffusion
kernel G. A large r value will tend to polarize solutions and the integral kernel will be a smoothing operator.

II. PRE-ANALYSIS

A. Classifying coarsening

How we choose to characterize the coarsening of calcium alternans is essential to the problem. If we start from
random initial conditions, the domain will seperate into different in-phase regions each time, depending on local
averages of the initial data. Thus, no unique solution can be found for random intial conditions. Instead, we will
calculate the values of steady-state periodic solutions of c(x) for x near the boundaries of different in-phase regions
and in the middle of such in-phase regions that are “far-away” from such boundaries. An analytical expression for
c(x) is difficult to obtain and depends on the kernel G(x, x′), so these two quantities will be the basis of our analysis
of coarsening.

(a) (b)

FIG. 2: Solutions to the system in equation (3). Coarsening of in-phase regions given random initial conditions(a), and analytical
solutions for the step-intial conditions in equation (4)(b). r values range from 0.75 (red) to 1.1 (blue). The horizontal axis is
space (x) and the vertical axis is the value c(x).

Calculating these two quantities for random inital conditions is also problematic. We could run simulations and use
numerical results, but this raises other issues. Instead of starting with random initial conditions, we can start with
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so-called “step” intial conditions defined as

c0(x) = ε · sgn(x),

for some non-zero constant k, which will give exactly two different in-phase regions with a boundary at x = 0. Thus,
we can liken the quantities limx→0± c(x) and limx→±∞ c(x) to the values of c(x) for x near boundaries and far away
from boundaries, respectively. The analytical period-two steady-state solution for c(x) with step initial conditions is
plotted in figure 2(b) for different r (red is small r, blue is large r). I.e. we will use the time series of limx→0± c(x)
and limx→±∞ c(x) to characterize the dynamics of the system.

The standard deviation or width of the kernelG(x, x′) won’t affect either of the values limx→0± c(x) or limx→±∞ c(x),
but rather the shape of c(x) in between. In the step inital condition case, the width of G (in our case σ2) will affect
how fast c(x) converges to limx→±∞ c(x) as x moves away from zero. It’s straight-forward to see that if G is wide the
convergence will be slower and if G is narrow then it will be faster. In the case of random intial conditions the width
of G will also define a minimum width of a coarsened region. Because of the smoothing operator no steady-state
coarsened region with width less than the width of G can exist.

In order to predict behavior for higher-order bifurcation and chaos, we will first solve the system for r in the
period-two regime. We can calculate all the quantities of interest analytically because of the map’s symmetry.

B. Analysis of the uncoupled calcium map

Since all bifurcations and chaos will be driven by the map given in equation (1) a thorough analysis of this map is
useful. The bifurcation diagram of this map is given in figure 3, and it clearly shows period-doubling bifurcations as
well as banded chaos and islands of stability.

FIG. 3: Bifurcation diagram for the map in equation (1).

Up to a certain point, we can compute the (stable) periodic solutions c and the bifurcation values rc in the following
way. For period p solutions, compute the intersections of the pth-return map cn+1 = fp(cn; r) with cn+1 = cn (as
a function of r), which gives period-p solutions (both stable and unstable). Then we can compute (over successive
parameter ranges of r) which of these solutions have a derivative less than one in magnitude. Since this map is clearly
period-doubling, we look for period-one solutions, then period-two, then period-four, and so on. The results of such
analysis for periods one, two and four are given in the following table:

period of stable solutions Steady-state c(r) Range of r
one c(r) = 0 r ∈ [0, 1]
two c(r) = ±

√
r − 1 r ∈ [1, 2]

four c(r) = ±
√
r±
√
r2−4√
2

r ∈ [2,
√

5]

eight . . . . . .
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Thus, period-doubling bifurcations happen at rc = 1, 2,
√

5, . . . Just after r =
√

5 stable solutions become period-
eight, but become difficult to obtain analytically. As with most maps that display period-doubling behavior, there
is an infinite number of period-doubling cascades and for some r sequences become chaotic. Investigation of the
connection between period-doubling cascades and chaos in such maps is an active area of research studied by many
such as Sander and Yorke10.

C. Period-two steady-state solutions

Since the bifurcation is driven by a symmetric equation, we can assume that if c∗(x) is a periodic steady-state
solution, then so is −c∗(x). To ease notation, define

c±∞ = lim
x→±∞

c(x), c0± = lim
x→0±

c(x),

to be the quantities discussed above. Furthermore, let rc,∞ and rc,0 be the critical r values for which bifurcation
happens as x → ±∞ and x → 0±. We will consider solution for the cases β = 0 and −1 < β < 0. In general the
period-two case can be solved for both, but at higher order periods we will need to set β = 0 to solve analytically.

1. β = 0:

In this case, plugging in for an(x) gives

cn+1(x) = −rcn(x) + c3n(x) + η

∫
G(x, x′, σ2)c(x′)dx′,

where η = αγ. In order to compute c±∞ and c0± , note that limx→±∞
∫
G(x, x′, σ2)c(x′)dx′ = c±∞ and

limx→0±
∫
G(x, x′, σ2)c(x′)dx′ = 0. (This is easy to see from figure 2(b).) Also, since solutions are period-two

and symmetric about zero, we have that cn+1(x) = −cn(x). Therefore,

−c±∞ = −rc±∞ + c3±∞ + ηc±∞, − c0± = −rc0± + c30± ,

⇒ c±∞ = ±
√

1− r − η, c0± =
√
r − 1.

Thus, we have that

c±∞ =

{
0 if r ≤ 1 + η

±
√
r − 1− η if r ≥ 1 + η

, and c0± =

{
0 if r ≤ 1

±
√
r − 1 if r ≥ 1

,

and the critical bifurcations points are

rc,∞ = 1 + η, and rc,0 = 1.

2. −1 < β < 0:

When β 6= 0 the voltage term doesn’t die out immediately. Nonetheless, repeatedly plugging in for an−i(x) gives

cn+1(x) = −rcn(x) + c3n(x) + η

∞∑
k=1

βk−1

∫
. . .

∫
︸ ︷︷ ︸

k

 k∏
j=1

G(x(j−1), x(j), σ2)

 cn−k+1(x(k))dx(k) . . . dx(1).

Using Fubini’s theorem11 to interchange the order of integration and some Gaussian distribution tricks, this gives

cn+1(x) = −rcn(x) + c3n(x) + η

∫
G̃(x, x′, σ2)cn−k+1(x′)dx′,

where

G̃(x, x′, σ2) =
∞∑
k=1

|β|k−1G(x, x′, kσ2).
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So as not to break up the flow of this paper I’ve included the computation of G̃(x, x′, σ2) in the appendix.
Again we use the symmetry of period-two solutions and limx→±∞

∫
G(x, x′, σ2)c(x′)dx′ = c±∞ and

limx→0±
∫
G(x, x′, σ2)c(x′)dx′ = 0 to get that

−c±∞ = −rc±∞ + c3±∞ +
η

1 + β
c±∞, − c0± = −rc0± + c30± ,

c±∞ = ±
√

1− r − η

1 + β
, c0± =

√
r − 1.

Thus, we have that

c±∞ =

{
0 if r ≤ 1 + η

±
√
r − 1− η

1+β if r ≥ 1 + η
, and c0± =

{
0 if r ≤ 1

±
√
r − 1 if r ≥ 1

,

and the critical bifurcation points are

rc,∞ = 1 +
η

1 + β
, and rc,0 = 1.

Note that the solutions for −1 < β < 0 extend to the β = 0 case.
In just the period-two case we already see the presence of the competition between r and the smoothing integral.

The function c(x) becomes discontinuous for r > rc,0. Thus, depending on the sign of η we get different behavivors.
If η < 0 then we have three ranges (0, rc,∞), (rc,∞, rc,0), and (rc,0, . . . ) where steady-state c(x) is identically zero,
bifurcation has happened away from boundaries but c(x) is still continuous, and bifurcation has occured at x = 0
and c(x) is discontinuous at the boundaries, respectively. If η > 0, however then three ranges are (0, rc,0), (rc,0, rc,∞),
and (rc,∞, . . . ) where steady-state c(x) is identically zero, bifurcation has happened at from boundaries (thus c(x) is
discontinuous at the boundaries) but c±∞ = 0, and c(x) is discontinuous and nowhere zero, respectively.

This difference in bifurcation near and away from boundaries raises several questions. Does this difference in
bifurcations transcend to high-order periodic solutions? What do the bifurcation diagrams for c±∞ and c0± look like
(perhaps they are just shifted left or right by η

1+β )? Finally, is it possible for just one of either c±∞ or c0± to be
chaotic?

III. HIGHER-ORDER PERIODICITY AND CHAOS

A. Analytic results

Despite higher-order periodic solutions being not applicable to cardiac behavior, it’s still interesting to explore what
happens for larger r values (similar to the Lorenz system). For analytic analysis we will consider β = 0. Again we use

cn+1(x) = −rcn(x) + c3n(x) + η

∫
G(x, x′, σ2)c(x′)dx′,

and the fact that limx→±∞
∫
G(x, x′, σ2)c(x′)dx′ = c±∞. For c±∞ we get the map

cn+1,±∞ = −ρcn,±∞ + cn,±∞,

where ρ = r − η. Thus, the bifurcation diagram for c±∞ will be the same as for the map in equation (1) (see figure
3), but shifted by η. In terms of r, we summarize the low-order periodic solutions as follows:

period of stable solutions Steady-state c±∞(r) Range of r
one c±∞(r) = 0 r ∈ [η, 1 + η]
two c±∞(r) = ±

√
r − η − 1 r ∈ [1 + η, 2 + η]

four c±∞(r) = ±
q
r−η±

√
(r−η)2−4
√

2
r ∈ [2 + η,

√
5 + η]

eight . . . . . .

which matches up with the period-two analysis above.



7

The same sort of analysis does not work for c0± . Solutions are still periodic around c0± = 0, but since the periodicity
is greater than 2, then in general cn+1,0± 6= −cn,0± . Instead, the map becomes

cn+1,0± = −rcn,0± + c3n,0± + ηξn, where ξn =
∫
G(0, x′, σ2)cn(x′)dx′.

If periodicity is greater than 2 the behavior to the left of the origin and to the right of the origin are not necessarily
opposite and ξn does not vanish. However, if solutions are period-p, then the average of ξn will vanish over a whole
p-cycle. Thus, an argument can be made that c0± will probably behave in a similar way as c in the uncoupled map
(equation (1)). It’s likely, however, to display some noise.

B. Bifurcation Diagrams

Next we simulate the system numerically and show the bifurcation diagrams for c±∞ and c0± . Figure 4 gives the
bifurcation diagrams using η = −0.2 (α = −

√
0.2, γ =

√
0.2) and figure 5 gives the bifurcation diagrams using η = 0.2

(α = −
√

0.2, γ = −
√

0.2). (Note that switching both signs of α and γ yields the same reults, since η is their product.)

(a)

(b)

FIG. 4: Bifurcation diagrams for c0±(a) and c±∞(b) using η = −0.2.

First we note that there is a strange behavior in the bifurcation diagram for c±∞ for η > 0 for r values slightly
larger than one. It turns out that this is a modal instability, which will be shown later.

Other than this modal instability the bifurcation diagrams look similar to what we predicted with our analytical
results. The bifurcation diagrams for c±∞ are shifted by η and the bifurcation diagram for c0± looks very similar to
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(a)

(b)

FIG. 5: Bifurcation diagrams for c0±(a) and c±∞(b) using η = 0.2.

that for the uncoupled map. The simulations show some noise that doesn’t exist in the uncoupled map. However,
since numerical simulation required discretization of the spatial domain we should expect the bifurcation diagrams to
look a little “fuzzy”.

Finally, we see that in both cases η > 0 and η < 0 there are ranges of r in which c±∞ behaves chaotically and c0±
doesn’t move chaotically or vice-versa. This coexistence of chaotic and non-chaotic behavior is an interesting result,
since it means that even though the behavior at points x and x∗ are coupled by the smoothing integral their behavior
can be fundamentally different. For instance, r = 2.18 and η = −0.2 gives chaotic behavior for c±∞ but not for c0±
(illustrated by the dashed line in figure 4). Also, r = 2.42 and η = 0.2 gives chaotic behavior for c0± but not for c±∞
(illustrated by the dashed line in figure 5).

C. Bifurcation diagrams for β 6= 0

Although our analytical analysis is only valid for β = 0, we can run numerical simulations to explore the behavior
of the system for β 6= 0. Given our analysis fro the period-two solutions, we guess that β will have no effect of c0±
and will shift bifurcations even further if β < 0 and shift bifurcations less if β > 0. In fact, this is what we see.

Figure 6 gives the bifurcation diagrams for c0± and c±∞ for negative β and positive η (β = −0.2 and η = 0.2). As
predicted, the bifurcation diagram for c0± remains unchanged and the bifurcation diagram for c±∞ is shifted even
further (note that the bifurcation point between period two and four is rc,±∞ less than 2.2 for β = 0 but greater than
2.2 for β = −0.2). The other three sets of bifurcation diagrams are given in the appendix.
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(a)

(b)

FIG. 6: Bifurcation diagrams for c0±(a) and c±∞(b) using η = 0.2 and β = −0.2.

D. Mode analysis

To show that the discrepency in figure 5(b) is truly a modal instability, we will need to do two things. First, instead
of the system in equation (2), we will consider the system given by

cn+1(x) =
∫
G(x, x′, σ2

1)[−rcn(x′) + c3n(x′) + αan(x′)]dx′,

an+1(x) =
∫
G(x, x′, σ2

2)[βan(x′) + γcn+1(x′)]dx′, (3)

where σ1 � σ2 (i.e. σ2 = O(1) and σ1 = O(ε)). This map give qualitatively equivalent behavior as the system in
equation (2). Second, we will assume stable solutions for cn(x) and an(x) and perturb them by the modes cne2πikx
and ane

2πikx, where cn, an � 1, and see how the perturbations evolve. Since the onset of discrepency occurs when
the dynamically stable solutions are cn(x) = an(x) = 0, the perturbations will be

cn(x)→ 0 + cne
2πikx,

an(x)→ 0 + ane
2πikx.

First note that the characteristic function of a gaussian distribution with standard deviation σ2 is e−
4π2k2σ2

2 .
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Dropping nonlinear terms, we get the system

cn+1e
2πikx = e2πikxe−

4π2σ2
1k

2

2 [−rcn + αan]

an+1e
2πikx = e2πikxe−

4π2σ2
2k

2

2 [−γ(r + 1)cn + (β + αγ)an],

which we can write as the following matrix equation (after cancelling the e2πikx terms):[
cn+1

an+1

]
=

 −re−
4π2σ2

1k
2

2 αe−
4π2σ2

1k
2

2

−γ(r + 1)e−
4π2σ2

2k
2

2 (β + αγ)e−
4π2σ2

2k
2

2


︸ ︷︷ ︸

M(k)

[
cn
an

]
.

It follows that if the dominant eigenvalue λ(k) of M(k) is greater than one in absolute value, then mode k is
unstable. Furthermore, if the dominant mode (i.e. k∗ such that |λ(k)| is maximum at k = k∗) is not equal to zero,
then the functions cn(x) and an(x) will have a modal instability and oscillations will occur.

FIG. 7: |λ(k)| vs k for α = −
√

0.2, β = −0.2, γ = −
√

0.2, σ1 = 0.1 and σ2 = 1.

Figure 7 plots |λ(k)| vs k for the η > 0 case. Clearly the dominant mode is both greater than one in magnitude
and away from zero. We can further check our analysis by simulating cn(x), computing the FFT and checking that
the dominant frequency matches up with the dominant mode. This comparison is given in figure 8(a). An example
of oscillations propogated by a modal instability is given in figure 8(b).

(a) (b)

FIG. 8: Comparison of modal analysis to the FFT(a). Example of oscillations propogated by a modal instability(b).

The range of parameters that give rise to modal instability is that in which we see a discrepency in figure 5(b). Be-
cause of the propogation of oscillations, the function c(x) does not subdivide into different in-phase region. Therefore,
no “boundaries” exist and neither do c±∞ or c0± .
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IV. GENERALIZATION TO OTHER MAPS

So far we have analyzed the system given by

cn+1 = f(cn(x); r) + αan(x), where f(ξ; r) = −rξ + ξ3,

an+1 =
∫
G(x, x′)[βan(x′) + γcn(x′)]dx′.

We chose this form of f because its inherent symmetry made several features analytically tractable.
A natural question that arises at this point is the following: If we generalize f(ξ; r) to another map that displays

period-doubling cascades and chaos, do we see similar behavior? Given similar definitons c±∞ and c0± , do the choices
of the parameters α, β, and γ shift the bifurcation diagram in a similar way? Also, is it possible to have a coexistence
of chaotic and non-chaotic behavior at different points in space?

To investigate these questions, suppose f is the logistic map: f(ξ; r) = rξ(1−ξ) (which also displays period-doubling
cascades and chaotic regions in parameter-space). For the quantities c±∞ and c0± defined as they are above, figure 9
gives the bifurcation diagrams for η < 0 and figure 10 gives the bifurcation diagram for η > 0.

(a) (b)

FIG. 9: Bifurcation diagrams for c0±(a) and c±∞(b) using η = −0.2 (f(ξ; r) = rξ(1− ξ)).

We observe that for both η positive and negative the bifurcation diagrams are affected differently. First, in both
cases the bifurcation diagrams for both c±∞ and c0± are shifted. For η < 0 it seems that there is no coexistence of
chaotic and non-chaotic behavior, although there are values of r for which c±∞ and c0± have different periodicity (for
instance r = 3.74). For η > 0, on the other hand we can find r values for which c0± is chaotic but c±∞ is not.

For example, as x→ ±∞ we have

cn+1,±∞ = (r + η)cn,±∞ − rcn,±∞.

As long as η 6= 0 this map is fundamentally different from the standard logistic map. In other words, we cannot
shift parameters to obtain the same map. This is because in the logistic map the parameter r is also a coefficient
of the nonlinear terms. In general, any map whose nonlinear terms are also affected by the parameters will be
fundamentally changed by the coupling parameters because it becomes function with two parameters instead of one
combined parameter. We should not expect the coupling scheme to shift the bifurcation diagrams of these maps in a
uniform way.
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(a) (b)

FIG. 10: Bifurcation diagrams for c0±(a) and c±∞(b) using η = 0.2 (f(ξ; r) = rξ(1− ξ)).

V. CONCLUSION

The effects that a spatial component can have on a dynamical system come from a wide spectrum of possibilities
depending on both the spatial and dynamical behavior of a system. In fact, spatiotemporal dynamics can be applied
to a huge range of systems in physics, biology, etc., but the nature of solutions are very problem specific due to their
complexity.

In this paper we’ve explored the behavior of one of the simplest spatiotemporal systems one can write down (equation
(2)). The dynamical component is driven by a simple discete-time map that exhibits period-doubling bifurcations and
chaotic behavior and the spatial component consists of a simple smoothing operator. These aspects are combined in
a system consisting of two functions on one spatial dimension that are coupled by a few parameters.

With a conveniently chosen map and smoothing kernel (f(ξ; r) = −rξ + ξ3 and the Gaussian kernel G(x, x′, σ2))
several qualities of the system can be understood through analytical computation. Much of this analysis is obtained
by exploring the time series of the functions at a fixed point in space, ~x∗. In this paper we’ve used the quantities
cn,±∞ = limx→±∞ cn(x) and cn,0± = limx→0± cn(x) to describe the dynamic behavior of the function cn(x).

Solutions (c±∞ and c0±) of low-order periodicty are attainable analytically. However, since the map displays both
and infinite number of period-doubling cascades as well as regimes of chaotic behavior, the use of numerical exploration
is necessary. In general, finding the exact form of the function cn(x) (and an(x)) is very difficult if not impossible.
Most likely the use of asymptotics and perturbation theory would be a more fruitful approach.

One interesting feature to observe is the competition between the parameter r and the smoothing operator and
how the coupling parameters affect it. Depending on the coupling parameters we observe a coexistence of different
behavior at different points in space. For instance, steady state c±∞ can have a periodicity of four while steady-state
c0± can have periodicity two. Furthermore, if we increase r enough then one of these quantities can be chaotic while
the other is not.

In summary the class of spatiotemporal dynamical systems is a huge family of dynamical systems that are usually
difficult to solve. This has been an analysis of one such system. Using both analytical and numerical tools we can
begin to understand how the dynamic and spatial components coexist in solutions and affect bifurcation and chaotic
behavior. Albeit simple, systems like this one are in some sense solvable and easy to understand, which is useful in
trying to understand more complicated spatiotemporal problems.

Special thanks to Professor Juan G. Restrepo (Department of Applied Mathematics, University of Colorado at
Boulder), Professor Alain Karma (Department of Physics and Center for Interdisciplinary Research on Complex
Systems, Northeastern University), and Professor Elizabeth Bradley (Department of Computer Science, University of
Colorado at Boulder).
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Appendix A: Computation of G̃(x, x′, σ2) (for −1 < β < 0)

Starting from the equation

cn+1(x) = −rcn(x) + c3n(x) + η

∞∑
k=1

βk−1

∫
. . .

∫
︸ ︷︷ ︸

k

 k∏
j=1

G(x(j−1), x(j), σ2)

 cn−k+1(x(k))dx(k) . . . dx(1),

we seek to simplify the k integrals into a term with just one integral. Since everything inside the integrals are
absolutely and uniformly convergent we can use Funini’s theorem11 to switch the order of integration:

∫
. . .

∫
︸ ︷︷ ︸

k

 k∏
j=1

G(x(j−1), x(j), σ2)

 cn−k+1(x(k))dx(k) . . . dx(1)

=
∫ 

∫
. . .

∫
︸ ︷︷ ︸
k−1

k∏
j=1

G(x(j−1), x(j), σ2)dx(k−1) . . . dx(1)

 cn−k+1(x(k))dx(k).

Inside the brackets we have the convolution of k Gaussian distributions. Next we will use the property that the
convolution of a Gaussian with standard deviation µ2 and ν2 is a Gaussian with standard deviation µ2 + ν2 (this is
an easy property to check, for instance with Mathematica). Formally, if Gσ2 = G(x, x′, σ2), then(

Gµ2 ∗Gν2

)
= Gµ2+ν2 = G(x, x′, µ2 + ν2).

It follows that the convolution of two identical Gaussian distributions with standard deviation σ2 is a Gaussian
distribution with standard deviation 2σ2. Applying this k times means that after k convolutions we are left with a
Gaussian distribution with standard deviation kσ2, or∫

. . .

∫
︸ ︷︷ ︸
k−1

k∏
j=1

G(x(j−1), x(j), σ2)dx(k−1) . . . dx(1) = G(x, x′, kσ2).

Thus, the k-integral term reduces to the single integral∫
G(x, x′, kσ2)cn−k+1(x′)dx′.

Finally, we use the absolute and uniform convergence of both the integral and the sum to interchange the two. The
equation we are left with is

cn+1(x) = −rcn(x) + c3n(x) + η

∫ ∞∑
k=1

|β|k−1G(x, x′, kσ2)cn−k+1(x′)dx′

= −rcn(x) + c3n(x) + η

∫
G̃(x, x′, σ2)cn−k+1(x′)dx′.

Appendix B: Remaining Bifurcation Diagrams for β 6= 0

Figures 11, 12, and 13 give the remaining bifurcation diagrams from β 6= 0: β = −0.2 and η = −0.2, β = 0.2 and
η = −0.2, and β = 0.2 and η = 0.2, respectively.
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(a)

(b)

FIG. 11: Bifurcation diagrams for c0±(a) and c±∞(b) using η = −0.2 and β = −0.2.

-
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(a)

(b)

FIG. 12: Bifurcation diagrams for c0±(a) and c±∞(b) using η = −0.2 and β = 0.2.

-
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(a)

(b)

FIG. 13: Bifurcation diagrams for c0±(a) and c±∞(b) using η = 0.2 and β = 0.2.
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Abstract

Chaotic and random variations of an original drum rhythm are created with music
software then studied with the aim of discerning which is superior. Samples of the two
types of variations were presented without knowledge of the project and a survey was
used to collect opinions. It was found that chaotic variations were more pleasing to the
audience. Though iterations of creating music, however, it was found that the differences
in each resulting production of a chaotic or random variation can vary significantly, thus
survey results should not be widely generalized.

1 Introduction

A chaotic system is a deterministic system which shows sensitive dependence on initial
conditions.1 A wide variety of disciplines can employ chaos theory, such as engineering,
economics, and communications. Chaotic dynamics have also been used in a variety of
artistic and creative applications. In the work of Diana Dabby, a chaotic attractor is used
as a means to create variations in pitch sequences of classical music.2 This work inspired
other similar applications, such as dance sequence variations3 and route-setting for rock
climbing.4 Using a chaotic dynamical system for variations ensures each new sequence of
music or dance will be varied from the original due to the system’s sensitive dependence on
initial conditions, but theoretically maintains the structure of the original piece.

In this project, the question was addressed whether the variations in a drum sequence
created using a chaotic attractor maintain enough of the structure of the original piece to
sound more pleasing than a random variation. Previous work has investigated the similar-
ities and differences between stochastic and chaotic data and how they can often appear
similar and even indistinguishable.5 Drum rhythms were chosen as the subject of this study
on random vs. chaotic variations due to the relative simplicity of the instrument and repet-
itiveness of a drum pattern. Results and interpretations come from surveying individuals
about samples of the musical variations.

1.1 Previous Work

In Reference 2, Dabby describes a procedure that was created for a chaotic mapping to
generate musical variations on an original work. The purpose of using a chaotic attractor
was for ‘linking and tracking’ the original and varied piece of music.2 Using a chaotic
attractor as a reference trajectory, x-values of this reference were paired with pitch sequences
in a musical piece. A new trajectory from a perturbed initial condition was then generated

1



IV. RESULTS

Figure 9 shows the simple ballet jump sequence of Fig.
1, a chaotic variation of that jump generated with the Lorenz
system, and a smoothed version of that variation. The se-
quence shown in the middle row of Fig. 9 was derived from
the original using the chaotic symbol-sequence reordering
scheme described in Sec. II. An abrupt transition is visible
between the third and fourth moves of this variation; the
corpus-based graph-theoretic interpolation scheme described
in Sec. III inserted two new moves to produce the smoothed
sequence shown at the bottom of the figure. Note that the
inserted moves define a very natural way to move between
the two body positions that frame the abrupt transition.

While it is clear from the figure that the jump positions
are indeed shuffled and that the interpolated version is indeed
smoother, it is impossible to appreciate these results from a
static portrayal of such a short sequence; please see the web
site listed at the end of the introduction for a variety of ani-
mated variations—including the jump shown in Figs. 1 and
9, a popular dance progression �the macarena�, a martial arts
‘‘form’’ drawn from the discipline of kenpo karate, and a
medley of all three of these movement sequences. Variations
were constructed on each of these four pieces using two dif-
ferent chaotic systems—Lorenz and Rössler—in order to ex-
plore how the attractor geometry affects the variation.
Loosely speaking, variations resemble the originals with

FIG. 8. In real movement sequences, movement graphs have many more edges than the simplified example shown in the previous figure. The graph above,
which represents the movements of the shoulders, was constructed from a small corpus of 38 short ballet sequences. The numbers in each state identify the
discretized position of the joint. The parent-joint probability tables—the boxed pi→p j information in the previous figure—have been omitted in the interests
of clarity.

FIG. 9. A ballet jump: the original sequence �above�, a chaotic variation on that original �middle�, and an interpolated version of that variation �below�. The
moves identified by arrows in the lower sequence were inserted by the interpolation scheme to smooth an abrupt transition between the third and fourth moves
in the chaotic variation above it.
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Figure 1: Original dance sequence (top); Chaotic variation on the sequence(middle); Inter-
polated chaotic variation (bottom)3

and a nearest neighbor-type procedure was used to create a new ordering of the pitches.
The procedure produced some variations that retained the ‘flavor of the original’ and other
variations which were not recognizable from the original, depending on parameters of the
method.2

Similar to Dabby’s procedure, Bradley et. al. used a ‘chaotic symbol-sequence reorder-
ing technique’ to create a variation on a dance sequence.3 Variations on a dance sequence
required careful techniques for interpolating between body positions and smoothing transi-
tions, as shown in Figure 1.

Another interesting application was explored by Phillips and Bradley to use a chaotic
system to aid in setting rock climbing routes.4 The procedure for the variations is similar
to those for the dance sequences and a survey was used as a tool to evaluate the resulting
climbing routes. Surveying techniques for the climbing project inspired the approach for
analysis in this project.

2 Project Approach

To address the question of the superiority of chaotic variations over random variations, an
original 1-measure drum rhythm was created. A method to map the original rhythm onto
a chaotic attractor and onto a random number sequence then back into a drum sequence
was devised, as described in the following sections. Samples of each type of variation were
presented in a survey to aid in drawing a conclusion on the superiority of the variations.

2.1 Music Generation

The music software Fruity Loops (FL) Studio6 was used to create the original rhythm and
the chaotic and random variations. FL Studio allows users to choose from a large variety
of musical interface digital instruments (MIDI) to create measures of music. As shown in
Figure 2, the measure is divided into sixteenth notes (using 4/4 time). On each sixteenth
note, the user can choose any MIDI instrument to play a note. For this project, a cymbal
(called the hi-hat, or simply hat) and a bass drum (called a kick) were used. To give variety

2



Figure 2: Screenshot

to the music, the original rhythm included the four possible combinations of these drums:
no hit notes, only kick notes, only hat notes, and both drums together, as can be seen
in Figure 2. Effects of different drums and different combinations will be discussed in the
results section.

2.2 Chaotic Variations

To generate chaotic variations on the original rhythm, a mapping was established between
the sixteenth notes of the rhythm and data points along a trajectory. The chosen trajectory
was the Lorenz attractor, described by Equation 1, with the parameters a = 16, r = 45,
and b = 4. A fixed-step fourth-order Runge Kutta integrator was used to generate the
trajectory.

ẋ = a(y − x)
ẏ = rx− y − xz (1)

ż = xy − bz

The sixteen notes of measure of kick and hat hit combinations were mapped to sequential
data points starting with the initial condition of the trajectory and repeating continually
along the trajectory’s length every 16 notes. With a chaotic system, a slight variation in
initial condition will yield a very different trajectory. This property was taken advantage
of to create a new trajectory from a slightly different initial set of coordinates in the state
space, as seen in Figure 3.

A nearest neighbor function was used on each point of the new trajectory to find the
closest data point on the original trajectory (as defined by the smallest Euclidean norm).
The note that had been mapped onto the original trajectory was now mapped back to
the new trajectory. This mapping back to the new trajectory provided a variation on the
original rhythm that was input into the FL Studio software to create measures of music.

Different methods for compiling the variations were explored. First, a single measure
of a chaotic drum pattern was created, then repeated for several measures. This will be
referred to as the ‘short variation.’ With many trials of this method, it was found that
there was a wide range in the qualities of the variation, such as maintaining the structure
of the original, maintaining a good beat, or listening pleasure. It is important to remember
that these interpretations were subjective to the author. A second approach to creating a
drum sequence was to follow the new trajectory for 8 x 16 data points, then use the inverse
mapping to create eight different measures of a chaotic variation. This sequence will be
referred to as the ‘long variation.’
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Figure 3: Lorenz Attractor and Perturbed Trajectory

2.3 Random Variations

Random variations on the original drum rhythm were created with a mapping between
the original notes and random numbers generated with the MATLAB program. The rand
function was modified to randomly output numbers between 1 and 16. The 1/16th notes of
the original trajectory, assigned numbers in order from 1 though 16 as before, were mapped
onto these random numbers. The new sequence of notes was input manually into the FL
Studio program to produce the random variation.

Similar to the method for creating short and long variations of the chaotic rhythms,
short and long variation of the random variations were chosen. For the short variation,
one set of 16 random numbers were generated, then the sequence mapped to the sixteenth
notes. This measure was then repeated multiple times. The repetition of the one measure
added structure to the variation that countered the randomness. The long variation was
created by generating 8 x 16 random numbers, then creating eight different measures of
random rhythms to be played together.

3 Survey and Results

Two short, repeating variations of both chaotic and random rhythms were chosen to be
presented, as well as two long variations of each. The rhythms selected were the first
created for each type, as to avoid bias in selection. A Likert scale survey was designed and
presented to the students of the CSCI 5446 to optionally provide opinions on the drum
variations. 18 students provided responses about the drum rhythms presented.

3.1 Survey Design

The Likert scale is a surveying approach that has been used since 1932 in measuring attitudes
of survey respondents.7 The traditional Likert-type survey has five responses, which was
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chosen for this project. The scale is ordinal, and the 5 possible responses were assigned
the values shown in Table 1. It is important to recognize that the scale is not interval,
and it cannot be assumed that the difference in attitude between response choices are the
same.8 For example, the difference in attitude between strongly disagree and agree is not
necessarily the same in attitude difference between disagree and neutral.

Table 1: Likert Scale Values

Criteria Value
Strongly Disagree 1

Disagree 2
Neutral 3
Agree 4

Strongly Agree 5

The survey participants were presented with short and long variations of the music
without being informed of the nature of the project. For the short variations, three questions
were presented, each a comparison between a short chaotic variation and a short random
variation. Two of the questions, which has better rhythm and which is more pleasant to
listen to, were presumed to receive similar responses. It has been suggested that rhythm in
music can be nearly synonymous to aesthetic appeal.9 For the long variations, five questions
were presented relating only to the variation and the original, with no direct comparison
between the chaotic rhythm and the random rhythm. Survey participants did not know
that some rhythms were chaotic and some were random. A copy of the survey is included
in the Appendix.

3.2 Survey Results

In this section, the results of the survey will be discussed, with focus on the responses con-
cerning the long variations. As mentioned in the section ‘Music Generation’ the random
short variations gained structure from the repetition, suppressing the random nature. Also,
the repetition with the chaotic short variations nearly extinguished the structure that re-
sembled the original. These issues were also made apparent by the inconclusive results for
this part of the survey.

Table 2 and Table 3 display a basic statistical analysis of the survey data for the long
drum variations. Reference 7 describes, however, that the mean is often not a representative
quantity for Likert-scale analysis. Calculating the mean with this ordinal scale is more of
a function of audience size than attitude.7 For each question, the median and mode were
found to be the same value, reenforcing the significance of the these statistics.

The plots shown in Figure 3.2 display the raw numbers from responses of the survey
participants for the long variations of drum rhythms. It is interesting to note that the
responses are nearly mirrored for the random and chaotic variations, as was seen in the
statistics tables. Clearly, the chaotic variations were given better scores than the random
variations in every category.
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Table 2: Random Variation Survey Results

Question Mean Median Mode
Sounds like the Original 1.7 2 2

Has Good Beat 2.3 2 2
Sounds Random 3.6 4 4
Maintains Flow 2.3 2 2

Enjoyable for Listening 2.7 2 2

Table 3: Chaotic Variation Survey Results

Question Mean Median Mode
Sounds like the Original 3.7 4 4

Has Good Beat 3.7 4 4
Sounds Random 2.3 2 2
Maintains Flow 3.5 4 4

Enjoyable for Listening 3.6 4 4
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(a) Random Variation Survey Responses
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(b) Chaotic Variation Survey Responses

Figure 4: Survey Responses for Drum Variations (a) Random and (b) Chaotic

3.3 Interpretation of Results and Recommendations

From the survey response, it was clear that more of audience considers that chaotic varia-
tions are superior to random variation for the musical pieces presented. However, during the
exploration of methods to create variations of drum rhythms, it was discovered that there
are numerous parameters that greatly effect the resulting music. Some of these include:
initial conditions, trajectory length for the mapping, number of drums, complexity of the
original rhythm, and how the measures are combined.

Of the parameters effecting the mapping, length of the trajectory was the most signif-
icant. This effect can be visualized by considering the extreme cases of a very short and
very long trajectory. If the trajectory were very short, it is likely that execution of the
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Figure 5: Short Trajectory Length: Mapping Reproduces the Original Rhythm

nearest neighbor procedure would simply reproduce the original trajectory. This concept is
shown in Figure 5. If the trajectory is generated from a very large number of integration
steps, it is simple to imagine the nearest neighbor function would produce data points which
continually ‘jumped’ between different parts of the chaotic attractor.

Regarding the original composition, a first approach to this project was to take several
measures of an existing song as the original piece. It was found that the complicated pieces
that were investigated were not suited for this project, as it was difficult for any variation
to match a complex structure. The original piece was therefore simplified to one repeating
measure with only two types of drums. Interesting future work would be investigating a
different number of drums, or adding other instruments to the original piece.

4 Conclusions

A project was proposed and executed for the CSCI 5446 Chaotic Dynamics course to study
the superiority of chaotic versus random variations of a drum rhythm. A method was
devised to map an original drum rhythm onto a chaotic attractor. A new trajectory of
the chaotic system was created with a perturbed initial condition, and a nearest neighbor
procedure was used to link back to the original attractor and invert the mapping to create
new rhythm sequences. A random number generator was used to create random variations
on the original measure of drum beats. Different variations were presented to participants of
a survey created for this project, and opinions were provided about different characteristics
of the music. Results show that in all categories judged, the chaotic variation was superior
to the random variation. It was noted, however, that many different parameters chosen in
created the variations effect the quality and there results cannot be widely generalized.
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Appendix

Figure 6 shows the survey that was presented to the CSCI 5446 class to optionally provide
opinions.

Survey  on  Chaotic  and  Random  Varations  of  Drum  Beats

Background  Questions

i.  Do  you/have  you  seriously  played  an  instrument  before?

ii.  Do  you/have  you  seriously  played  the  drums  before?

SHORT  SETS Strongly  

Disagree Disagree Neutral Agree

Strongly  

Agree

BEAT  1

1.1 Song  A  has  better  rhythm  than  Song  B

1.2 Song  A  sounds  more  like  the  original  than  Song  B

1.3 Song  B  is  more  pleasant  to  listen  to  than  Song  A

BEAT  2

2.1 Song  A  has  better  rhythm  than  Song  B

2.2 Song  A  sounds  more  like  the  original  than  Song  B

2.3 Song  B  is  more  pleasant  to  listen  to  than  Song  A

LONG  SETS Strongly  

Disagree Disagree Neutral Agree

Strongly  

Agree

BEAT  3

3.1 This  song  sounds  like  the  original

3.2 This  song  has  a  good  beat

3.3 This  song  sounds  random

3.4 This  song  maintains  flow

3.5 I  enjoy  listening  to  this  song

BEAT  3

4.1 This  song  sounds  like  the  original

4.2 This  song  has  a  good  beat

4.3 This  song  sounds  random

4.4 This  song  maintains  flow

4.5 I  enjoy  listening  to  this  song

Figure 6: Survey
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