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Abstract

A class of algorithms is introduced for the rapid numerical application of a class of linear operators
to arbitrary vectors. Previously published schemes of this type utilize detailed analytical information
about the operators being applied and are specific to extremely narrow classes of matrices. In contrast,
the methods presented here are based on the recently developed theory of wavelets and are applicable
to all Calderon-Zygmund and pseudo-differential operators. The algorithms of this paper require order
O(N) or O(N log N) operations to apply an N X N matrix to a vector (depending on the particular
operator and the version of the algorithm being used), and our numerical experiments indicate that
many previously intractable problems become manageable with the techniques presented here.

1. Introduction

The purpose of this paper is to introduce a class of numerical algorithms designed
for rapid application of dense matrices (or integral operators) to vectors. As is well
known, applying directly a dense N X N-matrix to a vector requires roughly N2
operations, and this simple fact is a cause of serious difficulties encountered in
large-scale computations. For example, the main reason for the limited use of integral
equations as a numerical tool in large-scale computations is that they normally
lead to dense systems of linear algebraic equations, and the latter have to be solved,
either directly or iteratively. Most iterative methods for the solution of systems of
linear equations involve the application of the matrix of the system to a sequence
of recursively generated vectors, which tends to be prohibitively expensive for large-
scale problems. The situation is even worse if a direct solver for the linear system
is used, since such solvers normally require O(N?) operations. As a result, in most
areas of computational mathematics dense matrices are simply avoided whenever
possible. For example, finite difference and finite element methods can be viewed
as devices for reducing a partial differential equation to a sparse linear system. In
this case, the cost of sparsity is the inherently high condition number of the resulting
matrices.

For translation invariant operators, the problem of excessive cost of applying
(or inverting) the dense matrices has been met by the Fast Fourier Transform
(FFT) and related algorithms (fast convolution schemes, etc.). These methods use
algebraic properties of a matrix to apply it to a vector in order N log( V) operations.
Such schemes are exact in exact arithmetic, and are fragile in the sense that they
depend on the exact algebraic properties of the operator for their applicability. A
more recent group of fast algorithms (see [1], [2], [5], [9]) uses explicit analytical
properties of specific operators to rapidly apply them to arbitrary vectors. The
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algorithms in this group are approximate in exact arithmetic (though they are
capable of producing any prescribed accuracy), do not require that the operators
in question be translation invariant, and are considerably more adaptable than the
algorithms based on the FFT and its variants.

In this paper, we introduce a radical generalization of the algorithms of [1],
(2], 5], [9]. We describe a method for the fast numerical application to arbitrary
vectors of a wide variety of operators. The method normally requires order O(N)
operations, and is directly applicable to all Calderon-Zygmund and pseudo-differ-
ential operators. While each of the algorithms of [1], [2], [5], [9] addresses a
particular operator and uses an analytical technique specifically tailored to it, we
introduce several numerical tools applicable in all of these (and many other) sit-
uations. The algorithms presented here are meant to be a general tool similar to
FFT. However, they do not require that the operator be translation invariant, and
are approximate in exact arithmetic, though they achieve any prescribed finite
accuracy. In addition, the techniques of this paper generalize to certain classes of
multi-linear transformations (see Section 4.6 below).

We use a class of orthonormal “wavelet” bases generalizing the Haar functions
and originally introduced by Stromberg [10] and Meyer {7]. The specific wavelet
basis functions used in this paper were constructed by I. Daubechies [4] and are
remarkably well adapted to numerical calculations. In these bases (for a given
accuracy) integral operators satisfying certain analytical estimates have a band-
diagonal form and can be applied to arbitrary functions in a “fast” manner. In
particular, Dirichlet and Neumann boundary value problems for certain elliptic
partial differential equations can be solved in order N calculations, where N is the
number of nodes in the discretization of the boundary of the region. Other appli-
cations include an O(N log(V)) algorithm for the evaluation of Legendre series
and similar schemes (comparable in speed to FFT in the same dimensions) for
other special function expansions. In general, the scheme of this paper can be
viewed as a method for the conversion (whenever regularity permits) of dense
matrices to a sparse form.

Once the sparse form of the matrix is obtained, applying it to an arbitrary vector
is an order O(N) procedure, while the construction of the sparse form in general
requires O(N?) operations. On the other hand, if the structure of the singularities
of the matrix is known a priori (as for Green’s functions of elliptic operators or for
Calderon-Zygmund operators) the compression of the operator to a banded form
is an order O(N) procedure. The non-zero entries of the resulting compressed
matrix mimic the structure of the singularities of the original kernel.

Effectively, this paper provides two schemes for the numerical evaluation of
integral operators. The first is a straightforward realization (*‘standard form™) of
the matrix of the operator in the wavelet basis. This scheme is an order N log(N)
procedure (even for such simple operators as multiplication by a function ). While
this straightforward realization of the matrix is a useful numerical tool in itself, its
range of applicability is significantly extended by the second scheme, which we
describe in this paper in more detail. This realization { “non-standard form”) leads
to an order N scheme. The estimates for the latter follow from the more subtle
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analysis of the proof of the “7(1) theorem” of David and Journé (see [3]). We
also present two numerical examples showing that our algorithms can be useful for
certain operators which are outside the class for which we provide proofs. The paper
is organized as follows. In Section 2 we use the well-known Haar basis to describe
a simplified version of the algorithm. In Section 3 we summarize the relevant facts
from the theory of wavelets. Section 4 contains an analysis of a class of integral
operators for which we obtain an order N algorithm and a description of a version
of the algorithm for bilinear operators. Section 5 contains a detailed description
and a complexity analysis of the scheme. Finally, in Section 6 we present several
numerical applications.

Generalizations to higher dimensions and numerical operator calculus con-
taining O(N log(N)) implementations of pseudodifferential operators and their
inverses will appear in a sequel to this paper.

2. The Algorithm in the Haar System

The Haar functions h;; with integer indices j and k are defined by'

p for 2(k— 1D <x<2/(k—1/2)
2.1 hig(x) =4 2777 for 2/(k—1/2)sx<2k

0 elsewhere.
Clearly, the Haar function 4, ,(x) is supported in the dyadic interval
(2.2) Ly =129k~ 1), 27K].

We will use the notation Az (x) = hy, (x) = hy(x) =27/*h(27/x — k + 1), where
h(x) = hy,(x). We index the Haar functions by dyadic intervals /;, and observe
that the system #;,(x) forms an orthonormal basis of L*(R) (see, for exam-
ple, [8]).

We also introduce the normalized characteristic function X, (x)

| Lix| ™% for x €Iy

(2.3) X1, (%) = {

0 elsewhere,

where | I;;| denotes the length of [;;, and will use the notation X;x = Xy,
Given a function f € L?(R)and an interval I C R, we define its Haar coefficient
d i3 of f

! We define the basis so that the dyadic scale with the index j is finer than the scale with index j + 1.
This choice of indexing is convenient for numerical applications.
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(2.4) d= [ feom ax,
and “average” s; of fon I as
+c0

(2.5) = oo ax,
and observe that
(2.6) dy=(sp— s )i

. ’4 I I Vi >

where I' and I” are the left and the right halves of 1.

To obtain a numerical method for calculating the Haar coefficients of a function
we proceed as follows. Suppose we are given N = 2" “samples” of a function, which
can for simplicity be thought of as values of scaled averages

27k
2.7) s¢= 2”/2f f(x)dx,
2

k= 1)

of fon intervals of length 2 ". We then get the Haar coeflicients for the intervals
of length 277" ! via (2.6), and obtain the coefficients

1
(2.8) d}c:V—i(S(z)k—l — 5%).

We also compute the “averages”

1
(2.9) Sk = % (%1 + %)

on the intervals of length 27"*! Repeating this procedure, we obtain the Haar
coefficients

. 1 . A
(2.10) a’ ' = 5 (521 7 5%
and averages

o 1

(2.11) 5% =—2(s£k_.+s‘§k)
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forj=0, - ,n—land k=1, ---,2" /7' This is illustrated by the pyramid
scheme

{59} — {sk} — {s}} — {si} -
(2.12) N N N
(diy {d3} {d}}---.

It is easy to see that evaluating the whole set of coefficients dy, s; in (2.12)
requires 2(N — 1) additions and 2N multiplications.

In two dimensions, there are two natural ways to construct Haar systems. The
first is simply the tensor product #;x; = #; ® h;, so that each basis function 5y ;
is supported on the rectangle 7 X J. The second basis is defined by associating three
basis functions: #,(x)A;/(y), h{(x)X;(¥), and X, (x)h(y) to each square I X I',
where I and I’ are two dyadic intervals of the same length.

We consider an integral operator,

(2.13) (1)) = [ Kex, s ay,

and expand its kernel (formally) as a function of two variables in the two-dimen-
sional Haar series

K(x,y) = 2 aghi(xX)hA(y) + 2 Bu-h(x)Xp(y)

INM Lr
(2.14)
+ 2 Y Xe(x) (),
Lr
where the sum extends over all dyadic squares I X I' with | I| = | I'{, and where
(2.15) = [ [ Kt hiohey) i ay,
(2.16) B = ff K(x, y)hi(x)x;(y) dx dy,
and
2.17) vir = [ [ KGe G hyty) dix .

When I = I, I' = I;x (see (2.2)), we will also use the notation

Joo_
(218) Ok’ = a,}.)klj,k,,
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(2.19) ﬂ-;(,k' = Blj,klj,kra
(2.20) )Yj;c,k' = ‘YIj,kIj,k"

defining the matrices o/ = {a’;}, §/ = (85}, v = (vl ), withi, [ =1,2, -+,
27~ J Substituting (2.14) into (2.13), we obtain

T()x) =2 h(x) > oyprdp + 2 hi(x) 2 Bursie
; I ; r

(2.21)
+ 2 X/(x) 2 Yirdy
1 Iz

(recall that in each of the sums in (2.21) I and I’ always have the same length).
To discretize (2.21), we define projection operators

(2.22) Pf= 2 {fix)x, J=0,--,n

|1)=24-1n
and approximate 7 by
(223) T ~ T0= P()TP(),

where P, is the projection operator on the finest scale. An alternative derivation of
(2.21) consists of expanding T in a “telescopic™ series

To = PoTPy = 2, (P;-1TP;- — B, TP) + P, TP,

j=1
(2.24) = 2 (P — P)T(Pi—y — P)) + (Pj- — P)TP,
Jj=1
+ P,T(Pi—, — P)]+ P, TP,.
Defining the operators Q; with j = 1, 2, - - - , n, by the formula
(2.25) Qj = Pj—l -5

we can rewrite (2.24) in the form

(2.26) To= 5 (QTQ, + QTP+ PTQ) + P, TP,.

Jj=1
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The latter can be viewed as a decomposition of the operator 7 into a sum of con-
tributions from different scales. Comparing (2.14) and (2.26), we observe that
while the term P, TP, (or its equivalent) is absent in (2.14), it appears in (2.26)
to compensate for the finite number of scales.

Observation 2.1.  Clearly, expression (2.21) can be viewed as a scheme for the
numerical application of the operator 7 to arbitrary functions. To be more specific,
given a function f, we start with discretizing it into samples 5%, k= 1,2, -+, N,
(where N = 27), which are then converted into a vector f € R?*¥~2 consisting of
all coefficients 5%, d*, and ordered as follows

£ I I 1 [N i 2 72
f—(dlsd y T 9dN/29S15s27 e ,SN/29d15d25 Tt
(2.27)
2 2 2 2
diyas ST, S5, * 5 Shyas * 0 dT, S1).

Then, we construct the matrices o/, 8/, v/ forj= 1,2, --- , n(see (2.15)-(2.20)
and Observation 3.2) corresponding to the operator 7, and evaluate the vectors
§/ = {81}, d’ = {d%} via the formulae

(2.28) & = a’(d))+ B(s)
(2.29) §7=~i(d’),

where d’ = {d’,;}, sh= {s’,;}, k=1,2,---,2"J withj=1, -+, n. Finally, we
define an approximation 7§ to T by the formula

n 27n7J

(2.30) TY)(x) = 2 T (drhj(x) + §ixu(x)).

j=1k=1

Clearly, TY(f) is a restriction of the operator T in (2.23) on a finite-dimensional
subspace of L2(R). A rapid procedure for the numerical evaluation of the operator
T¥ is described (in a more general situation ) in Section 3 below.

It is convenient to organize the matrices o/, 8/, ¥/ withj=1,2, --- , ninto
a single matrix, depicted in Figure 1, and for reasons that will become clear in
Section 4, the matrix in Figure 1 will be referred to as the non-standard form of
the operator T, while (2.14) will be referred to as the “non-standard” representation
of T (note that the (2.14) is not the matrix realization of the operator 7, in the
Haar basis).

3. Wavelets with Vanishing Moments and Associated Quadratures

3.1. Wavelets with Vanishing Moments
Though the Haar system leads to simple algorithms, it is not very useful in
actual calculations, since the decay of oy, By, vy- away from diagonal is not
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Figure 1. Representation of the decomposed matrix. Submatrices «, 3, and ¥ on
different scales are the only nonzero submatrices. In fact, most of the entries of these
submatrices can be set to zero given the desired accuracy (see examples in Figures 2-8).

sufficiently fast (see below). To have a faster decay, it is necessary to use a basis in
which the elements have several vanishing moments. In our algorithms, we use the
orthonormal bases of compactly supported wavelets constructed by I. Daubechies
[4] following the work of Y. Meyer [7] and S. Mallat [6]. We now describe these
orthonormal bases.
Consider functions ¢ and ¢ (corresponding to 2 and X in Section 2), which
satisfy the following relations:

2M—1

(3.1) e(x)=V2 3 I e(2x - k),
k=0
2M—1

(3.2) Yx)=V2 T g 1p(2x - k),
k=0

where

(3.3) &= (=1)"hypr s, k=1,---

,2M
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and
(3.4) fgo(x) dx = 1.

The coefficients { & } £=3™ are chosen so that the functions
(3.5) Yl(x) = 27292 Ix — k + 1),

where j and k are integers, form an orthonormal basis and, in addition, the function
Y has M vanishing moments

(3.6) f¢(x)x’"dx=0, m=0, -, M—1.

We will also need the dilations and translations of the scaling function ¢,
(3.7) eh(x) =272 I x — k + 1).

Note that the Haar system is a particular case of (3.1)-(3.6) with M = 1 and
h=h= 1/1/5, ¢ = X and ¥ = A, and that the expansion (2.14)-(2.17) and the
non-standard form in (2.26) in Section 2 can be rewritten in any wavelet basis by
simply replacing functions X and % by ¢ and y respectively.

Remark 3.1.  Several classes of functions ¢, ¢ have been constructed in recent
years, and we refer the reader to [4] for a detailed description of some of them.

Remark 3.2. Unlike the Haar basis, the functions ¢;, ¢; can have overlapping
supports for J # I. As a result, the pyramid structure (2.12) “spills out” of the
interval [1, N] on which the structure is originally defined. Therefore, it is technically
convenient to replace the original structure with a periodic one with period N. This
is equivalent to replacing the original wavelet basis with its periodized version
(see [8]).

3.2. Wavelet-Based Quadratures

In the preceding subsection, we introduce a procedure for calculating the
coefficients 5%, d% forallj= 1,k = 1,2, --- , N, given the coefficients s for k =
1,2, ---, N. In this subsection, we introduce a set of quadrature formulae for the
efficient evaluation of the coefficients s corresponding to smooth functions /. The
simplest class of procedures of this kind is obtained under the assumption that
there exists an integer constant 7,, such that the function ¢ satisfies the condition



150 G. BEYLKIN, R. COIFMAN, AND V. ROKHLIN

(3.8) f¢(x+TM)xmdx=0, for m=1,2,---,M—1,

(3.9) fqo(x) dx =1,

i.e., that the first M — 1 “shifted” moments of ¢ are equal to zero, while its integral
is equal to 1. Recalling the definition of s¢,

59 =22 ff(x)¢p(2"x —k+1)dx
(3.10)

= 2n/? ff(x+ 27"k — 1)e(2"x) dx,

expanding finto a Taylor series around 2 "(k — 1 + 7,), and using (3.8), we
obtain

(3.11) SR =272 027k — 1 + 7)) + O(27MH ),

In effect, (3.11), is a one-point quadrature formula for the evaluation of s?. Applying
the same calculation to s% with j 2 1, we easily obtain

(3.12) sk =20t D22k — |+ 1p0)) + Q2™ DM 1)y

which turns out to be extremely useful for the rapid evaluation of the coefficients
of compressed forms of matrices (see Section 4 below).

Though the compactly supported wavelets found in [4] do not satisfy the con-
dition (3.8), a slight variation of the procedure described there produces a basis
satisfying (3.8), in addition to (3.1)-(3.6). Coefficients of the filters { 4} corre-
sponding to M = 2, 4, 6 and appropriate choices of 7,, can be found in Appendix
A, and we would like to thank 1. Daubechies for providing them to us.

It turns out that the filters in Table 1 are 50% longer than those in the original
wavelets found in [4], given the same order M. Therefore, it might be desirable to
adapt the numerical scheme so that the “shorter” wavelets could be used. Such an
adaptation (by means of appropriately designed quadrature formulae for the eval-
uation of the integrals (3.10)) is presented in Appendix B.

Remark 3.3. We do not discuss in this paper wavelet-based quadrature for-
mulae for the evaluation of singular integrals, since such schemes tend to be problem-
specific. Note, however, that for all integrable kernels quadrature formulae of the
type developed in this paper are adequate with minor modifications.
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3.3. Fast Wavelet Transform

For the rest of this section, we treat the procedures being discussed as linear
transformations in R”, viewed as the Euclidean space of all periodic sequences
with the period V.

Replacing the Haar basis with a basis of wavelets with vanishing moments,
and assuming that the coefficients 5%, k ="1, 2, - -+ , N are given, we replace the
expressions (2.8)—(2.11) with the formulae and

. n=2M )
(3.13) $k= 2 hasiihuoa,
n=1
n=2M
(3.14) di= 2 gushiu-2s

n=1

where s% and d% are viewed as periodic sequences with the period 2”7~/ (see also
Remark 3.2 above). As is shown in [4], the formulae (3.13) and (3.14) define an
orthogonal mapping O;: R>"’"' — R?"™’"", converting the coefficients 54~ ! with
k=1,2,---,2"*into the coefficients s%, d% with k= 1,2, --- , 2"/ and
the inverse of O; is given by the formulae

kM k=M
i-1 A .
S = hoSh-xe1t 2 gudh—ks1,
k=1 k=1
(3.13)
k=M k=M
-t . .
S = hok—18h—ke1t 2 &ak—1@%-k+1-
k=1 k=1

Obviously, given a function fof the form

27

f(x)= 2 s 20 Pe(2nix = (k= 1))

(3.16) ko
27-i
+ X A0 Y2 x = (k= 1)),
k=1
it can be expressed in the form
on—j+1
(3.17) )= 2 si 0D I x — (1 - 1)),

=1

with s47',1=1,2, ---,2" /% given by (3.15).
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Observation 3.1. Given the coefficients s?, k = 1, 2, - -+ , N, recursive appli-
cation of the formulae (3.13), (3.14) yields a numerical procedure fpr evaluating
the coefficients s%, d% forallj=1,2, -+ ,n, k=1,2, --+, 2"/ with a cost

proportional to N. Similarly, given the values d% forallj=1,2, --- ,n, k=1, 2,
-++,2"7J and st (note that the vector s” contains only one element) we can
reconstruct the coefficients s¢ for all k = 1, 2, - - - , N by using (3.15) recursively
forj=n,n—1, -+, 0. The cost of the latter procedure is also O(N). Finally,
given an expansion of the form

n 2"
f(x)=2 2 s:2"D2p(2" Ix = (k= 1))
Jj=0 k=1

(3.18) .

n 2777
+ 3 T AR x = (k- 1),

j=0 k=1
it costs O(N) to evaluate all coeflicients s%, k = 1, 2, -+ , N by the recursive

application of the formula (3.17)withj=n,n— 1, --- , 0.

Observation 3.2. It is easy to see that the entries of the matrices o/, 8/, v/
withj =1, 2, -- -, n, are the coefhicients of the two-dimensional wavelet expansion
of the function K(x, ), and can be obtained by a two-dimensional version of the
pyramid scheme (2.12), (3.13), (3.14). Indeed, the definitions (2.15)-(2.17) of
these coefficients can be rewritten in the form

(3.19) a’,i,,=2-f'f fo KCx, )2 x — (i = 1)y — (I~ 1)) dx dy,
(200 gh=27 [ 7 Kex pe@ix - (- 1)e@7y — (1 1)) dx dy,

(321) v = 2_jf f K(x, y)e(27x = (i — I)W27y — (I~ 1)) dx dy,
and we will define an additional set of coefficients s{,, by the formula
(3.22) i, = 2”'f f K(x, »)e(27x = (i = 1))e(27y — (I~ 1)) dx dy.

Now, given a set of coefficients s?, with i,/ = 1,2, - - - | N, repeated application of
the formulae (3.13), (3.14) produces

. M A
(3.23) al;= X 8k&mSk+2i-2m+21-2,

k=1
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M
(3.24) U= 2 GkhmSiG i ame -2,

km=1

M
(3.25) Yiu= 2 MBmShkihicam+a-2,

km=1

2M
j o_ i— 1
(3.26) Sy = Z hkhmsfﬁzi—z,mnl—z,

km=1

withi, [=1,2,---,2"J j=1,2, -+, n.Clearly, formulae (3.23)-(3.26) are a

two-dimensional version of the pyramid scheme (2.12), and provide an order N?

scheme for the evaluation of the elements of all matrices «”, 8/, v/ withj =1, 2,
-, K.

4. Integral Operators and Accuracy Estimates

4.1. Non-Standard Form of Integral Operators

In order to describe methods for “compression” of integral operators, we restrict
our attention to several specific classes of operators frequently encountered in
analysis. In particular, we give exact estimates for pseudo-differential and
Calderon-Zygmund operators.

We start with several simple abservations. The non-standard form of a kernel
K(x, y) is obtained by evaluating the expressions

@.1) = f [ kG a9 ax ay,
(4.2) B = ff K(x, Y)W x)pr(y) dxdy,
and

(4.3) v = f f K(x, v)er () (y) dx dy.

(See Figure 1.) Suppose now that K is smooth on the square 7 X I’. Expanding X
into a Taylor series around the center of I X I’, combining (3.6) with (4.1)-(4.3),
and remembering that the functions ¥,, ¥, are supported on the intervals I, I’
respectively, we obtain the estimate

(4.4) lapg| + Byl + vl

=CiM! sup  (J0XK(x, y)| + 19K(x, 1.

() EIX
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Obviously, the right-hand side of (4.4) is small whenever either | I| or the derivatives
involved are small, and we use this fact to “compress” matrices of integral operators
by converting them to the non-standard form and discarding the coefficients that
are smaller than a chosen threshold.

To be more specific, consider pseudo-differential operators and Calderon-Zyg-
mund operators. These classes of operators are given by integral or distributional
kernels that are smooth away from the diagonal, and the case of Calderon-Zygmund
operators is particularly simple. These operators have kernels K(x, y) which satisfy
the estimates

(4.5) |K(x, )| S ——,
[x — yl

Cu

(4.6) 0¥ K(x, y)| + |9¥K(x, p)| = Ty
for some M = 1. To illustrate the use of the estimates (4.5) and (4.6) for the
compression of operators, we let A = 1 in (4.6) and consider

47 b = [ [ Kee, puoxe ) ey,

where we assume that the distance between I and I’ is greater than | I|. Since
(4.8) f hi(x)dx =0,

we have

8| = Uf [K(x, y) ~ K(x1, M) 1hx)X; () dx dy

(4.9)
2
<20, —A°
| x; — vy 12
where x; denotes the center of the interval /. In other words, the coefficient 8;;-
decays quadratically as a function of the distance between the intervals 7, I', and
for sufficiently large N and finite precision of calculations, most of the matrix can
be discarded, leaving only a band around the diagonal. However, algorithms using
the above estimates (with M = 1) tend to be quite inefficient, due to the slow decay
of the matrix elements with their distance from the diagonal. The following simple
proposition generalizes the estimate (4.9) for the case of larger M, and provides
an analytical tool for efficient numerical compression of a wide class of operators.
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PROPOSITION 4.1.  Suppose that in the expansion (2.14), the wavelet basis has
M vanishing moments, i.e., the functions ¢ and  (replacing X and h) satisfy the
conditions (3.1)-(3.6). Then for any kernel K satisfying the conditions (4.5) and
(4.6), the coefficients a’iy, B, v}, in the non-standard form (see (2.18)-(2.20)
and Figure 1) satisfy the estimate

. . . C

(4.10) |l + 1B+ 1Yol S
Jor all

(4.11) li—1| z2M.

Remark 4.1. For most numerical applications, the estimate (4.10) is quite
adequate, as long as the singularity of K is integrable across each row and each
column (see the following section ). To obtain a more subtle analysis of the operator
Ty (see (2.23) above) and correspondingly tighter estimates, some of the ideas
arising in the proof of the “7°(1)” theorem of David and Journé are required. We
discuss these issues in more detail in Section 4.5 below,

Similar considerations apply in the case of pseudo-differential operators. Let
T be a pseudo-differential operator with symbol ¢(x, £) defined by the formula

@12) TG = o, DS = [ ebtatx, 7®) dt = f KCx, )f(y) dy,

where K is the distributional kernel of T. Assuming that the symbols ¢ of T and
o* of T* satisfy the standard conditions

(4.13) [0§05o(x, £)] = Cop(1 + |E]) =72,
(4.14) (8§05 *(x, )| = Cop(1 + [E])M "2,
we easily obtain the inequality

2¥Cy
(L+ Ji—M+r

(4.15) fal |+ (81 + vl =

for all integer i, [.

Remark 4.2. A simple case of the estimate (4.15) is provided by the operator
T = d/dx, in which case it is obvious that
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(4.16) B4 =(y} igaf,' = 2—ff¢(2*fx— i+ 1)
H 1 dx

X@27x—1+1)27dx=278,_,,

where the sequence {8, } is defined by the formula

(4.17) 3;=f\l/(x— De'(x) dx,

provided a sufficiently smooth wavelet ¢(x) is used.

4.2. Numerical Calculations and Compression of Operators

Suppose now that we approximate the operator 73 by the operator T5# ob-
tained from T by setting to zero all coefficients of matrices & = { ey}, 8= { By},
v = {~vu-} outside of bands of width B = 2 M around their diagonals. It is easy to
see that

C
(4.18) 1762 — TY |l §B—Mlog2N,

where C 1s a constant determined by the kernel K. In other words, the matrices «,
B, v can be approximated by banded matrices o, 8%, v® respectively, and the
accuracy of the approximation is

C
(4.19) EﬁlogzN.

In most numerical applications, the accuracy ¢ of calculations is fixed, and the
parameters of the algorithm (in our case, the band width B and order M) have to
be chosen in such a manner that the desired precision of calculations is achieved.
If M is fixed, then B has to be such that

C
(4.20) |87 — T8 < 5 logaN < ¢,

or, equivalently,
C /M
(4.21) Bz (— logzN) .
€

In other words, 7% has been approximated to precision e with its truncated
version, which can be applied to arbitrary vectors for a cost proportional to
N((C/e)log,N)'™ | which for all practical purposes does not differ from N. A
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considerably more detailed investigation (see Remark 4.1 above and Section 4.5
below) permits the estimate (4.21) to be replaced with the estimate

(4.22) B= (E)”M

€

making the application of the operator T} to an arbitrary vector with arbitrary
fixed accuracy into a procedure of order exactly O(N).

Whenever sufficient analytical information about the operator T is available,
the evaluation of those entries in the matrices o, 3, v that are smaller than a given
threshold can be avoided altogether, resulting in an O(N) algorithm (see Section
4.3 below for a more detailed description of this procedure).

Remark 4.3. Both Proposition 4.1 and the subsequent discussion assume that
the kernel K is non-singular everywhere outside the diagonal, on which it is permitted
to have integrable singularities. Clearly, it can be generalized to the case when the
singularities of K are distributed along a finite number of bands, columns, rows,
etc. While the analysis is not considerably complicated by this generalization, the
implementation of such a procedure on the computer is significantly more involved
(see Section 5 below).

4.3. Rapid Evaluation of the Non-Standard Form of an Operator

In this subsection, we construct an efficient procedure for the evaluation of the
elements of the non-standard form of an operator T lying within a band of width
B around the diagonal. The procedure assumes that 7 satisfies conditions (4.5)
and (4.6) of Section 4, and has an operation count proportional to N+ B (as opposed
to the O(N?) estimate for the general procedure described in Observation 3.2).

To be specific, consider the evaluation of the coefficients 87, for all j = 1, 2,
-+« . n,and |i — /| £ B. According to (3.24),

. 2M .
(4.23) =D GhmSk i ame21-2,

km=1

which involves the coefficients 547,/ in a band of size 3 B defined by the condition
[i* — I'| = 3B. Clearly, (3.26) could be used recursively to obtain the required
coefficients 547}, and the resulting procedure would require order N? operations.
We therefore compute the coefficients s/7;} directly by using appropriate quadra-
tures. In particular, the application of the one-point quadrature (3.12) to K(x, y),
combined with the estimate (4.6), gives

Shoge = 20T IHURQ2THITN = 1 4 1), 277N = 1 4 1))

(4.24)
1
(=)
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If the wavelets used do not satisfy the moment condition (3.8), more complicated
quadratures have to be used (see Appendix B to this paper).

4.4. The Standard Matrix Realization in the Wavelet Basis

While the evaluation of the operator 7 via the non-standard form (i.e., via the
matrices o/, 87, v /) is an efficient tool for applying it to arbitrary functions, it is
not a representation of T in any basis. There are obvious advantages to obtaining
a mechanism for the compression of operators that is simply a representation of
the operator in a suitably chosen basis, even at the cost of certain sacrifices in the
speed of calculations (provided that the cost stays O(N) or O(N log N)). It turns
out that simply representing the operator 7 in the basis of wavelets satisfying the
conditions (3.6) results (to any fixed accuracy) in a matrix containing no more
than O(N log N ) non-zero elements. Indeed, the elements of the matrix repre-
senting 7 in this basis are of the form,

(4.25) Ty={(TYr, ¥,

with I, J all possible pairs of diadic intervals in R, not necessarily such that || =
| J|. Combining estimates (4.5), (4.6) with (3.6), we see that

1/2 M+ 1
(4.26) |Tulé‘cM(%',) ( d(‘I”J)) ,

where C), is a constant depending on M, K, and the choice of the wavelets
(d(1, J) denotes the distance between I, J) and it is assumed that | 7| = [ J]|. Ttis
easy to see that for large N and fixed € Z 0, only O(N log N ) elements of the
matrix (4.25) will be greater than ¢, and by discarding all elements that are smaller
than a predetermined threshold, we compress it to O(N log N ) elements.

Remark 4.4. A considerably more detailed investigation (see [8]) shows that
in fact the number of elements in the compressed matrix is asymptotically pro-
portional to N, as long as the images of the constant function under the mappings
T and T* are smooth. Fortunately, the latter is always the case for pseudo-differential
and many other operators.

Numerically, evaluation of the compressed form of the matrix {7j;} starts
with the calculation of the coefficients s° (see (2.7)) via an appropriately chosen
quadrature formula. For example, if the wavelets used satisfy the conditions (3.8),
(3.9), the one-point formula (3.10) is quite adequate. Other quadrature formulae
for this purpose can be found in Appendix B to this paper. Once the coefficients
s have been obtained, the subsequent calculations can be carried out in one of
three ways.

1. The naive approach is to construct the full matrix of the operator T in the
basis associated with wavelets by following the pyramid (2.12). After that,
the elements of the resulting matrix that are smaller than a predetermined
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threshold, are discarded. Clearly, this scheme requires O(N?) operations,
and does not require any prior knowledge of the structure of 7.

2. When the structure of singularities of the kernel K is known, the locations
of the coefficients of the matrix { 7;,} exceeding the threshold e can be de-
termined a priori. After that, these can be evaluated by simply using appro-
priate quadrature formulae on each of the supports of the corresponding
basis functions. The resulting procedure requires order O(N log(N)) oper-
ations when the operator in question is either Calderon-Zygmund or pseudo-
differential, and is easily adaptable to other distributions of singularities of
the kernel.

3. The third approach is to start with the non-standard form of the operator
T, compress it, and then convert the compressed version into the standard
form. The conversion procedure starts with the formula

6@=2ﬁ[f(ffmmywaﬂx—w—1»dﬁ

(4.27) 4
X@(27y = (1= 1))dy,
which is an immediate consequence of (2.16), (2.19). Combining (4.27)
with (3.14), we immediately obtain

m=rmWﬁff K(x, )
(4.28) oo

M
XP27x — (k= )W YDy ~(i—1))dxdy = 3 gBki+2i-2,

=1

where I = [;; and J = I, | ;. Similarly, we define the set of coefficients { Sy}
via the formula

M

(4.29) Sy=3 MBluvai 2

=1

and observe that these are the coefficients s4* ! in the pyramid scheme (2.12).
In general, given the coefficients S;; on step m (that is, for all pairs (1, J)
such that | J| = 2™|I]), we move to the next step by applying the formula
(4.28) recursively.

Remark 4.5. Clearly, the above procedure amounts to simply applying the
pyramid scheme (2.12) to each row of the matrix 87.
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4.5. Uniform Estimates for Discretizations of Calderon-Zygmund Operators

As has been observed in Remark 4.1, the estimates (4.10) are adequate for
most numerical purposes. However, they can be strengthened in two important
respects.

1. The condition (4.11) can be eliminated under a weak cancellation condition
(4.30).

2. The condition (4.10) does not by itself guarantee either the boundedness of
the operator 7, or the uniform (in N) boundedness of its discretizations 7.
In this section, we provide the necessary and sufficient conditions for the
boundedness of T, or, equivalently, for the uniform boundedness of its dis-
cretizations T,. This condition is, in fact, a reformulation of the “7°(1)”
theorem of David and Journé.

UNIFORM BOUNDEDNESS OF THE MATRICES «, 3, v. We start by observing
that estimates (4.5), (4.6) are not sufficient to conclude that a7, 87;, v7, are
bounded for |i — /| = 2M (for example, consider K(x, y) = 1/(|x — y|)). We
therefore need to assume that 7" defines a bounded operator on L2 or a substantially
weaker condition

(4.30) U K(x, y) dx dy| = C| 1|
<

for all dyadic intervals / (this is the “weak cancellation condition”; see [8]). Under
this condition and the conditions (4.5), (4.6) Proposition 4.1 can be extended to

) X . C
(4.31) Loyl + 1851 + 1vidl L+ ]i— 7]

forall i, / (see [8]).

UNIFORM BOUNDEDNESS OF THE OPERATORS T,. We have seen in (2.26) a
decomposition of the operator T; into a sum of contributions from the different
scales j. More precisely, the matrices «”/, 87, v/ act on the vector {s%}, {d%},
where & are coordinates of the function with respect to the orthogonal set of func-
tions 2 /Y2 Vx — k), and the s are auxiliary quantities needed to calculate the
d’. The remarkable feature of the non-standard form is the decoupling achieved
among the scales j followed by a simple coupling performed in the reconstruction
formulas (3.17). (The standard form, by contrast, contains matrix entries reflecting
“interactions” between all pairs of scales.) In this subsection, we analyze this coupling
mechanism in the simple case of the Haar basis, in effect reproducing the proof of
the “7T(1)” theorem (see [3]).

For simplicity, we will restrict our attention to the case where a = vy = 0, and
B satisfies conditions (4.31) (which are essentially equivalent to (4.5), (4.6), and
(4.30)). In this case, for the Haar basis we have
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(4.32) T(/)x) = 2 hi(x) 2 Busr
7 I

which can be rewritten in the form

(4.33) T(f)= 2 h(x) 2 BuAsp— sp) + 2 Bisthy(x),

1 I’ I
where

1 1
(439) Br= 3 B = i [ [ mokce, vy dx dy = (i, 00y e
and
(4.35) B(x) = f K(x, y) dy = T(1)(x).

It is easy to see (by expressing s; in terms of d;) that the operator

(4.36) B\(f)(x) =2 hi(x) 2 Bu s — sp)
7 I

is bounded on L? whenever (4.31) is satisfied with M = 1. We are left with the
“diagonal” operator

(4.37) B)0x) = 2 B,
(4.38) 8 = ml—,,g (B, b,
with

(4.39) s = <f, X1>.
Clearly

(4.40) IB,(N)13 = 3 p3st.

If we choose f= X, where J is a dyadic interval we find s, = | I|'/? for I < J from
which we deduce that a necessary condition for B, to define a bounded operator
on L?(R)is given as
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(4.41) Z Bt = Z (B, h)* = clJ]

icJ IcJ

but since the A, for I < J are orthogonal in L2(J),

(4.42) > (B )= f [8(x) — my(B)|%
IsJ J
with
1
{(4.43) m{B) = m J; B(x) dx.

Combining (4.41) with (4.42), we obtain
(4.44) if 18(x) ~ my(B)|2 dx = C
| J] Js 7 -

Expression (4.44) is usually called bounded dyadic mean oscillation condition
(BMO) on 8, and is necessary for the boundedness of B, on L2, It has been proved
by Carleson (see, for example, [8]) that the condition (4.41) is necessary and
sufficient for the following inequality to hold

(445) ZB%S%§Cf |f‘2dx, S[=<f; X]>.

Combining these remarks we obtain:

THEOREM 4.1 (G. David, J. L. Journé). Suppose that the operator
(4.46) 1) = [ Kx i v

satisfies the conditions (4.5), (4.6), (4.30). Then the necessary and sufficient con-
dition for T to be bounded on L? is that

(4.47) B(x} = T(1)(x),
(4.48) y(y) = T*(1)(y)
belong to dyadic BMO, i.e., satisfy condition (4.44).

We have shown that the operator 7" in Theorem 4.1 can be decomposed as a
sum of three terms
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(4.49) T =B, + B, + B,
where
(4.50) B:(f) = 2 hBusi,
i
(4.51) By(f) = 2 Xpyrdy,
I
and
(4.52) Bi(f) =T(f) - B:(f) — Bs(/),

with | I|'28; = (hy, B, | I'1Y2yp = (hyry vy, 8= T(1), and v = T*(1).

The principal term B, , when converted to the standard form, has a band struc-
ture with decay rate independent of N. The terms B,, B; are bounded only when
B, v are in BMO (see [8]).

4.6. Algorithms for Bilinear Functionals

The terms B, and B; in (4.49) are bilinear transformations in (8, /), (v, /),
respectively. Such “pseudo products” occur frequently as differentials (in the di-
rection () of non-linear functionals of f (see [3]). In this section, we show that
pseudo-products can be implemented in order N operation (or for the same cost
as ordinary multiplication). To be specific, we have the following proposition.

PROPOSITION 4.2. Let K(x, y, z) satisfy the conditions

1
(x =P +(x—2)*’

{4.53) |K{x,y,z)| =

Cu
(Ix~yl + |x—z[)¥*+2’

(4.54) |O¥K| + |6’y”K| + [9MK| =
Jor some M Z 1, and the bilinear functional B(f, g) be defined by the formula

(4.55) B(f, )(x) = f K(x, v, 2)f()e(z) dy dz.

Then the bilinear functional B(f, g) can be applied to a pair of arbitrary functions

/. g for a cost proportional to N, (where N is the number of samples in the discre-
tization of the functions f and g), with the proportionality coefficient depending on
M and the desired accuracy, and independent of the kernel K.

The following is an outline of an algorithm implementing such a procedure.
As in the linear case, we use the wavelet basis with M vanishing moments and write
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K(x,y,z)= 2 aro¥i(xX)¥o(y, z) + Bro¥i(x)eo(y, 2)
I,
(4.56) e

+ vioer(X)Yo(y, 2)

where Q= J X J', | 1| = |J| = | J'| and Yo(y, z) is a wavelet basis in two variables
(ie., e, (V¥ (2), ¥s(V)e,(2), ¥5(¥)¥,/(2)) and

(4.57) eoly, z) = e (¥)e,(z).

Substituting in (4.56) into (4.55) we obtain

B(f, 8)(x) = 2 u(x)

JJ!

X [z ai ) s (N)di(g) + a$Brd (S )s(g) + a&?zj»dj(f)df(m]
(4.58)
+ 2 V(X)) 2 BrrrsAf)s;(g) + 2 en(x)
i

JJ I

X {z Y120 5A)dr(8) + v di(f)s,(g) + vﬂ?lj/dj(f)dw(g)}
A7

(1) 2) (3) (@D (2) (3) s
where a0, @iy, argss Bragsand i g0, Y1000 Y 17,00, denote the coefficients

of the function K(x, y, z) in the three-dimensional wavelet basis. Therefore, com-
bining (4.58) with Observation 3.1, we obtain an order O(N) algorithm for the
evaluation of (4.55) on an arbitrary pair of vectors.

It easily follows from the estimates (4.53) and (4.54) that

Cl I 2+ M
(4.59) laygsl + 1Bras | + 1y é( | ))

dist(I, J) + dist({, J’

resulting in banded matrices and a “compressed” version having O(N) entries
(also, compare (4.59) with (4.10)).

Similar results can be obtained for many classes of non-linear functionals whose
differentials satisfy the conditions analogous to (4.53) and (4.54).

5. Description of the Algorithm

In this section, we describe an algorithm for rapid application of a matrix Ty
discretizing an integral operator 7 to an arbitrary vector. It is assumed that T
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satisfies the estimates (4.5), (4.6), or the more general conditions described in
Remark 4.3. The scheme consists of four steps.

Step 1. Evaluate the coefficients of the matrices ¢/, 87/,v7,j=1,2, - ,n
corresponding to T, (see (2.18)—-(2.20) above), and discard all elements of these
matrices whose absolute values are smaller than ¢. The number of elements re-
maining in all matrices «’/, 8/, 4/ is proportional to N (see estimates
(4.21), (4.22)).

Depending on the a priori information available about the operator 7', one of
two procedures is used, as follows.

1. If the a priori information is limited to that specified in Remark 4.3 (i.e.,
the singularities of K are distributed along a finite number of bands, rows,
and columns, but their exact locations are not known ), then the extremely
simple procedure described in Observation 3.2 is utilized. The resulting cost
of this step is O(N?), and it should only be used when the second scheme
(see below) can not be applied.

2. If the operator 7 satisfies the estimates (4.5), (4.6) for some M = 1, and the
wavelets employed satisfy the condition (3.8), then the more efficient pro-
cedure described in Section 4.3 is used. While the implementation of this
scheme is somewhat involved, it results in an order O(N) algorithm, and
should be used whenever possible.

Step 2. Evaluate the coefficients s’)(, d{c foralj=1,2,--- ,n,k=1,2, -+,
2"~/ (see formulae (3.13), (3.14) and Observation 3.1).

Step 3. Apply the matrices a/, 87/, v/ to the vectors s/, d/, obtaining the
vectors §/, d/ forj =1, 2, -+, n(see formulae (2.28), (2.30)).

Step 4. Use the vectors §/, @’ to evaluate T,(f) via the formula (3.15) (see
Observation 3.1).

Remark 5.1. Itis clear that Steps 2—4 in the above scheme require order O(N)
operations, and that Step 1 requires either order O(XN) or O(N?) operations, de-
pending on the a priori information available about the operator 7. It turns out,
however, that even when Step 1 requires order NV operations, it is still the dominant
part of the algorithm in terms of the actual operation count. In most applications,
a single operator has to be applied to a relatively large number of vectors, and in
such cases it makes sense to produce the nonstandard form of the operator 7 and
store it. After that, it can be retrieved and used whenever necessary, for a very small
cost (see also Section 6 below).

Remark 5.2. In the above procedure, Step 1 requires O(N?) operations when-
ever the structure of the operator 7 is not described by the estimates (4.5), (4.6).
Clearly, it is not the only structure of T for which an order O(N) procedure can
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be constructed. In fact, this can be done for any structure of 7 described in Remark
4.3, provided that the location of singularities of T is known a priori. The data
structures required for the construction of such an algorithm are fairly involved,
but conceptually the scheme is not substantially different from that described in
Section 4.3.

6. Numerical Results

A FORTRAN program has been written implementing the algorithm of the
preceding section, and numerical experiments have been performed on the SUN-
3/50 computer equipped with the MC68881 floating-point accelerator. All calcu-
lations were performed in three ways: in single precision using the standard (direct)
method, in double precision using the algorithm of this paper with the matrices a,
8, v truncated at various thresholds (see Section 4.2 above), and in double precision
using the standard method. The latter was used as the standard against which the
accuracy of the other two calculations was measured.

We applied the algorithm to a number of operators; the results of six such
experiments are presented in this section and summarized in Tables 1-6, and il-
lustrated in Figures 2-9. Column 1 of each of the tables contains the number N of
nodes in the discretization of the operator, columns 2 and 3 contain CPU times
T,, T, required by the standard (order O(N?)) and the “fast” (O(N)) schemes to
multiply a vector by the resulting discretized matrix respectively, and column 4
contains the CPU T, time used by our scheme to produce the non-standard form
of the operator. Columns 5 and 6 contain the L, and L, errors of the direct cal-
culation respectively, and columns 7 and 8 contain the same information for the
result obtained via the algorithm of this paper. Finally, column 9 contains the
compression coefficients C,orp Obtained by our scheme, defined by the ratio of N?
to the number of non-zero elements in the non-standard form of 7. In all cases,
the experiments were performed for N = 64, 128, 256, 512, and 1024, and in all
Figures 2-9, the matrices are depicted for N = 256.

Example 1. In this example, we compress matrices of the form

1
5 i*
A,’j: L J
0 i=j,

and convert them to a system of coordinates spanned by wavelets with six first
moments equal to zero. Setting to zero all entries in the resulting matrix whose
absolute values are smaller than 1077, we obtain the matrix whose non-zero elements
are shown in black in Figure 2. The results of this set of experiments are tabulated
in Table 1. The standard form of the operator 4 with N = 256 is depicted in
Figure 9.
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Figure 2. Entries above the threshold of 107 of the decomposed matrix of Example
1 are shown black. Note that the width of the bands does not grow with the size of the

matrix.
Table 1. Numerical results for Example 1.
Error of single
precision Error of FWT
Input Time multiplication multiplication Compression
size coefficient
(N) T, T, Ty Ly-norm L.-norm Ly-norm L -norm Ceomp
64 0.12 0.16 776 1261077 3.65-107 8.89-10°% 1.72-1077 1.39
128 048 0.38 3262 2.17-1077 864-1077 1.12-1077 9.94.1077 2.22
256 192 080 9644 281-107 1.12-10°% 1.25-1077 5.30-1077 3.93
512 7.68 180 25272 4.21-107 1.75-10% 1.23.1077 5.16-1077 7.33
1024 3072 3.72 605.74 664.-1077 390.10° 136-1077 5.04.1077 14.09

Example 2. Here, we compress matrices of the form
logli —2"""| —log|j—2"""|

A ij = l - J
0 otherwise

L LI L

wherei,j=1, -+, Nand N = 2",
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Figure 3. Entries above the threshold of 1077 of the decomposed matrix of Example
2. Vertical and horizontal bands in the middle of submatrices as well as the diagonal bands
are due to the singularities of the kernel (matrix ). Note that in this case the kernel is not
a convolution.

This matrix is not a convolution and its singularities are more complicated.
The decomposition of this matrix using wavelets with six vanishing moments dis-
playing entries above the threshold of 107 is shown in Figure 3, and the numerical
results of these experiments are tabulated in Table 2. In this case, the structure of
the singularities of the matrix is not known a priori, and its non-standard form
was obtained by converting the whole matrix to the wavelet system of coordinates,

Table 2. Numerical results for Example 2.

Error of single

precision Error of FWT
Input Time multiplication multiplication Compression

size coeflicient
(N) T, T, T, Ly-norm L-norm Ly-norm L -norm Ceomp

64 0.12 0.16 862 187-1077 7.53.-1077 824-10% 2.87-1077 1.23
128 048 0.34 3506 3.18-1077 8.62-1077 1.14-1077 3.79-1077 2.02
256 192 084 142,82 430-1077 203-107% 1.33-1077 4.72-1077 3.76
512 7.68 1.72 574.86 6.63-1077 4.42.107¢ 1.44-1077 4.80-1077 7.50

1024 3072 330 2,2987 9.25-107 6.06-107° 1.71-107 6.77-1077 15.68
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and discarding the elements that are smaller than the threshold (see Section 4.2).
Correspondingly, the cost of constructing the non-standard form of the operator is
proportional to N? (see column 4 of Table 2). The standard form of the operator
A with N = 256 is depicted in Figure 10.

Example 3. In this example, we compress and rapidly apply to arbitrary vectors
the matrix converting the coefficients of a finite Chebyshev expansion into the
coeflicients of a finite Legendre expansion representing the same polynomial (see
[1]). The matrix is given by the formulae

AU:MZZj
where i,j=1,---, Nand N = 2" and M} is defined as
. . .. ..
—A4(j/2) if0=i=j< Nandjiseven
s

_l2

My =94 SN - D)/2)A +i)/2) ifO<i=<j<Nandi+jiseven
T
0 otherwise,

where A(z) = T(z+ 1/2)/T(z+ 1) and I'(z) is the gamma function. Alternatively,

[ . .
—A()) f0=i=j<N
™

T O o

ij —Ajj—DA(+i) fO<i=j<N.

T
0 otherwise

We used the threshold of 10 ¢ and wavelets with five vanishing moments to obtain
the numerical results depicted in Table 3 and Figure 4. As a corollary, we obtain
an algorithm for the rapid evaluation of Legendre expansions of the same complexity
(and roughly the same actual efficiency) as that described in [1].

Example 4. Here,

log(i —j)2 i#]
"o i=j

We use wavelets with six vanishing moments and set to zero everything below 1076,
Table 4 and Figure 5 and Figure 6 describe the results of these experiments.
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h)ﬁ‘

r.

Figure 4. Entries above the threshold of 107 of the decomposed matrix of Example
3. This matrix is one of two transition matrices to compute Legendre expansion from
Chebyshev expansion.

Example 5. In this example,

1 .

=it Tcosy) 7
;=477 2(cos i) .

0 i=j

Table 3. Numerical results for Example 3.

Error of single

precision Error of FWT
Input Time multiplication multiplication Compression

size coefficient
(N) T, T, T, L,-norm L -norm Ly-norm L -norm Ceomp

64 0.12 0.12 10.28 2.64-1077 7.19-1077 8.09-1077 2.34.10°¢ 1.73
128 048 030 4270 6.19-1077 3.94-107¢ 1.66-10"° 8.02-10°¢ 2.89
256 192 066 133.66 1.28-10° 5.23.10°¢ 251-10° 1.21.107° 5.18
512 7.68 140 34460 2.24.10¢ 1.35.107° 3.75-10°% 3.31.-107° 9.70

1024 3072 278 80590 4.45-10° 242-107° 6.40:10° 9.00-107° 18.60
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Figure 5. Entries above the threshold of 10 7% of the decomposed matrix of Example 4.

and it is easy to see that this operator does not satisfy the condition (4.10). None-
theless, when a low order version of our scheme is applied to it, the results are quite
satisfactory, albeit with an expectedly low accuracy (we used wavelets with two
vanishing moments, and set the threshold to 1072). The results of these numerical
experiments can be seen in Figure 7 and Table 5.

Table 4. Numerical results for Example 4.

Error of single

precision Error of FWT
Input Time multiplication multiplication Compression

size coeflicient
N) T Tw T, Ly-norm L -norm Ly-norm L -norm Ceomp

64 0.12 0.14 8.84 222-10°° 631-107° 1.13-10°¢ 2.33.10°¢ 1.37
128 0.48 0.34 3842 6.23-107° 1.62-10* 2.07-107% 5.19.107¢ 2.19
256 192 084 12022 2.11-10* 6.99.-10* 2.99.10"% 846-10°° 3.82
512 768 176 31086 7.90-10% 247-10% 408.-107% 1.23.107° 7.04

1024 3072 370 7368 2.65-107 9.44.10° 6.53-107° 2.19-107° 13.43
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Scale j = 1, first column of the matrix af;.

.42592E+00
.30115E-04
.00000E+00
.Q0000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00Q
.00000E+Q0
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.10046E+00

[EE=RelelosNoNeNeNeoRoeNaoNoNoNoNoNoNoNoNo el BNl

Scale j=1, first

.10075E+00
.65200E-05
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.29165E+00

[=NeRoRoNoaoNoNoNe NoNoRo NeReRoNoNoReoNoNo Na i

COO0O0OO0O0OO0OO0OOOVOOOOOOOOOO I ©

.31311E+00
.16471E-05
.Q0000E+00
.00000E+00
.00000E+00
.Q0000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.Q000QE+00
.0000Q0E+00
.00000E+00
.00000E+00
.Q0000E+00
.Q00C0E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.31312E+00

CO0DOVDOO0OCOCOVDOO0OOOODOCOO |

.10042E+00
.Q0000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.Q0000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00

COO0O0QOO0OOOO0ODO0OO0OOOOOOODO

column of the matrix g};.

[eReRsReoloNeRoNeNeNoNoNoNeoNoNoNoNoNoNoNoNeNe)

.27182E-01
.34067E-05
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00G00E+00
.00000E+00
.00000E+00
.00000E+00
.Q0000E+00
.00000E+G0Q
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.0000QE+00
.90294E-01

[=RegeRoloRoNoReNeNoNoRoNoNoNoNoNoNoNoReR

.53507E-02
.18585E-05
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.0000CE+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+Q0
.000QGE+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00

OO0 OOOO0O0OOVOOOOOOOODOODOO

.32510E-01
.00000E+00
.00000E+00
.0G0000E+Q0
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.17856E-02

.11903E-02
.10718E-05
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.5477T6E+01

.75046E-02
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.77315E-02

U=ReRoRoNoNoNeleNeNoNaNoNoNoNoNoNolNoN oWl

.11031E-03
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.10421E+01

COOCOVDOO0OO0OO0OVDOOO0OOCTOOOOO 1

COO0COO0OV0OVOOOOOOOOSOO

1 OO O QOOOO0OOO0OOOOO0OOOCO0OO

.95151E-03
.00000E+00
.00000E+00
.00000E+00
.00000E+00Q
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.000Q0E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.32623E-01

. 25509E-04
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
. 00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.000Q0E+00
.00000E+00
.00000E+00
.00000E+00
.TT699E+00

Figure 6. Entries of the first column of matrices « and 8 (on the fine scale) of
Example 4. We observe fast decay away from the diagonal. The threshold is 1076. Note
the large numbers at the end of the columns due to periodization (see Remark 3.2).

Example 6. Here,

i cos(log i) — j cos(log j?)

A,‘j =

(i —j?

i#j
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Figure 7.

Entries above the threshold of 1073 of the decomposed matrix of Example 5.

Like in the preceding example, the operator being compressed satisfies the condition
(4.10) with M = 1, and fails to do so for any larger M. Using wavelets with two
vanishing moments, and setting the threshold to 1073, we obtain the results depicted
in Figure 8 and Table 6. Again, the compression rate for this reasonably large
threshold is quite satisfactory.

Table 5. Numerical results for Example 5.
Error of single
precision Error of FWT
Input Time multiplication multiplication Compression
size coefficient
(N) T, T, Ty Ly,-norm L-norm Ljy-norm L -norm Ceomp
64 0.12 0.18 284 193.107 5.04.-107 1.18.107> 3.11-1073 1.99
128 048 0.18 900 265-1077 927-1077 1.54-107° 4.36-1073 3.51
256 192 042 2362 376-1077 1.83-10° 2.02.107* 8.33.1073 6.58
512 768 0.88 5562 493-1077 246-10° 3.19-107* 391.1072 12.81
1024 3072 1.74 12384 7.53-1077 4.78-107¢ 3.99.103 7.57-1072 25.19
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Figure 8. Entries above the threshold of 1072 of the decomposed matrix of Example 6.

The following observations can be made from Tables 1-6 and Figures 2-7.

1. The CPU times required by the algorithm of this paper to apply the matrix
to a vector grow linearly with N, while those for the direct algorithm grow
quadratically (as expected).

2. The accuracy of the method is in agreement with the estimates of Section
4, and when the threshold is set to 1075, the actual accuracies obtained tend

Table 6. Numerical results for Example 6.

Error of single

precision Error of FWT
Input Time multiplication multiplication Compression

size coeflicient
(N) T T, T, Ly-norm L -norm Ly-norm L -norm Ceomp

64 012 0.10 422 2.59-1077 8.76-1077 242-107% 4.58-1073 2.37
128 0.48 0.20 16.60 3.71-1077 1.07-10"% 281.1073 8.61-107? 4.13
256 1.92  0.38 66.70 5.03-1077 2.12-107% 3.62-1073 1.38-107? 8.25
512 7.68 0.82 263.72 8.71-1077 3.10-10% 3.68-107> 1.60-1072 14.80

1024 3072 1.50 1,107.6 1.12-107° 5.52-107° 4.56-107 4.12.107? 33.07
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\

[ .

Figure 9. Entries above the threshold of 1077 of the standard form for Example 1.

Different bands represent “interactions” between scales.

"

RLLTV

Figure 10. Entries above the threshold of 107 of the standard form for Example 2.
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to be slightly better than those obtained by the direct calculation in single
precision.

3. In many cases, the algorithm becomes more efficient than the direct com-
putation for N = 100, and for N = 1000 the gain is roughly of the factor of
10.

4. Even when the operator fails to satisfy the condition (4.10), the application
of the algorithm with a reasonably large threshold and small M leads to
satisfactory compression factors.

5. Combining the linear asymptotic CPU time estimate of the algorithm of this
paper with the actual timings in Tables 1-6, we observe that whenever the
algorithm of this paper is applicable, large-scale problems become tractable,
even with relatively modest computing resources.

7. Extensions and Generalizations

7.1. Numerical Operator Calculus

In this paper, we construct a mechanism for the rapid application to arbitrary
vectors-of a wide variety of dense matrices. It turns out that in addition to the
application of matrices to vectors, our techniques lead to algorithms for the rapid
multiplication of operators (or, rather, their standard forms). The asymptotic com-
plexity of the resulting procedure is also proportional to N. When applied recursively,
it permits a whole range of matrix functions (polynomials, exponentials, inverses,
square roots, etc.) to be evaluated for a cost proportional to N, converting the
operator calculus into a competitive numerical tool (as opposed to the purely an-
alytical apparatus it has been). These (and several related) algorithms have been
implemented, and are described in a paper currently in preparation.

7.2. Generalizations to Higher Dimensions

The construction of the present paper is limited to the one-dimensional case,
i.e., the integral operators being compressed are assumed to act on L(R). Its
generalization to problems in higher dimensions is fairly straightforward, and is
being implemented. When combined with the Lippman-Schwinger equation, or
with the classical pseudo-differential calculus, these techniques should lead to al-
gorithms for the rapid solution of a wide variety of elliptic partial differential equa-
tions in regions of complicated shapes, of second kind integral equations in higher-
dimensional domains, and of several related problems.

7.3. Non-Linear Operators

While the present paper discusses the “compression™ of linear and bilinear
operators, extensions to multilinear functionals (defined on the functions in one,
as well as higher dimensions) is not difficult to obtain. These methods (together
with some of their applications) will be described in a forthcoming paper. The
underlying theory can be found in [3].
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Appendix A

The following table contains filter coefficients { 4, } 523 for M = 2, 4, 6 for
one particular choice of the shift 7. These coefficients have M — [ vanishing mo-
ments,

k=3M
M1= 2 hk(k_TM)l=0, l=1,"',M“l

k=1

where 7, is the shift, and have been provided to the authors by 1. Daubechies (see
also Section 3.2 above). For M = 2 there are explicit expressions for { A} $23,

and with 7, = 5, they are

Vi5s -3 1-V1s h=3~VT§

h - N h - 3 s
' 612 2 16\2 )

Vis+3 Vi5 + 13 9 - V15
h4= h = h

82 T 1eV2 T Y 1eV2

and for M = 4, 6, the coeflicients { 4, } are presented in the table below.

k Coeflicients A, k Coeflicients &
M=2 1 0.038580777747887 M=6 1  —0.0016918510194918
T,=135 2 —0.12696912539621 76 = 8 2  —0.00348787621998426
3  —0.077161555495774 3 0.019191160680044
4 0.60749164138568 4 0.021671094636352
5 0.74568755893443 5 —0.098507213321468
6 0.22658426519707 6 —0.056997424478478
7 0.45678712217269
8 0.78931940900416
M=4 1 0.0011945726958388 9 0.38055713085151
7s=8 2 —0.01284557955324 10 —0.070438748794943
3 0.024804330519353 11 —0.056514193868065
4 0.050023519962135 12 0.036409962612716
5 —0.15535722285996 13 0.0087601307091635
6 —0.071638282295294 14 —0.011194759273835
7 0.57046500145033 15 —0.0019213354141368
8 0.75033630585287 16 0.0020413809772660
9 0.28061165190244 17 0.00044583039753204
10 —0.0074103835186718 18 —0.00021625727664696

11 —0.014611552521451
12 —0.0013587990591632
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Appendix B

In this appendix we construct quadrature formulae using the compactly sup-
ported wavelets of [4] which do not satisfy condition (3.8). These quadrature
formulae are similar to the quadrature formula (3.12) in that they do not require
explicit evaluation of the function ¢(x) and are completely determined by the filter
coefficients {4 }§=3¥. Our interest in these quadrature formulae stems from the
fact that for a given number M of vanishing moments of the basis functions, the
wavelets of {4] have the support of length 2 M compared with 3 M for the wavelets
satisfying condition (3.8). Since our algorithms depend linearly on the size of the
support, using wavelets of [4] and quadrature formulae of this appendix makes
these algorithms ~50% faster. .

We use these quadrature formulae to evaluate the coefficients s} of smooth
functions without the pyramid scheme (2.12), where s% are computed via (3.13)
forj=1,---,n.

First, we explain how to compute {s?}¥=¥. Recalling the definition of s¢,

s¢= 2"/2ff(x)<p(2"x —k+ 1)dx
(B.1) '
=22 ff(x+ 27k — 1))e(2"x) dx,

we look for the coefficients {¢;} /=%~ ! such that

(B.2) 27 ff(x + 27k — 1))p(2"x) dx

I=M—1
=272 > af(I+27"(k— 1)),

1=0

for polynomials of degree less than M. Using (B.2), we arrive at the linear algebraic
system for the coefficients ¢,

I=M-1
(B.3) > l’"c,=fx’”<p(x)dx, m=0,1,---  M—1,
i=0

where the moments of the function ¢(x) are computed in terms of the filter coef-
ficients { A, }£23.
Given the coefficients ¢;,, we obtain the quadrature formula for computing
0

Sks
I=M-1
(B4)  s2=27 3 of(l+27(k — 1)) + OQ2 MUY,
=0
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The moments of the function ¢ are obtained by differentiating (an appropriate
number of times) its Fourier transform ¢,

(B.5) (&) = (27r)"”2fdx €™t p(x),
and setting £ = 0. The expressions for the moments f Xx"p(x) dx in terms of the
filter coefficients { A, } =% are found using a formula for ¢ [4],
(B.6) (2m)17@(8) = [ mo(278),
Jj=1

where

k=2M )
(B.7) mo(£) =272 3 el Dt

k=1

The moments f x"p(x) dx are obtained numerically (within the desired ac-
curacy) by recursively generating a sequence of vectors, { M}, } =4~ forr = 1,
2, cee

j=m
(B.8) MFt= 3 (’7)2m-f<'+”m:,,_jm},
=0 \J
starting with
k=2M
(B.9) ML =2"m"12 > p(k—-1)", m=0,--- , M-—1

k=1

Each vector {M/,}7=4~"! represents M moments of the product in (B.6) with
r terms.

We now derive formulae to compute the coefficients s% of smooth functions
without the pyramid scheme (2.12). Let us formulate the following

PROPOSITION Bl. Let 57, be the coefficients of a smooth function at some scale
j. Then

=M

(B.10) s =22 3 qshmen-3 + 027 DM),
=1

is a formula to compute the coefficients s’ at the scale j + 1 from those at the
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scale j. The coefficients {q,}i=¥ in (B.10) are solutions of the linear algebraic
system

=M
(B.11) Eq1(21—1)'"‘ m> m=0,:,M~-1,

and where M,, are the moments of the coefficients h; scaled for convenience by
1/H(0) =212,

k=2M
(B.12) M, =272 3 pkm, m=0, - ,M—1.
k=1

Using Proposition Bl we prove the following

LEMMA Bl. Let 54, be the coefficients of a smooth function at some scale j.
Then

=M ‘
(B.13) ShEr =212 3 qishme1-2y+1 T O27TITOM),

=1
is a formula to compute the coefficients s} " at the scale j + r from those at the
scale j, with r = 1. The coefficients { 13 :’1” in (B 13) are obtained by recursively
generating the sequence of vectors { q} }1=¥, - -, {q}}1=¥ as solutions of the linear
algebraic system

=M
(B.14) > qi(2l—1)y" =M}, m=0,---, M—1,

where the sequence of the moments {M), = M., }, {M},},- -+, { M.} is computed
via

j=m m
(B.15) M= 3 ( .)Mm_,-L},
j=o\J
where
=M .
(B.16) Li= 2 qi(l—-1)7.

=1

We note that for r = 1 (B.13) reduces to {B.10).
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Proof of Proposition B1: Let H(§) denote the Fourier transform of the filter

with the coefficients { & } X2 M,

k=2M )
(B.17) HE) = X he™.

k=1

Clearly, the moments M, in (B.12) can be written as
_ n—1/2 . d\” — —
(B.18) M, =2 —IE H(&) -0, m=90, -, M~—1.

Also, the trigonometric polynomial H(§) can always be written as the product,

(B.19) H(%) = H($)Q(8),

where we choose Q to be of the form

=M
(B.20) Q) = 3 ge'® %,
I=1
and H to have zero moments
. d m -
(B.21) ——ld_g H(S)Ig:(), m=1,"',M—1.

By differentiating (B.19) appropriate number of times, setting § = 0 and using
(B.21) we arrive at (B.11). Solving (B.11), we find the coefficients {g,}/=%.

Since moments of H vanish, the convolution with the coefficients of the filter
H reduces to the one-point quadrature formula of the type in (3.12). Thus applying
H reduces to applying Q and scaling the result by 1/H(0) = 2772, Clearly, there
are only M coefhicients of Q compared to 2 of H, and the particular form of the
filter Q (B.20) was chosen so that only every second entry of s%, starting with k£ =
1, is multiplied by a coefficient of the filter Q.

Proofof Lemma B1: Lemma Bl is proved by induction. Since forr=1(B.13)
reduces to (B.10), we have to show that given (B.13), it also holds if 7 is increased
by one. ‘

Let §% be the subsequence consisting of every 2" entry of s/ starting with k =
1. Applying filter {g7}/=¥ to s% in (B.13) is equivalent to applying filter P" to
~J
5%, where

=M
(B.22) P(5) = 3 gDk,
=1
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To obtain (B.13), where r is increased by one, we use the quadrature formula
(B.10) of Proposition B1. Therefore, the result is obtained by convolving §% with
the coefficients of the fitter Q(£)P'(¢), where Q(£) is defined in (B.20).

Let us construct a new filter Q%! by factoring Q(£)P’(¢) similar to (B.19),

(B.23) QEP'(§) = H(E)O™ ' (§),

where we chose Q" *! to be of the form
I=M
(B.24) Q)= T gitle
=1
and H to have zero moments
o d\"
(B.25) —'ZE H(E)|;=0=0, m=1,--- , M~ 1.

Again; since moments of H vanish, the convolution with the coefficients of
the filter H reduces to scaling the result by 27172,

To compute moments M’ of Q(£)P'(§) we differentiate Q(£) P7(£) appro-
priate number of times, set £ = 0, and arrive at (B.15) and (B.16). To obtain the
linear algebraic system (B.14) for the coefficients g7*', we differentiate (B.23)
appropriate number of times, set £ = 0, and use (B.25). _

Recalling that the filter P’ is applied to the subsequence §%, we arrive at (B.13),
where r is increased by one.
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