JOURNAL OF COMPUTATIONAL PHYSICS 132, 233-259 (1997)
ARTICLE NO. CP965562

On the Adaptive Numerical Solution of Nonlinear Partial
Differential Equations in Wavelet Bases

Gregory Beylkin* and James M. Keiserf

Program in Applied Mathematics, University of Colorado, Boulder, Colorado 80309-0526
E-mail: beylkin@newton.colorado.edu

Received November 29, 1995; revised July 30, 1996

This work develops fast and adaptive algorithms for numerically
solving nonlinear partial differential equations of the form u, =
Zu+ _N'flu), where # and 1" are linear differential operators and
f(u) is a nonlinear function. These equations are adaptively solved
by projecting the solution u and the operators # and ./ into a
wavelet basis. Vanishing moments of the basis functions permit a
sparse representation of the solution and operators. Using these
sparse representations fast and adaptive algorithms that apply oper-
ators to functions and evaluate nonlinear functions, are developed
for solving evolution equations. For a wavelet representation of the
solution u that contains N; significant coefficients, the algorithms
update the solution using O(N;) operations. The approach is applied
to a number of examples and numerical results are given. © 1997
Academic Press

1. INTRODUCTION

This paper is concerned with the fast, adaptive numerical
solution of nonlinear partial differential equations having
solutions which exhibit both smooth and shock-like behav-
ior. The algorithms we describe take advantage of the
fact that wavelet expansions may be viewed as a localized
Fourier analysis with multiresolution structure that “auto-
matically” distinguishes between smooth and shock-like
behavior. In smooth regions few wavelet coefficients are
needed and, in singular regions, large variations in the
function require more wavelet coefficients. The theoretical
analysis of such functions by wavelet methods is well un-
derstood [17, 30, 31]. Additionally, there have been a num-
ber of investigations into the use of wavelet expansions for
numerically computing solutions of differential equations
[36-38]. However, these numerical approaches are simply
projection methods which do not address the important
computational question of adaptively updating solutions
of differential equations. Using wavelet expansions of func-
tions and operators for fast, adaptive numerical purposes
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requires the development of new algorithms, which are
introduced in this paper.

Any wavelet-expansion approach to solving differential
equations is essentially a projection method. In a projection
method the goal is to use the fewest number of expansion
coefficients to represent the solution since this leads to
efficient numerical computations. The number of coeffi-
cients required to represent a function expanded in a Fou-
rier series (or similar expansions based on the eigenfunc-
tions of a differential operator) depends on the most
singular behavior of the function. We are interested in
solutions of partial differential equations that have regions
of smooth, nonoscillatory behavior interrupted by a num-
ber of well-defined localized shocks or shock-like struc-
tures. Therefore, expansions of these solutions, based upon
the eigenfunctions of differential operators, require a large
number of terms due to the singular regions. Alternately,
alocalized representation of the solution, typified by front-
tracking or adaptive grid methods, may be employed in
order to distinguish between smooth and shock-like be-
havior.

In this paper we use wavelet expansions in the develop-
ment of adaptive numerical algorithms. Let the wavelet
transform of a function consist of N; significant coefficients
(those coefficients of size greater than some threshold
€ > 0) concentrated near shock-like structures. Our goal is
to design fully adaptive algorithms that perform numerical
computations in O(N;) operations, using only the signifi-
cant wavelet coefficients. In other words, we will look for
a general “‘spectral” approach that has the desirable prop-
erties of specialized adaptive algorithms. The resulting al-
gorithmic complexity of our approach is then proportional
to the number of significant coefficients in the wavelet
expansions of functions and operators.

We also note that in wavelet coordinates differential
operators may be preconditioned by a diagonal matrix,
[22]. Moreover, a large class of operators, namely
Calder6n-Zygmund and pseudo-differential operators,
are sparse in wavelet bases. These observations make a
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good case for developing new numerical algorithms which
take advantage of these properties.

We develop two new algorithms for computing solutions
of partial differential equations, namely the adaptive appli-
cation of operators to functions and the adaptive pointwise
product of functions. These algorithms are necessary ingre-
dients of any fast, adaptive numerical scheme for comput-
ing solutions of partial differential equations. The algo-
rithm for adaptively multiplying operators and functions
is based on a vanishing-moment property associated with
the nonstandard form representation of a class of opera-
tors, which includes differential operators and Hilbert
transforms. We will use this property to develop a generic,
efficient, adaptive algorithm for applying differential oper-
ators to functions using only O(N;) significant wavelet coef-
ficients. We have also developed an adaptive algorithm for
computing the pointwise product of functions, again using
only O(N;) significant wavelet coefficients.

This paper is outlined as follows. In Section 2 we identify
a class of partial differential equations for which we de-
velop our methods. We use the semigroup method to re-
place the differential equation by a nonlinear integral
equation and introduce a procedure for approximating the
integral to any order of accuracy. In Section 3 we are
concerned with the construction of and calculations with
the operators appearing in the quadrature formulas de-
rived in Section 2. Specifically, we describe a method for
constructing a wavelet representation of these operators,
derive the vanishing-moment property of these operators
and describe a fast, adaptive algorithm for applying these
operators to functions expanded in a wavelet basis. In
Section 3 we also provide a brief review of the notation and
terminology associated with the wavelet representations of
functions and operators. In Section 4 we introduce a new
adaptive algorithm for computing the pointwise product
of functions expanded in a wavelet basis. In Section 5 we
illustrate the use of these algorithms by providing the re-
sults of numerical experiments and comparing them with
the exact solutions. Finally, in Section 6 we draw a number
of conclusions based on our results and indicate directions
of further investigation.

2. SEMIGROUP APPROACH AND QUADRATURES

In this section we use the semigroup approach to recast
a partial differential equation as a nonlinear integral equa-
tion in time. We then approximate the integrals to arbitrary
orders of accuracy by quadratures with operator valued
coefficients. These operators have wavelet representations
with a number of desirable properties described in Sections
3.2 and 3.3.

2.1. The Model Equation

We consider the problem of computing numerical solu-
tions of
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u,=2Lu+ Nf(u) (2.1)
with the initial condition
u(x,0) =uy(x), 0=x=1, (2.2)
and the periodic boundary condition
u(0,0) =u(l,r), 0=¢t=T. (2.3)

We explicitly separate the evolution Eq. (2.1) into a linear
part, Zu, and a nonlinear part, ./’f(u), where the operators
Z and ./ are constant-coefficient differential operators
that do not depend on time ¢. The function f(u) is typically
nonlinear, e.g., f(u) = u?.
Examples of evolution Eq. (2.1) in 1 + 1 dimensions
include reaction—diffusion equations, e.g.,
w,= v, +uf, p>1,v>0, (2.4)
equations describing the buildup and propagation of
shocks, e.g., Burgers’ equation
u, + uu, = v, v>0 (2.5)
[6], and equations having special soliton solutions, e.g., the
Korteweg—de Vries equation
u, + oty + By, =0, (2.6)
where «, B8 are constant [35, 1]. Finally, a simple example
of Eq. (2.1) is the classical diffusion (or heat) equation
U, = vi,,, v>0. 2.7)
Remark. Although we do not address multidimen-
sional problems in this paper, we note that the Navier—
Stokes equations may also be written in the form (2.1).
Consider

u +Hu-Vu+ V- w)] = Wu - Vp,  (28)

where
divu=0

(2.9)

and p denotes the pressure. Applying divergence operator
to both sides of (2.8) and using (2.9), we obtain
Ap = f(u), (2.10)

where f(u) = —3V[u- Vu + V(u- u)] is a nonlinear function
of u. Equation (2.1) is formally obtained by setting
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Lu = WV (2.11)

and

Nu = —}[u:-Vu + V(u-u)] — V(A f(u)). (2.12)
The term A~'f(u) is an integral operator which introduces
a long-range interaction and has a sparse representation
in wavelet bases. A one-dimensional model that may be
thought of as a prototype for the Navier—Stokes equation is

u; = A (uu, (2.13)
where 77(+) is the Hilbert transform (see [14]). The pres-
ence of the Hilbert transform in (2.13) introduces a long-
range interaction which models that found in the Navier—
Stokes equations. Even though in this paper we develop
algorithms for one-dimensional problems, we take special
care that they generalize properly to several dimensions
so that we can address these problems in the future.

Several numerical techniques have been developed to
compute approximate solutions of equations such as (2.1).
These techniques include finite-difference, pseudo-spec-
tral, and adaptive grid methods (see, e.g., [3, 35]). An
important step in solving Eq. (2.1) by any of these methods
is the choice of time discretization. Explicit schemes (which
are easiest to implement) may require prohibitively small
time steps (usually because of diffusion terms in the evolu-
tion equation). On the other hand, implicit schemes allow
for larger time steps but they require solving a system
of equations at each time step and, for this reason, are
somewhat more difficult to implement in an efficient man-
ner. In our approach we have used an implicit time inte-
grator which is described below. We note that there are
preconditioners available for the wavelet representation of
differential operators used in implicit numerical schemes,
although we do not discuss this subject in this paper.

The main difficulty in computing solutions of equations
like (2.1) is the resolution of shock-like structures. Straight-
forward refinement of a finite-difference scheme easily be-
comes computationally excessive. The specialized front-
tracking or adaptive grid methods require some criteria to
perform local grid refinement. Usually in such schemes
these criteria are chosen in an ad hoc fashion (especially
in multiple dimensions) and are generally based on the
amplitudes or local gradients in the solution.

The pseudo-spectral method usually splits the evolution
equation into linear and nonlinear parts and updates the
solution by adding the linear contribution, calculated in the
Fourier space, and the nonlinear contribution, calculated in
the physical space [34, 35]. Pseudo-spectral schemes have
the advantages that they are easy to understand analyti-
cally, spectrally accurate, and relatively straightforward
to implement. However, pseudo-spectral schemes have a
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disadvantage in that the linear and nonlinear contributions
must be added in the same domain, either the physical
space or the Fourier space. For solutions which exhibit
shock-like solutions such transformations between the do-
mains is costly, whereas the transform into the wavelet
domain is much less expensive due to the locality of the
wavelet transform. This difficulty becomes significant when
one attempts to compute solutions of differential equations
in multiple dimensions. We note that our wavelet approach
is comparable to spectral methods in their accuracy and
parallels general adaptive grid approaches in the automatic
placement of significant wavelet coefficients in regions of
large gradients.

2.2. The Semigroup Approach

The semigroup approach is a well-known analytical tool
which is used to convert partial differential equations to
nonlinear integral equations and to obtain estimates associ-
ated with the behavior of their solutions (see, e.g., [4, 13]).
The solution of the initial value problem (2.1) is given by

u(x, f) = 0 ug(x) + j L e A f(u(x, 1) dr. (214)

Expressing solutions of (2.1) in the form (2.14) is useful
for proving existence and uniqueness of solutions and com-
puting estimates of their magnitude, verifying dependence
on initial and boundary data, as well as performing asymp-
totic analysis of the solution; see, e.g., [13].

We are interested in using Eq. (2.14) as a starting point
for an efficient numerical algorithm. As far as we know,
the semigroup approach has had limited use in numerical
calculations. A significant difficulty in designing numerical
algorithms based directly on the solution (2.14) is that
the operators appearing in (2.14) are not sparse (i.e., the
matrices representing these operators are dense). We show
in Sections 3.2 and 3.3 that in the wavelet system of coordi-
nates these operators are sparse and have the desired prop-
erties for fast, adaptive numerical algorithms.

2.3. Quadratures

As it follows from (2.14), we have to consider approxi-
mating integrals of the form

1(x,1) = f " e F(u(x, 7)) d. (2.15)

As mentioned earlier, the differential operator ./ is as-
sumed to be independent of ¢ and the function f(u) is
nonlinear. For example, in the case of Burgers’ equation
"= 8/ox and f(u) = su?, so that . 1f(u) = uu, appears
as products of u and its derivative. In the case of quadratic
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nonlinearity we seek approximations to integrals of the
form

1() = j " e u(ny(r) dr, (2.16)

where we have suppressed the explicit x-dependence of
u(x,t). In order to derive an approximation to this integral,
we partition the interval of integration [y, ¢] into m equal
subintervals with grid points at ¢; = f, + i At, for i = 0,
1, ..., m, and we denote u(t;) and v(t;) by u; and v;, respec-
tively.

Remark. We do not address adaptive time integration
in this paper, but we note that it can be accommodated
by our algorithms.

We seek an approximation to (2.16) of the form

I(t) = I(¢) + O(Ar™), (2.17)

where

()= 2 cijuw;

i,j=0

(2.18)

and where the coefficients c. ; are time-independent, opera-
tor-valued functions of the operator Z. Observe that we
have included in (2.18) cross terms of the form ww;, i # j;
typically, quadrature approximations only involve prod-
ucts uv;, e.g., the trapezoidal rule. We would like to use
the fewest number of terms of the form u,v; in (2.18). We
reduce the number of such terms (from (m + 1) to
m + 1) by reducing the number of nonzero operator coef-
ficients c; ;. The coefficients c; ; are determined by compar-
ing (2.17) and (2.18) with a scheme of known order of
accuracy. One such comparison scheme is constructed us-
ing Lagrange polynomial approximations in ¢ of the func-
tions u(t) and v(f). The coefficients ¢;; in (2.18) are then
determined by straightforward expansion techniques. This
leads to a system of equations for determining the operator
coefficients c;; that, in general, has more than one solution.
We then choose a solution of this system of equations that
consists of m + 1 nonzero coefficients ¢;;. Substituting
these c;; into Eq. (2.17) yields an approximation to (2.16)
which is O((Ar)™*') accurate and involves m + 1 terms of
the form uv;.

Applying this procedure to Burgers’ equation (2.5), we
are led to approximate

() = j Dy (Puy(7) d-. (2.19)
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For m = 1, we approximate (2.19) by

1(1) = 501 (u(to)ur(to) + u(t)u(t) + O((A)%), (220
or
1(0) = 301 (u(to)u(t) + u(t)ux(to)) + O((Ar)%), (2.21)
where
O = (€ = 1)L (2.22)

and where I is the identity operator. Note that (2.20) is
equivalent to the standard trapezoidal rule. For m = 2 our
procedure yields an analogue of Simpson’s rule,

2
1(0) = 3 cLu(tu(t) + O((Ar)), (2.23)
i=0
where
o0 =380 12— 52, (2.24)
1 =30, (2.25)
C2 =800+ 57 (2.26)

Higher order quadratures are accommodated by this pro-
cedure by considering m > 2. Detailed derivation and
stability analysis of these schemes is outside the scope of
this paper and we refer to [43] for details.

3. WAVELET REPRESENTATIONS OF
OPERATOR FUNCTIONS

In this section we are concerned with the construction
of and calculations with the nonstandard form (NS-form)
of the operator functions (see, e.g., (2.16)). We begin by
setting our notation and refer to Appendix A for details.
We then show how to compute the NS-form of the operator
functions and establish the vanishing-moment property of
the wavelet representation of these operators. Finally, we
describe a fast, adaptive algorithm for applying operators
to functions in the wavelet system of coordinates.

3.1. Notation

We begin by setting our notation associated with multi-
resolution analysis and expansions of functions and opera-
tors into a wavelet basis (see also Appendix A and [18,
30, 33]). We consider a multiresolution analysis (MRA) of
L2(R) as an infinite chain of subspaces

"'CV2CV1CVOCV_1CV_2C"‘. (31)
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As usual, we define an associated sequence of subspaces
W; as the orthogonal complements of V,;in V,_q,
Vi.i=V,OW,. 32)
We denote by ¢(-) the scaling function and (-) the wave-
let. The family of functions {¢;;(x) = 272@(27x — k)}rez
forms an orthonormal basis of V; and {y(x) =
27"24(27x — k)}rez, an orthonormal basis of W;.
We consider representations of operators in the NS-
form [25, 21]. The NS-form of an operator T is obtained
by expanding T in the ‘“‘telescopic’ series,

T=2 (Q;TQ; + Q;TP; + P,TQ)), (3.3)

jez

where P; and Q; are projection operators on subspaces V;
and W, respectively. The NS-form of T is, thus, repre-
sented by the set of operators

T= {A/, Bj, F/}jeZ» (34)

where the operators A;, B;, and I'; act on subspaces V; and
W, as

(3.5)

For numerical purposes we define a “finest” scale,
j = 0, and a ‘“‘coarsest” scale, j = J, such that the infinite
chain (3.1) is restricted to
VJCV]_] C--- CVO (36)
We also consider a periodized version of the multiresolu-
tion analysis that is obtained if we consider periodic func-
tions. This periodization is the simplest (but not the most
efficient or elegant) way to consider the multiresolution
analysis of a function on an interval. The problem with
periodization is that we might introduce an artificial singu-
larity at the boundary. A more elegant approach would
use wavelets on the interval, [17], or multiwavelets, [19].
We choose to consider the periodization described here
since it is the easiest way to describe our adaptive algo-
rithms and our approach does not change substantially if
we use other bases. We will therefore consider functions
having projections on V, which are periodic of period
N = 2" where N is the dimension of V. With a slight abuse
of notation we will denote these periodized subspaces also
by V; and W;. We can then view the space V, as consisting
of 2" “samples” or lattice points and each space V; and
W, as consisting of 2”7/ lattice points, for j = 1, 2, ..,
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J = n. Once again we refer the reader to Appendix A and
[18,30, 33] for additional introductory and background ma-
terial.

3.2. The Nonstandard Form of Operator Functions

In this section we construct the NS-forms of analytic
functions of the differential operator d,. Following [25, 21]
we introduce two approaches for computing the NS-forms
of operator functions: (i) compute the projection of the
operator function on V,

POf(ax)PO’ (37)

or, (ii) compute the function of the projection of the
operator,

F(Pod,Pyo). (3.8)

The difference between these two approaches depends on
how well |¢(€)[ acts as a cutoff function, where ¢(x) is the
scaling function associated with a wavelet basis. It might
be convenient to use either (3.7) or (3.8) in applications.
The operator functions we are interested in are those
appearing in solutions of the partial differential Eq. (2.1).
For example, using (2.14) with (2.21), solutions of Burgers’
equation can be approximated to order (Af)* by

u(x,t+ Ar)

= e*u(x, 1) (3.9)

=30 ,4[u(x, ) u(x, t + Af) + u(x, t + At)d,u(x, 1)),

where # = vd? and (,; is given by (2.22). Therefore, we
are interested in constructing the NS-forms of the opera-
tor functions,

e (3.10)

and

R e \Wh (3.11)

for example. In computing solutions of (2.1) (via, e.g.,
(3.9)), we precompute the NS-forms of the operator func-
tions and apply them as necessary.

We note that if the operator function is homogeneous
of degree m (e.g., m = 1 and 2 for the first and second
derivative operators), then the coefficients appearing in

the NS-form at different scales are simply related (see
(A.14) and (A. 19)),
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aj=2"af,
/31’ = 2fm.i’3?,
: , (3.12)
vi=2",
s =2""is},

On the other hand, if the operator function is not homoge-
neous then we compute s? ;' via (A.14) and compute the
coefficients a} ', Bk.x', and v via equations (A.20) for
each scale, j = 1, 2, ..., J/ = n. We note that if the operator
function is a convolution then the formulas for s{_, are
considerably simplified (see [21]).

We first describe computing the NS-form of an operator
function f(d,) by projecting the operator function into the
wavelet basis via (3.7). To compute the coefficients

o =27 j " e@x — ) f(0.)¢(27x — k) dx,  (3.13)
let us consider
f(0)e(27x — k')
) \/177 |7 fig2)p(e)e e ag, 19
where &(¢) is the Fourier transform of ¢(x),
. 1 (- »
WO == j " p(x)e dx. (3.15)

Substituting (3.14) into (3.13) and noting that s/ .. = s/ .,
we arrive at

si= [T g p@Pesdg (3.16)
We evaluate (3.16) by setting
si=[7 3 fi27(E + 2wk + 2mb)Pe g, (317)
or
si= [ s(9e ds. (318)
where
g8(é) = kgz f(=i279(¢ + 2mk))|@(¢ + 2ak)P. (3.19)

We now observe that for a given accuracy ¢ the function
|@(€) acts as a cutoff function in the Fourier domain, i.e.,
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(&) < & for || > n for some n > 0. Therefore, Eq.
(3.17) is approximated to within & by

g = k;K f(=i27(& + 2mk))|@(& + 2ak)]* (3.20)

for some K. Using (3.20) in place of g(¢) in (3.18), we
obtain an approximation to the coefficients s/,

= 2 a(&eied. (3:21)

The coefficients §} are computed by applying the FFT to
the sequence {g(&,)}, computed via (3.20).

In order to compute the NS-form of an operator function
via (3.8), we use the DFT to diagonalize the differential
operator d, and apply the spectral theorem to compute
the operator functions. Starting with the wavelet represen-
tation of 9, on V, (see Section A.2 or [21]) of the discretiza-
tion of d,, we write the eigenvalues explicitly as

L
Ak =5, + 2 (SleZni(kl/N) + S7187277i(k1/N))’
=1

(3.22)

where the wavelet coefficients of the derivative, s; = 59,

are defined by (A.14). Since
f(.r)y=Zf(AN)7 1, (3.23)

where A is a diagonal matrix and 7 is the Fourier transform

we compute f(A,) and apply the inverse Fourier transform
to the sequence f(Ay),

f( A= DU=D/N) (3.24)

h
||
=

to arrive at the wavelet coefficients s?. The remaining ele-
ments of the NS-form are then recursively computed using
Egs. (A.19).

3.3. Vanishing Moments of the B-Blocks

We now establish the vanishing-moment property of the
B-blocks of the NS-form representation of functions of a
differential operator and the Hilbert transform. We note
that a similar result also holds for the B-blocks of some
classes of pseudo-differential operators; see, e.g., [32]. Ad-
ditionally, we note that the results of this section do not
require compactly supported wavelets. These results are
used to design an adaptive algorithm for multiplying the
NS-form of an operator and the wavelet expansion of a
function.
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LEmmA 1. If the wavelet basis has M vanishing mo-
ments, then the B-blocks of the NS-form of the analytic
operator function f(9,), described in Section 3.2, satisfy

S 1mgj=0

|=—

(3.25)

form=0,1,2, ..M —1landj=1,2,..,J.
Proof. See Appendix A.3.

LEmMMA 2. Under the conditions of Lemma 1, the
B-blocks of the NS-form of the Hilbert transform

1 = f(s)
L =—p.v. — .
N ==pv. [* L s (3.26)
(where p.v. indicates the principle value) satisfy
= .
> "B =0, (3.27)
|=—w

for0O=m=M-—-1landj=1,2,..J.
Proof. See Appendix A.3.

3.4. Adaptive Calculations with the Nonstandard Form

In [25] it was shown that Calder6n-Zygmund and
pseudo-differential operators can be applied to functions
in O(—N log €) operations, where N = 2" is the dimension
of the finest subspace V, and ¢ is the desired accuracy. In
this section we describe an algorithm for applying opera-
tors to functions with sublinear complexity, O(CNy), where
N; is the number of significant coefficients in the wavelet
representation of the function.

We are interested in applying operators to functions
that are solutions of partial differential equations having
regions of smooth, nonoscillatory behavior interrupted by
a number of well-defined localized shocks or shock-like
structures. The wavelet expansion of such functions (see,
e.g., (A.10)) then consists of differences {d’} that are sparse
and averages {s’} that may be dense. Adaptively applying
the NS-form representation of an operator to a function
expanded in a wavelet basis requires rapid evaluation of

‘2]k = 2/ Ajl&l d]/.m + 2/ BJJ;HS’/Q[ (3.28)

§I = J J
Sk 2 Vi sy
I

(3.29)

forj=1,2,...J —land k € Fp»i = {0, 1, 2, ..., 2" — 1}
and on the final, coarse scale
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FIG. 1. For the operators considered in Section 3.3 the vanishing-
moment property of the rows of the B-block yields a sparse result (up
to a given accuracy €) when applied to a smooth and dense vector {s’}.

‘?i = ; A{m diu + 2 B{msiﬂ (3.30)
§y = 2 [dig + 21: T4eiStss (3.31)

for k € F,nv. The difficulty in adaptively applying the NS-
form of an operator to such functions is the need to apply
the B-blocks of the operator to the averages {s’} in (3.28).
Since the averages are “‘smoothed” versions of the function
itself, these vectors are not necessarily sparse and may
consist of 2"/ significant coefficients on scale j. Our algo-
rithm uses the fact that for the operator functions consid-
ered in Section 3.2, the rows of the B-blocks have M
vanishing moments. This means that when the row of a
B-block is applied to the “smooth’ averages {s’} the re-
sulting vector is sparse (for a given accuracy ¢), as is illus-
trated in Fig. 1.

Since each row of the B-block has the same number of
vanishing moments as the filter G, we can use the {d’}
coefficients of the wavelet expansion to predict significant
contributions to (3.28). In this way we can replace the
calculations with a dense vector {s} in (3.28) by calculations
with a sparse vector {5},

‘7]1( = 21: A]/'m d‘;ﬁl + 2 BJI;HEL/, (332)

forj=1,2,..,J —1and k € Fy». In what follows we
describe a method for determining the indices of {§7} using
the indices of the significant wavelet coefficients {d’}.

The formal description of the procedure is as follows.
For the functions under consideration the magnitude of
many wavelet coefficients {d’} are below a given threshold
of accuracy e. The representation of fon Vj, (A.10), using
only coefficients above the threshold ¢ is

(Pof)() =2 X dihu() + X sheru(x), (333)

j=1 {k:\d],;\>s} kEF -1
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whereas for the error we have
[(Pof)e(x) = (Pof)(x)|
-2 3

T=1 k| d] <o)

1/2 (334)
|df,;|2> < &N,

where N, is the number of coefficients below the threshold.
The number of significant wavelet coefficients is defined
as Ny = N — N,, where N is the dimension of the space V.

We define the e-accurate subspace for f, denoted D} C
V,, as the subspace spanned by only those basis functions
present in (3.33),

D=V, U {span {; , (x)}:|d}| > &} (3.35)
for 1 = j = J and k € Fi. Associated with D% are sub-

spaces Sj; determined using the two-scale difference rela-
tion, e.g., Eq. (A.2). Namely, for eachj =0, 1, ..., J — 1,

Sj; = {span{@21(X)}: Yr1(x) EDF. (3.36)
For j = J we define the space §%; as

In terms of the coefficients d/'' the space S#; may be de-
fined by

87, = {span {@2x+1(x)}: [d} 1] > &} (3.38)
In this way we can use D} to “mask™ V, forming S%;; in
practice all we do is manipulate indices. The subset of
coefficients {§’} that contribute to the sum (3.32) may now
be identified by indices of the coefficients corresponding
to basis functions in S§;. In appendix A.4 we show that we
may indeed use the coefficients of the {d’} to determine
the {57} that contribute to (3.32).

4. EVALUATING FUNCTIONS IN WAVELET BASES

In this section we describe our adaptive algorithm for
evaluating the pointwise product of functions represented
in wavelet bases. More generally, our results may be ap-
plied to computing functions f(u), where f is an analytic
function and u is expanded in a wavelet basis. We start by
noting that since pointwise multiplication is a diagonal
operator in the “physical” domain, computing the point-
wise product in any other domain appears to be less effi-
cient. In other words, a successful and efficient algorithm
should at some point compute f(u) in the physical domain
using values of u and not the expansion coefficients of u.
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If u(x) is expanded in a basis,

u(v) =3 b (x) @)

where u; are the coefficients and b;(x) are the basis func-
tions, then in general

Flu() # ﬁ F)br (o). (42)

Clearly, this is the case for Fourier expansions.
Let us now assume that u and f(u) are both elements
of V,. Then

u(x) = Ek: so(x — k), 4.3)

where s{ are defined by s{ = [ u(x)e(x — k) dx. In addi-
tion, let us assume that the scaling function is interpolating,
so that s = u(k). Thus, we obtain

fu) = 2;:‘ flsR)elx = k); (4.4)

i.e., f(u) is evaluated by computing the function of the
expansion coefficients f(s?). Below we will describe how
to relax the requirement that the scaling function be inter-
polating and still have property (4.4) as a quantifiable ap-
proximation.

We point out that typically f(u) is not in the same sub-
space as u. In what follows we describe an adaptive algo-
rithm for computing the pointwise square of a function,
f(u) = u?, where we split f(u) into projections on different
subspaces. Working with “pieces” of the wavelet expan-
sion of u we calculate contributions to f(u) using an approx-
imation to (4.4). This is in direct contrast with calculating
f(u) in a basis where the entire expansion must first be
projected into a ‘“‘physical” space, e.g., pseudo-spectral
methods. In Section 4.2 we briefly discuss an algorithm for
adaptively evaluating an arbitrary function f(u).

4.1. Adaptive Calculation of u?

Since the product of two functions can be expressed as
a difference of squares, it is sufficient to explain an algo-
rithm for evaluating u?. The algorithm we describe is an
improvement over that found in [40, 23].

In order to compute u? in a wavelet basis, we first recall
that the projections of u on subspaces V; and W; are given
by Pu € Viand Qu € Wyforj=0,1,2, ..., J =n,
respectively (see the discussion in Appendix A). Let j,
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FIG. 2. The adaptive pseudo-wavelet algorithm. Averages on V, are
“masked” by corresponding differences on W;. These coefficients are
then projected onto a finer subspace V,; , Eq. (4.10) is evaluated, and
the result is projected into the wavelet basis.

1 =j,=1J (see, e.g., Fig. 2, where j; = 5 and J = 8) be
the finest scale having significant wavelet coefficients that
contribute to the e-accurate approximation of u; i.e., the
projection of u can be expressed as

(Pout), (x)—Z > i) + E Sk%k(x)

T=Ir kel |>e)

(4.5)

Let us first consider the case where u and u? € V,, so that
we can expand (Pou)? in a “telescopic’ series,

(Pou)* = (Pju)* =

S

llf

_u)* — (Pu)?. (4.6)

Decoupling scale interactions in (4.6) using P;_; = Q; +
P;, we arrive at

(Patc)? = (P + S, 2(Pu)(Qu0) + (O™

j:ff

(4.7

Later we will remove the condition that u and u?> € V,,.

Remark. Equation (4.7) is written in terms of a finite
number of scales. If j ranges over Z, then (4.7) can be
written as
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= 2 2Pu)(Qu) + (Qu)’,

jer

(4.8)

which is essentially the paraproduct; see [27].

Evaluating (4.7) requires computing (Q;u)* and
(P;u)(Qju), where Q;u and P;u are elements of subspaces
on the same scale and, thus, have basis functions with the
same size support. In addition, we need to compute (Pyu)?
which involves only the coarsest scale and is not computa-
tionally expensive. The difficulty in evaluating (4.7) is that
the terms (Q;u)* and (P;u) do not necessarily belong to
the same subspace as the multiplicands. However, since

V,&W;=V,_,CV,,C-

-CV,;, CC---,

(4.9)
we may think of both P;u € V;and Q;u € W; as elements
of a finer subspace, that we denote V;_; , for some j, = 1.
We compute the coefficients of Pju and Q;u in V;_ usmg
the reconstruction algorithm, e.g., (A.10), and on V g W

can calculate contributions to (4.7) using (4.4). The key
observation is that, in order to apply (4.4), we may always
choose jj in such a way that, to within a given accuracy e,
(Qju)? and (P;u)(Q,u) belong to V,_; . It is sufficient to

J=lo
demonstrate this fact for j = 0, wh1c1[1 we do in Appen-
dix A.S.

Remark. Inpractice jo must be small, and in our numer-
ical experiments j, = 3. We note that for the case of multi-
wavelets [20, 24] the proof using the Fourier domain does
not work since basis functions may be discontinuous. How-
ever, one can directly use the piecewise polynomial repre-
sentation of the basis functions instead. For spline wavelets
both approaches are available.

To describe the algorithm for computing the pointwise
product, let us denote by %’;0() the operator to reconstruct
(represent) a vector on subspace V; or W; in the subspace

V- On V,; we can then use the coefficients %/ (P;u)
and ] (Qju) to calculate contributions to the product
(4.7) using ordinary multiplication as in (4.4). To this end,

the contributions to (4.7) for j = js, jr + 1, ..., J — 1 are
computed as
P i (u?) = 2(RE(Pu))(RLE(Qju
i) = 2(A] (Pu))(A](Qju)) 4.10)

+ (A0,

where 7;f(u) is the contribution to f(u) on subspace V;
(see (4.7). On the final coarse scale J, we compute

:@J—jo(uz) = (‘JZ)%(PJL‘))Z + 2(%)’ (Pyu)) (A (Q,u))

+ (A](Qu))*.

(4.11)
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We then project the representation on subspaces VJ —j,» for
j =Jjs .-, J into the wavelet basis. This procedure is com-
pletely equivalent to the decomposition one has to perform
after applying the NS-form. The algorithm for computing
the projection of u? in a wavelet basis is illustrated in Fig.
2. In analogy with “pseudo-spectral”” schemes, as in, e.g.,
[34, 35], we refer to this as an adaptive pseudo-wavelet
algorithm.

To demonstrate that the algorithm is adaptive, we recall
that u has a sparse representation in the wavelet basis.
Thus, evaluating (Q,u)* for j = 1, 2, ..., J requires manipu-
lating only sparse vectors. Evaluating the square of the final
coarse scale averages (P;u)? is inexpensive. The difficulty
in evaluating (4.10) lies in evaluating the products
R} (Pu)(#] Q;u) since the vectors Pju are typically dense.
The adaptivity of the algorithm comes from an observation
that, in the products appearing in (4.10), we may use the
coefficients Q;u as a “mask” of the P;u (this is similar to
the algorithm for adaptively applying operators to func-
tions). In this way contributions to (4.10) are calculated,
based on the presence of significant wavelet coefficients
Q;u and, therefore, significant products 2} (Pju)( %} Q;u).
The complexity of our algorithm is automatically adaptable
to the complexity of the wavelet representation of u.

4.2. Remarks on the Adaptive Calculation of
General f(u)

This section consists of a number of observations regard-
ing the evaluation of functions other than f(u) = u? in
wavelet bases. For analytic f(u) we can apply the same
approach as in Section 4.1, wherein we assume f(Pyu) € V,

and expand the projection f(Pou) in the “‘telescopic’ series

f(Pou) — f(Pu) = -1) = f(Pu). (4.12)

S e,

Using P,y = Q; + P; to decouple scale interactions in
(4.12) and assuming f(-) to be analytic, we substitute the
Taylor series

(n)p
Ef ( u)

n=0

f(Qiu + Pu) = (Qu)" + Ejn(fiu) (4.13)

to arrive at

J N n)
FPan) = fPa) + 3, 5 T (g

j=1 n=

Ein(fiu)

—_

(4.14)

For f(u) = u? j; = 1, and N = 2 we note that (4.14) and
(4.7) are identical.

This approach can be used for functions f(u) that have
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rapidly converging Taylor series expansions, e.g., f(u) =
sin(u) for |u| sufficiently small. In this case, for a given
accuracy & we fix an N so that |E; y(f, u)| < e. We note
that the partial differential Eq. (2.1) typically involves func-
tions f(+) that are not only analytic but in many cases are
p-degree polynomials in u. If this is the case then for each
fixed j the series in (4.13) is of degree p and E; v(f, u) =
0 for N > p. In any event we are led to evaluate the
double sum in (4.14), which can be done using the adaptive
pseudo-wavelet algorithm described in Section 4.1.

If the function fis not analytic, e.g., f(u) = |ul, then the
primary concern is how to quantify an appropriate value
of jy, i.e., how fine a reconstruction (or how much
“oversampling”’) is needed to take advantage of the inter-
polating property s§ = u(k). On the other hand, determin-
ing jo may become a significant problem even if fis analytic.
For example if the Taylor series expansion of f(u) does
not converge rapidly, as in the case of f(u) = e for large
u, we have to consider alternate approaches.

For example, expanding e” in the ‘“‘telescopic’ series

J
ePOu _ ePJu — 2 eP,;lu _ eru, (415)

and using P; = Q; + P; to decouple scale interactions,
we arrive at

J
eP(1"‘ — eP/u + 2 eP,-u(eQ,-u _ 1)
j=1

(4.16)

Since the wavelet coefficients Q;u are sparse, the multipli-
cand e¢%" — 1 is significant only where Q;u is significant.
Therefore, we can evaluate (4.16) using the adaptive
pseudo-wavelet algorithm described in Section 4.1, where
in this case the mask is determined by significant values
of e%* — 1. The applicability of such an approach depends
on the relative size (or dynamic range) of the variable u.
For example, if u(x) = asin(2rx) on 0 = x <1 thene ™ <
f(u) = e~ It is clear that even for relatively moderate
values of « the function e” may range over several orders
of magnitude.

In order to take the dynamic range into account, we
apply a scaling and squaring method. Instead of computing
e" directly, one calculates e and repeatedly squares the
result k times. The constant k depends on the magnitude
of u and is chosen so that the variable u is scaled as —1 <
27%u < 1, for example. In this interval, calculating e " can
be accomplished as described by Eq. (4.16) and the adap-
tive pseudo-wavelet algorithm of Section 4.1. One then
repeatedly applies the algorlthm for squaring ¢ to arrive
at the wavelet expansion of e*
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5. RESULTS OF NUMERICAL EXPERIMENTS

In this section we present the results of numerical experi-
ments in which we compute approximations to the solu-
tions of the heat equation, Burgers’ equation, and two
generalized Burgers’ equations. In each of the examples
we replace the initial value problem (2.1) with (2.2) and
(2.3) by a suitable approximation, e.g., (2.17). The wavelet
representation of the operators appearing in this approxi-
mation are computed via (3.8). In order to illustrate the use
of our adaptive algorithm for computing f(u) developed in
Section 4, we choose the basis having a scaling function
with M shifted vanishing moments (see (A.4)) the so-called
““coiflets.” This allows us to use the approximate interpolat-
ing property; see, e.g., (5.2), below.

In each experiment we use a cutoff of & = 1076, roughly
corresponding to single precision accuracy. The number
of vanishing moments is then chosen to be M = 6 and the
corresponding length of the quadrature mirror filters H =
{hi}er, and G = {g iz, for “coiflets” satisfies L; = 3M
(see, e.g., [18]). The number of scales n in the numerical
realization of the multiresolution analysis depends on the
most singular behaviour of the solution u(x, t). The specific
value of n used in our experiments is given with each
example. We fix J, the depth of the wavelet decomposition,
satisfying 2"~/ > L, so that there is no “wrap-around” of
the filters H and G on the coarsest scale.

Each of our experiments begins by projecting the initial
condition (2.2) on V,, which amounts to evaluating

sy = J: uo(x)e(x — 1) dx. (5.1)

For smooth initial conditions we approximate the integral
(5.1) (using the shifted vanishing moments of the scaling
function ¢(-)) to within & via
st ~u(l — a) (5.2)
(see the discussion in Section 4.1). We note that in this
case the discretization of the initial condition is similar to
traditional discretizations, where one sets
U(x;, to) = uo(i Ax) (5:3)
fori =0,1, 2, .., 2" — 1, where Ax = 27", and where
U(x;, t) is the numerical approximation of the solution at
grid point x; = i Ax and time t.
Since approximations to the integral in (2.14) are implicit
in time, we solve an equation of the form

U(4:1) = E(U()) + 1(U(1), U(tj41)) (54)

for U(t;.,) by iteration, where we have dropped the explicit
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x dependence. In (5.4) E(+) is the explicit part of the ap-
proximation to (2.14) and I(-) is the implicit part.

One can use specialized techniques for solving (5.4),
e.g., accelerating the convergence of the iteration by using
preconditioners (which may be readily reconstructed in a
wavelet basis; see, e.g., [22]). However, in our experiments
we use a straightforward fixed-point method to compute
U(t+1). We begin by setting

Uo(t;11) = E(U(1y)) + 1(U(1), U(1))), (5.5)
and repeatedly evaluate
Uiai(t1) = E(U(L)) + I(U), U(t21)) — (5.6)
for k =0, 1, 2, .... We terminate the iteration when
[ Uks1(t1) = Ut <&, (5.7)
where
|Uks1(t51) = Ur(t)|
2" 112 (5.8)
= <2§1 (Ui (xi, tie1) — Ur(x;, tj+1))2> :

Once (5.7) is satisfied, we update the solution and set

U(tjs1) = Uk (t41)- (5.9)
Again we note that one can use a more sophisticated itera-
tive scheme and different stopping criteria for evaluating
(5.4) (e.g., simply compute (5.6) for a fixed number of itera-
tions).

5.1. The Heat Equation

We begin with this simple linear example in order to
illustrate several points and provide a bridge to the non-
linear problems discussed below. In particular we show
that, in the wavelet system of coordinates, higher order
schemes do not necessarily require more operations than
lower order schemes. We consider the heat equation on
the unit interval,

U, =i, 0=x=1,0=r=1, (5.10)
for v > 0, with the initial condition
u(x,0) = upx), 0=x=1, (5.11)

and the periodic boundary condition u(0, f) = u(1, t). There
are several well-known approaches for solving (5.10) and
more general equations of this type having variable coeffi-
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cients. Equation (5.10) can be viewed as a simple represen-
tative of this class of equations and we emphasize that the
following remarks are applicable to the variable coefficient
case, v = v(x) (see also [41]).

For diffusion-type equations, explicit finite difference
schemes are conditionally stable with the stability condi-
tion v At/(Ax)? < 1 (see, e.g., [2, 3]), where At = 1/N,,
Ax = 1/N, and N, is the number of time steps. This con-
dition tends to require prohibitively small time steps. An
alternate, implicit approach is the Crank—Nicholson
scheme [2, 3], which is unconditionally stable and accurate
to O((Ar)> + (Ax)?). At each time step, the Crank—
Nicholson scheme requires solving a system of equations,

AU(t1.1) = BU(5) (5.12)

forj=0,1,2,.., N, — 1, where we have suppressed the
dependence of U(x, f) on x. The matrices A and B are
given by A = diag(—a/2, 1 + a, —a/2) and B =
diag(a/2, 1 — o, a/2), where a = v(At/(Ax)?).
Alternatively, we can write the solution of (5.10) as

u(x,t) = e“uy(x), (5.13)

where / = vd,,, compute (5.13) by discretizing the time
interval [0, 1] into N, subintervals of length At = 1/N,, and
by repeatedly applying the NS-form of the operator e via

U(tj1) = e*U(1)) (5.14)

forj=0,1,2,...,N,— 1,where U(t,) = U(0). The numerical
method described by (5.14) is explicit and unconditionally
stable since the eigenvalues of X% are less than one.

The fact that the Crank—Nicholson scheme is uncondi-
tionally stable allows one to choose At independently of
Ax; in particular one can choose At to be proportional to
Ax. In order to emphasize our point we set Ax = A¢ and
v = 1. Although the Crank—Nicholson scheme is second-
order accurate and such choices of the parameters Ax, Az,
and v appear to be reasonable, by analyzing the scheme
in the Fourier domain, we find that high frequency compo-
nents in an initial condition decay very slowly. By diagonal-
izing matrices A and B in (5.12), it is easy to find the largest
eigenvalue of A™'B, Ay = (1 — 2a)/(1 + 2«). For the
choice of parameters » = 1 and At = Ax, we see that as «
becomes large, the eigenvalue Ay tends to —1. We note
that there are various ad hoc remedies (e.g., smoothing)
used in conjunction with the Crank—Nicholson scheme to
remove these slowly decaying high frequency components.

For example, let us consider the following initial con-
dition
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0.50F e — ; —
0.40 [ 3

0.30F E

U(x,t)

0.20FE S

O.OO.‘l...l“l.;l.,.A

FIG. 3. Solution of the heat equation using the Crank—Nicholson
method (5.12) with At = Ax = 27% and v = 1.0. Note the slowly decaying

peak in the solution that is due to the eigenvalue Ay = = — 0.99902344.
® {x’ Rt
up(x) = 5.15

1—x, l=x=1,

that has a discontinuous derivative at x = 4. Figure 3 illus-
trates the evolution of (5.15) via (5.12) with Az = Ax and
v = 1 and the slow decay of high frequency components
of the initial condition. We have implemented Eq. (5.14)
and display the result in Fig. 4 for the case where v = 1,
At = Ax = 27" = 1/N, and n = 9. We note that there is a
proper decay of the sharp peak in the initial condition.
In order to illustrate the difference between the results
of our wavelet based approach and those of the Crank—
Nicholson scheme, we construct the NS-form of the opera-
tor A~'B and compare it with that of e*“. The NS-form of
an operator explicitly separates blocks of the operator that
act on the high frequency components of u. These finer

0.50F r ; — —
0.40F 3

0.30F =

U(x)

0.20

FIG. 4. Solution of the heat equation using the NS-form of the expo-
nential with At = Ax = 2% and v = 1.0, i.e., Eq. (5.14).



ADAPTIVE WAVELET-BASED SOLUTION OF NONLINEAR PDEs

FIG. 5. NS-form representation of the operator A~'B used in the
Crank—Nicolson scheme (5.12). Entries of absolute value greater than
1078 are shown in black. The wavelet basis is Daubechies with M = 6
vanishing moments (L; = 18), the number of scalesis n = 9 and J = 7.
We have set v = 1.0 and Ar = Ax = 27°. Note that the top left portion
of the figure contains nonzero entries which indicate high frequency
components present in the operator A~'B.

scale or high frequency blocks are located in the upper
left corner of the NS-form. Therefore, the blocks of the
NS-form of the operator A™'B that are responsible for the
high frequency components in the solution are located in
the upper left portion of Fig. 5. One can compare Fig. 5
with Fig. 6, illustrating the NS-form of the exponential
operator used in (5.14). Although the Crank-Nicholson
scheme is not typically used for this regime of parameters
(i.e., v = 1 and Ar = Ax), a similar phenomena will be
observed for any low-order method. Namely, for a given
cutoff, the NS-form representation of the matrix for the
low-order scheme will have more entries than that of the
corresponding exponential operator in the wavelet basis.
Referring to Fig. 5 and 6 it is clear that the NS-form of
the operator e* in our high order scheme is sparser than
the NS-form for the operator A~'B in the second-order
Crank—Nicholson scheme. The matrix in Fig. 5 has approxi-
mately 3.5 times as many entries as the matrix in Fig. 6.

FIG. 6. NS-form representation of the operator e”*“ used in (5.14).
Entries of absolute value greater than 10~® are shown in black. The
wavelet basis is Daubechies with M = 6 vanishing moments (L, = 18),
the number of scalesis n = 9 and J = 7. We have set v = 1.0 and At =
Ax =27
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Let us conclude by reiterating that the wavelet based
scheme via (5.13) is explicit and unconditionally stable. The
accuracy in the spatial variable of our scheme is O((Ax)*™),
where M is the number of vanishing moments, Ax = 27",
and n is the number of scales in the multiresolution analy-
sis. Additionally, our scheme is spectrally accurate in time.
Also it is adaptive simply by virtue of using a sparse data
structure to represent the operator ™", the adaptive algo-
rithm developed in Section 3.4 and the sparsity of the
solution in the wavelet basis. Finally, we note that if we
were to consider (5.10) with variable coefficients, e.g.,

u; = v(x)tyy, (5.16)
the exponential operator e*”®“ can be computed in O(N)

operations using the scaling and squaring method outlined
in, e.g., [26] (see also [43]).

5.2. Burgers’ Equation

Our next example is the numerical calculation of solu-
tions of Burgers’ equation

U, +uu, =, 0=x=1,t=0, (5.17)
for v > 0, together with an initial condition,
u(x,0) = up(x), 0=x=1, (5.18)

and periodic boundary conditions u(0, f) = u(1, f). Burgers’
equation is the simplest example of a nonlinear partial
differential equation incorporating both linear diffusion
and nonlinear advection. Solutions of Burgers’ equation
consist of stationary or moving shocks and capturing such
behavior is an important simple test of a new numerical
method (see, e.g., [36, 37, 42]).

Burgers’ equation may be solved analytically by the
Cole—Hopf transformation [7, 8], wherein it is observed
that a solution of (5.17) may be expressed as

u(x,t) = —21/%,

5 (5.19)

where ¢ = ¢(x, 1) is a solution of the heat equation with
initial condition

¢(x’ 0) = o~ (/4vm) [u(x,0)) dx_ (520)

Remark. We note that if vis small, e.g., v = 1073; then

using (5.19) as the starting point for a numerical method

turns out to be a poor approach. This is due to the large

dynamic range of the transformed initial condition (5.20)

(approximately 70 orders of magnitude for the initial con-
dition u(x, 0) = sin(2mx)). Consequently, the finite arithme-
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tic involved in a numerical scheme leads to a loss of accu-
racy in directly calculating u(x, f) via (5.19), most notably
within the vicinity of the shock.

Our numerical scheme for computing approximations
to the solution of (5.17) consists of evaluating

U(tin) = e*U(t;)

(5.21)
=30, [U(6)8,U(t;1) + Ult;1)a,U(5)],

subject to the stopping criterion (5.7). Since the solution
is expressed as the sum (5.21) and the linear part is equiva-
lent to the operator used in the solution of the heat equa-
tion, the linear diffusion in (5.17) is accounted for in an
essentially exact way. Thus, we may attribute all numerical
artifacts in the solution to the nonlinear advection term
in (5.17).

For each of the following examples, we illustrate the
accuracy of our approach by comparing the approximate
solution U,, with the exact solution U, using

”Uw - Ue” = (2n 2_0 (Uw(xivt) - Ue(xivt))2> . (522)

For comparison purposes, we compute the exact solution
Ue via
i ((x - T])/[)eG(n;x,t)/z,, dn

f‘” eCre2 g

Ue(x, 1) = . (5.23)

where

(x—m)?

Gmx.0) = [) Fon') do' + 5, (524)

and F(m) = ue(n) is the initial condition (5.18) (see, e.g.,
[5])- The initial conditions have been chosen so that (5.24)
may be evaluated analytically and we compute the integrals
in (5.23) using a high order quadrature approximation.

ExampLE 1. In this example we set n = 15, J = 9,
At = 0.001, » = 0.001, and & = 107°. The subspace V, may
be viewed as a discretization of the unit interval into 2%
grid points with the step size Ax = 27'5. We refer to Figs.
7 and 8. Figure 7 illustrates the projection of the solution
on V,, and Fig. 8 illustrates the error (5.22) and the number
of significant coefficients per time step. The number of
operations needed to update the solution is proportional
to the number of significant coefficients. The number of
iterations required to satisfy the stopping criterion (5.7)
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increases during the formation of the shock, yet it never
exceeded 10 over the entire simulation. The compression
ratios of the NS-form representation of the first derivative,
exponential, and nonlinear operator ¢, ,, are 442.2, 3708.5,
and 1364.9, respectively, where the compression ratio is
defined as N?/N,, where N is the dimension of the finest
subspace V, and N; is the number of significant entries.

ExampLE 2. In this example we illustrate the wavelet
analogue of the Gibbs phenomena encountered when one
does not use a sufficiently resolved basis expansion of the
solution. In this example n = 10, J = 4, At = 0.001, v =
0.001, and & = 107, and we refer to Figs. 9 and 10. Using
n = 10 scales to represent the solution in the wavelet basis
is insufficient to represent the high frequency components
present in the solution. Figure 9 illustrates the projection
of the solution on V, beyond the point in time where the
solution is well represented by n = 10 scales. We see that
high frequency oscillations have appeared in the projection
which may be viewed as a local analogue of the Gibbs
phenomenon. Figure 10 illustrates the number of signifi-
cant coefficients and the number of iterations per time
step required to satisfy the stopping criterion (5.7). The
compression ratios of the NS-form representation of the
first derivative, exponential, and nonlinear operator @, ,,
are 14.2, 15.4, and 21.3, respectively.

ExampLE 3. In this example we compute the solution
to Burgers’ equation using the initial condition
u(x,t) = sin(2mx) + 3 sin(4mx), (5.25)

which leads to the formation of left and right moving
shocks. In this example n = 15, J = 9, 8 = 0.001, At =
0.001, and & = 107%. We refer to Figs. 11 and 12. Figure
11 illustrates the projection of the solution on V,. Figure
12 illustrates the error (5.22) and the number of significant
coefficients needed to represent the solution in the wavelet
basis per time step. The number of operations per time
step used to update the solution is proportional to the

number of significant coefficients in the wavelet represen-
tation of the solution.

5.3. Generalized Burgers’ Equation

In this section we consider the numerical solution of the
generalized Burgers’ equation
u, + vlPu, + At =vu,,, 0=x=1,t=0, (5.26)
for constants «, 8, v > 0 and real A, together with an initial
condition u(x, 0), and periodic boundary conditions
u(0, £) = u(1, r). This equation is thoroughly studied in
[39] and we illustrate the results of a number of experi-
ments which may be compared with [39].



ADAPTIVE WAVELET-BASED SOLUTION OF NONLINEAR PDEs

247

FIG. 7. The projection on V, of the solution of Burgers’ equation at various time steps computed via the iteration (5.21). In this experiment
n =15,7J =9, Ar = 0.001, » = 0.001, and & = 1075. This figure corresponds to Example 1 of the text.

ExampLE 4. In this example we set 8 = « = 1 and
A = —1, and consider the evolution of a gaussian initial
condition centered on the interval 0 = x = 1, e.g,
u(x, 0) = uge @12’ On the interval, the decay of
u(x, 0) is suffciently fast that we can consider the initial
condition to be periodic. We set n = 15,J = 4, At = 0.001,
and & = 1075 For easy comparison with the results of
[39], we choose v = 0.0005. The approximation to the
solution of

u,+uu,—u=vu,, 0=x=1,r=0, (5.27)
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FIG. 8. The error (5.22) per sample (Fig. 7) and the number of
significant wavelet coefficients per time step in the approximation (5.21).

is computed via

U(te1) = eAt/(wﬁH)U(ti)

(5.28)
—3C2:[U(t:)0, U(ti1) + U(ti1)0, U(1)],
where
5 em(yaﬁu) —7I
(//‘62,1 = Va)% ¥ I 3 (529)

and [/ is the identity operator. We have chosen to use the
operator 2 in the form £ = v9? + I (see the development
in, e.g., Section 2). We note that the NS-forms of the
operators eM0T+D and (5.29) are computed as described in
Section 3.

Due to the negative damping in (5.27), the operator
vd2 + I is no longer negative definite. Therefore, if the
nonlinear term were not present, the solution would grow
without bound as ¢ increased. The solution of the nonlinear
Eq. (5.27) evolves to form a single shock which grows as
it moves to the right. Figure 13 illustrates the evolution of
the projection of the solution and Fig. 14 illustrates the
number of significant wavelet coefficients needed to repre-
sent the solution over the course of the experiment. On
the other hand, the presence of the nonlinearity may affect
the growth of the solution, depending on the size of the
coefficient ». We have increased the diffusion coefficient
to v = 0.005; Fig. 15 illustrates the evolution of the projec-
tion of the solution and Fig. 16 illustrates the number
of significant wavelet coefficients. We point out that the
number of operations required to update the solution is
proportional to the number of significant coefficients.
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FIG. 9. The projection on V of the solution of Burgers’ equation at various time steps computed via the iteration (5.21). In this experiment
n=10,J =4, Ar=0.001, v = 0.001, and & = 107%. An analogue of the Gibbs phenomenon begins because the shock cannot be accurately represented
by n = 10 scales. Observe that the scheme remains stable in spite of the oscillations. This figure corresponds to Example 2 of the text.

ExaMPLE 5. As a final example, we compute approxi-
mations to the solution of the so-called cubic Burgers’
equation

u,+vlu, = vu,, 0=x=<1,t=0,

(5.30)
via
U(ti1) = > U(r;)

(531)
—302,[UA(6)0, U(ti1) + UP(1:21)0,. U(1)],
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FIG. 10. The total number of significant wavelet coefficients and the
number of iterations needed to satisfy the stopping criterion (5.7) per
time step.

where @2, is given by (2.22). The only difference in (5.31),
as compared with the approximation to Burgers’ equations,
(5.21), is the presence of the cubic nonlinearity. We have
computed approximations to the solution using our algo-
rithms with n = 13,J = 6, At = 0.001, » = 0.001, and & =
107°. Figures 17 and 18 illustrate the evolution of the solu-
tion for a gaussian initial condition, and Figs. 19 and 20
illustrate the evolution of the solution for a sinusoidal
initial condition. The gaussian initial condition evolves to
amoving shock, and the sinusoidal initial condition evolves
into two right-moving shocks. We note that, although the
number of grid points in a uniform discretization of such
an initial value problem is, in this case, N = 2!*, we are
using only a few hundred significant wavelet coefficients
to update the solution.

6. CONCLUSIONS

In this paper we have synthesized the elements of numer-
ical wavelet analysis into an overall approach for solving
nonlinear partial differential equations. We have demon-
strated an approach which combines the desirable features
of finite difference approaches, spectral methods, and
front-tracking or adaptive grid approaches usually applied
to such problems. Specifically, we have considered the con-
struction of and adaptive calculations with operator func-
tions in wavelet bases, and we have developed an algorithm
for the adaptive calculation of nonlinear functions, e.g.,
fw) = u>

We used the semigroup method to replace the nonlinear
partial differential equation (2.1) by a nonlinear integral
equation (2.14), and outlined our approach for approxi-
mating such integrals. These approximations are expressed
in terms of functions of differential operators, and we have
shown how to expand these operator functions into a wave-
let basis, namely how to construct the nonstandard form
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FIG. 11. The projection on V, of the solution of Burgers’ equation at various time steps computed via the iteration (5.21). In this experiment
n =157 =9, v= 0001, At = 0.001, e = 1075, and the initial condition is given by (5.25). This figure corresponds to Example 3 of the text.

(NS-form) representation. We then presented a fast, adap-
tive algorithm for multiplying operators in the NS-form
and functions expanded in wavelet bases. Additionally,
we have introduced an adaptive algorithm for computing
functions f(u), in particular the pointwise product, where
u is expanded in a wavelet basis. Both of these algorithms
have an operation count which is proportional to the num-
ber of significant wavelet coefficients in the expansion of
u, and we note that both of these algorithms are necessary
ingredients in any basis-expansion approach to numerically
solving PDEs.
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FIG. 12. The error (5.22) per sample (Fig. 11) and the number of
significant wavelet coefficients per time step in the approximation (5.21).

In order to verify our approach, we have included the
results of a number of numerical experiments, including
the approximation to the solutions of the heat equation,
Burgers’ equation, and the generalized Burgers’ equation.
The heat equation was included to illustrate a number
of simple observations made available by our approach.
Burgers’ equation and its generalization were included to
illustrate the adaptivity inherent in wavelet-based ap-
proaches, namely the “‘automatic” identification of sharp
gradients inherent in the solutions of such equations. Since
Burgers’ equation is the simplest nonlinear example incor-
porating both diffusion and advection, it is typically a first
example researchers investigate when introducing a new
numerical method.

There are several directions for this course of work which
we have left for the future. One may consider nonperiodic
boundary conditions instead of the periodic boundary con-
dition (2.3). This may be accomplished by simply using a
wavelet (or multiwavelet) basis on an interval rather than
a periodized wavelet basis. Also, we note that variable
coefficients in the linear terms of the evolution equation
(2.1) (see, e.g., (5.16)) may be accommodated by comput-
ing the NS-form of the corresponding operators as outlined
in, e.g., [26]. Another direction has to do with the choice
of the wavelet basis. One of the conclusions which we have
drawn from this study is that there seem to be a number
of advantages to using basis functions which are piecewise
polynomial. In particular the spline family of bases appears
to be attractive as well as multiwavelets (see, e.g., [19]).
In both cases there are also disadvantages and an addi-
tional study would help to understand such a trade-off.
Yet another extension, which of course is the ultimate
goal, is to consider multidimensional problems, e.g., the
Navier—Stokes equations.

Finally, although we did not address in this paper the
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FIG. 13. The projection on V, of the solution of (5.27) at various time steps. In this experiment n = 15, J = 4, At = 0.001, e = 1075, and » =

0.005. This figure corresponds to Example 4 of the text.

problem of computing solutions of nonlinear partial differ-
ential equations having wave-like solutions, let us indicate
the difficulties in using a straightforward approach for such
equations. A simple example is the Korteweg—de Vries
equation

u, + aun, + By, =0, (6.1)
where «, B are constant. Although our algorithm for com-
puting the nonlinear contribution to the solution can be
directly applied to this problem, the NS-form representa-
tion of the operator functions associated with this problem,
e.g., e‘““’i, may be dense, even for rather small values of

At. Therefore, the adaptivity and efficiency of our algo-
rithm for applying the NS-form of an operator to a function
expanded in a wavelet basis are lost, due to the large
number of significant coefficients present in the NS-form.
Further work is required to find ways of constructing fast,
adaptive algorithms for such problems.

APPENDIX A: MULTIRESOLUTION ANALYSIS AND
WAVELET BASES

In this appendix we provide a brief review of notions
associated with multiresolution analysis (MRA); see, e.g.,
[18, 30, 33] for more details. Introducing the MRA as in
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FIG. 14. The total number of significant wavelet coefficients per time step. This figure corresponds to Example 4 of the text.



ADAPTIVE WAVELET-BASED SOLUTION OF NONLINEAR PDEs 251

1.25 T T T

1.00 |~

0.75 —

u{x,t)

0.50 —

0.25 |-

0.00
0.0

1.0

Space

FIG. 15. The projection on V, of the solution of (5.27) at various time steps. In this experiment n = 15,J = 4, At = 0.001, ¢ = 107, and v =
0.005. This figure corresponds to Example 4 of the text.

(3.1) and (3.2), we note that the scaling function and wave- The function ¢4(-) has M vanishing moments, i.e.,
let are related by the two-scale difference equations

f:(,l/(x)xmdeO, 0=m=M-1, (A.3)

L-1
o(x) = V2 D ho(2x — k) (A1) _ ' . . .
k=0 and we consider a scaling function ¢(-) which has M shifted
vanishing moments (see [25, 18]),
and
I ﬁ (X)) (x—a)"dx =0, l=m=M, (A4)
Y = V2 3 gip(2x = k). (A2)
k=0 where
where H = {hk}ﬁ(le and G = {gJr, are the quadrature (=
mirror filters (QMFs) of length Ly (see, e.g., [18]). = jfm (x) dx. (A5)
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FIG. 16. The total number of significant wavelet coefficients per time step. This figure corresponds to Example 4 of the text.
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FIG. 17. The projection on V, of the solution of cubic Burgers’ equation (5.30) at various time steps, computed using a gaussian initial condition.
In this experiment n = 13, J = 6, At = 0.001, » = 0.001, and & = 107%. This figure corresponds to Example 5 of the text.

Let P; denote the projection operator onto subspace V;
and let Q; = P, — P; be the projection operator onto
subspace W;. The projection of a function f(x) onto sub-
space V; is given by

(Pif)(x) = g,z $@ja(x). (A.6)

Alternatively, it follows from (3.2) and (A.6) that we can
also write (P;f)(x) as a sum of projections of f(x) onto
subspaces W;', j' > j,

(Pif)(x) =2 X diet i ().

j'>j k€L

(A7)

The set of coefficients {s/ },ez, which we refer to as ‘““aver-
ages,” is computed via the inner product

si= |7 @) dx, (A8)

and the set of coefficients {d/}iez, which we refer to as
“differences,” is computed via the inner product

dio= [ ) de (A9)

The expansion into the wavelet basis of the projection
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FIG. 18. The total number of significant wavelet coefficients per time step. This figure corresponds to Example 5 of the text.
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FIG.19. The projection on V| of the solution of cubic Burgers’ equation (5.30) at various time steps, computed using a sinusoidal initial condition.
In this experiment n = 13, J = 6, At = 0.001, » = 0.001, and & = 107°. This figure corresponds to Example 5 of the text.

of a function f(x) on V, is given by a sum of successive
projections on subspaces W;, j = 1, 2, ..., J, and a final
““coarse’ scale projection on V;,

(Pof)) =D S diahu() + > shgra®). (A10)

j=1 k€Fyn-i kEF -t

Given the set of coefficients {s(/i}kE[FZn, i.e., the coefficients
of the projection of f(x) on V,, we use (A.1) and (A.2) to
replace (A.8) and (A.9) by the recursive definitions of s/
and d’,,

L-1

%=;hmﬁﬂ (A.11)
=1

. L71 .

di =, gish b (A.12)

~
]
—_

where j = 1,2, ..., J and k € Fyni.

A.1. The Nonstandard Form of Operators

We will consider representations of operators in the
nonstandard form (NS-form) [25, 21]. Recall that the wave-
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FIG. 20. The total number of significant wavelet coefficients per time step.
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This figure corresponds to Example 5 of the text.
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let representation of an operator in the NS-form is found
by using bases formed by combinations of wavelet and
scaling functions, for example, in L?(R?),

k(X)) Y (¥)s
(X)) @1 (¥)s
@j,k(x) lr[fj,k'(y)’

(A.13)

where j, k, k' € Z. The NS-form of an operator 7 is defined
as in (3.3), (3.4), and (3.5).

The operators A;, B;, I';, and T, appearing in the NS-
form are represented by matrices o/, §/, 7/, and s/ with
entries defined by

e = [ [ KCey)aCpte(y) dx dy,

k' = jJK(JC V()@ (y) dx dy,
(A14)
ok = f f KCx, ) () gy () dx dy,

S = f f K(x, y) @i () g1 (y) dx dy.

The operators in (3.5) are organized as blocks of a matrix
as shown in Fig. 21.

The price of uncoupling the scale interactions in (3.3)
is the need for an additional projection into the wavelet
basis of the product of the NS-form and a vector. The term
nonstandard form comes from the fact that the vector to
which the NS-form is applied is not a representation of
the original vector in the wavelet basis. Referring to Fig.

FIG. 21. Organization of the nonstandard form of a matrix, A;, B;,
and I';, j = 1, 2, 3, and T are the only nonzero blocks.
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FIG. 22. Illustration of the application of the nonstandard form to
a vector.

22 we see that the NS-form is applied to both averages
and differences of the wavelet expansion of a function. In
this case we can view the multiplication of the NS-form
and a vector as an embedding of matrix—vector multiplica-
tion into a space of dimension
M =227 — 1), (A.15)

where n is the number of scales in the wavelet expansion
and J = n is the depth of the expansion. This result must
then be projected back into the original space of dimension
N = 2". We note that in general M > N, and for J = n
we have M = 2N — 1.

It follows from (3.3) that after applying the NS-form to
a vector we arrive at the representation

(Tof)(x) =2, > diha(x) + > > Shou(x). (A.16)

j=1 kEFyr =1 kEFyri

The representation (A.16) consists of both averages and
differences on all scales which can either be projected into
the wavelet basis or reconstructed to space V,. In order
to project (A.16) into the wavelet basis we form the repre-
sentation

dja(x) + 2

kEFy

stere(x). (A7)

-7

(Tof)) =3, S

j=1 ke

using the decomposition algorithm described by (A.11)
and (A.12) as follows. Given the coefficients {§/}/, and
{d }] |» we decompose {§'} into {5* } and {d 2 and form the
sums {s2} = {§% + §2} and {d?} = {d® + d?}. Then on each
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FIG. 23. Reprojection of the product of the NS-form and a function
into a wavelet basis.

scale j = 2,3, ...,J — 1, we decompose {s’} = {§/ + §} into
{571} and {df“} and form the sums {s/*!} = {§/*! + §7+1}
and {d/*1} = {d/*! + d’*). The sets {s’} and {d’}/_, are the
coefficients of the wavelet expansion of (7 fo)(x) i.e., the
coefficients appearing in (A.17). This procedure is illus-
trated in Fig. 23.

Remark. An alternative to projecting the representa-
tion (A.16) into the wavelet basis is to reconstruct (A.16)
to space Vy, i.e., form the representation (A.6)

(Pof)(x) = (A.18)

> seoi(x),

kez

using the reconstruction algorithm described in Section A
as follows. Given the coefficients {/}/_, and {d’}]’ 1> We
reconstruct {d’} and {§’} into {§/"1} and form the sum
{s/"1} = {§/"' + §/-1}. Then on each scale j =J — 1,J —
2, ..., 1 we reconstruct {§'} and {d’} into {51} and form the
sum {s/1} = {§/=! + §-1}. The final reconstruction (of {d'}
and {s'}) forms the coefficients {s°} appearing in (A.18).
This procedure is illustrated in Fig. 24.

A.2. The Nonstandard Form of Differential Operators

In this appendix we recall the wavelet representation of
differential operators 9% in the NS-form. The rows of the
NS-form of differential operators may be viewed as finite-
difference approximations on subspace V, of order
2M — 1, where M is the number of vanishing moments of
the wavelet ¢(x). This material is a review of material
found in [21].

The NS-form of the operator 9% consists of matrices A/,
B/,Tforj=0,1,..,J and a “coarse scale” approximation
T’. We denote the elements of these matrices by o,
Bl,, and y/, for j = 0, 1, ..., J, and s/,. Since the operator
d? is homogeneous of degree p, it is sufficient to compute
the coefficients on scale j = 0 and use

I = EF ) e {s))

{8% « {sh={s'+5"} -
N

= (@+dy - @Y= @ dT) (@)
FIG.24. Reconstruction of the product of the NS-form and a function
to space V.
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aj=2"ay,
Bj=2"pY,
LT (A.19)
¥l =271,
s)=27Pis},

We note that if we were to use any other finite-difference
representation as coefficients on V,, the coefficients on V;
would not be related by scaling and would require individ-
ual calculations for each j.

Using the two-scale difference equations (A.1) and
(A.2), we are led to

~

L-1

j-1
2 2 8k8k'S2i+k—k' >

—

J
o

T
(=}
(=1

k
L-
2 grhi S21+k K

r_
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L
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(A.20)
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Therefore, the representation of 9% is completely deter-
mined by s in (A.14), or in other words, by the representa-
tion of 9% projected on the subspace V.

To compute the coefficients s? corresponding to the pro-
jection of 9% on V,, it is sufficient to solve the system of
linear algebraic equations

1 L2
=27 [ng + 5 > a1 (9ake1 + S9ak1) (A.21)

k=1

and

> st = (=1)pl,

i

(A22)

where a,;,_; are the autocorrelation coefficients of H de-
fined by

L-1-n
ay=2 > hhin, n=1,.,L—1.

i=0

(A23)

We note that the autocorrelation coefficients a,, with even
indices are zero,
ay=0, k=1,..,

L2 —1. (A24)

The resulting coefficients s corresponding to the projec-
tion of the operator 9% on V, may be viewed as a finite-

difference approximation of order 2M — 1. Further details
are found in [25].
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A.3. Proofs of Vanishing Moments Property

Proof of Lemma 1. Using the definition (A.14), we
obtain

S Bi= [ b~ R f0)PAx) dx. (A25)

I=—w

We have used the fact that if the wavelet basis has M
vanishing moments, then

S gt — 1) = Po),

J—

(A.26)

where P, (x) is a polynomial of degree m for 0 = m =
M — 1; see [31].

Since the function f(-) is an analytic function of d,, we
can expand f in terms of its Taylor series. The series for
f(9,)P(x) is finite and yields a polynomial of degree less
than or equal to m,

F(0 )P, (x) = P,(x), (A27)
where m' = m. Due to the M > m vanishing moments of
(x), the integrals (A.25) are zero and (3.25) is verified.

Proof of Lemma 2. The B, elements of the NS-form of
the Hilbert transform are given by

Br= [ wxr = D)) (A28)

and, proceeding as in Lemma 1, we find

S = 51 [t - DO d

I=—o

- 2 I j f: () e(x + ) dx  (A29)

|=—w

[ AP dx,

where, once again, we have used (A.26).

To show that the integrals in (A.29) are zero, we estab-
lish that (77i)(x) has at least M vanishing moments. Let
us consider the generalized function

j () ()x"e® dé = i mar(rd)(€).  (A30)

In the Fourier domain the Hilbert transform of the function
g defined by

BEYLKIN AND KEISER

(78)(&) = —isign(H)8 (&), (A31)

may be viewed as a generalized function, derivatives of
which act on test functions f € C§(R) as

(4 isiano20).1)

m

S <7>f("”(0)§(m‘”(0) (A32)

+i [ sign(©gm(Of (&) d

In order to show that (77i)(x) has M vanishing moments,
we recall that in the Fourier domain vanishing moments
are characterized by

j? J(E))e0=0 form=0,1,...,M—1, (A.33)

where () is the Fourier transform of (x). Setting §(&) =
J(£€) in (A.32), the sum on the right-hand side of (A.32)
is zero. We also observe that the integrand on the right-
hand side of (A.32), i.e., sign(&)J(&)f(£), is continuous
at £ = 0, once again because (x) has M vanishing mo-
ments. We can then define functions 7 (&) for m = 0,
1, ..M —1 as

_ilz(m)(f), §> O,
7m(E) =40, =0, (A.34)
w(E),  €<0,

such that 7" ")(&) coincides with the mth derivative of the
generalized function (A.31) on the test functions f €
C§(R). Since 7 (&) are continuous functions for m =
0,1, .., M — 1, we obtain, instead of (A.30),

j ")) dx = 7 (g, (A.35)

Since 7"(¢)|.~o = O the integrals (A.29) are zero and
(3.27) is established.

A.4. Masking {s’} Coefficients Using {d’} Coefficients

Let us now show that we may indeed use significant
wavelet coefficients {d/*'} to find coefficients {§/} that con-
tribute to (3.28). Expanding f(x + 27I) into the Taylor
series,

f(x+2f1)=ME - (x)zfmzm ~ (Z) (z—x)Y, (A36)
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where z = z(x, j, 1) lies between x and x + 2/[, we compute
=2, B}.8}; using (A.36) and obtain

B=22[ -1 S L2 om (gl ax

2 -jl2 L - )
AT 2 Bl | 0@ = @) — ) d

1=

(A37)

Due to the vanishing-moment property of the B-block
(Lemmas 1 and 2), the first term in (A.37) is zero and

d) = ZYN'Z,E Biot [, o(M0(2)(z = 2i(x + k) dx

~=

(A38)

for k € [Fy-i.
To compute the differences d’' =
the averages

2 gi8hiar, We use

Sy = 2717 j o(27x — 2k )f(x + 2i) dx.  (A.39)

Substituting (A.36) into (A.39), we obtain
dpt =277 f " e(27x - 2k") 2 ) (x) (2/m) (2 g l’”) dx
+ D] e = 2k)fM(2) (@ — x)M .
M! 4 o

and, using the vanishing moments of the filter G =

{g,

4 =2 S [ el e — 2+ 2K ds
(A.40)

for k' € Fpr-g+.

To show that |d}’!| < e implies |d}| < Ce, we consider
two cases. First, if |d}''| < & and k is even, i.e., k = 2n for
n € F,-G+», then we see that d’, and d’+l given by (A.40)
only differ in the coefficients g, and B%,.,. Since g, and
Bh,., are of the same order, the differences satisfy
|d%,| < Ce for some constant C. On the other hand, if k =
2n + 1 for n =€ F,-6+v, we find

. 2 12
By = 2 Eﬁw, [* el + D)

(z = 2/(x + 2n))M dx,

(A.41)
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which again is of the same order as dj’'. Therefore, if
|d’“| < g for k' € F,-¢+», then for some constant C,
|d}.| < Cs for k € Fpri.

A.S. Estimating the Amount of Oversampling

In this appendix we demonstrate that we may always
choose jj, in such a way that, to within a given accuracy &,
(Qu)* and (Pu)(Q;u) belong to V;; . It is sufficient to
demonstrate this fact for j = 0. In order to show that such
Jo = 1 exists, we begin by assuming u € Vo, C V_; . This
assumption implies that, in the Fourier domain, the support
of p(270¢) “overlaps” the support of i(&). Then, for scaling
functions with a sufficient number of vanishing moments,
the coefficients s;% and the values u(x;) for some x; may
be made to be within ¢ of each other. In this way we may
then apply (4.4).

The coefficients s;7 of the projection of u on V_; are
given by

s =202 " u()e@n—Ddx, (A4
which can be written in terms of #(¢) as
sin =217 [* a@hgp@e e (A43)

Replacing the integral in (A.43) by that over [—7, 7], we
have

siin =202, [7 a2+ 2mk))p(€ + 2mk)e H d.

kez

(A.44)

Since u € V, for any ¢ > 0, there is a j, such that the
infinite sum in (A.44) may be approximated to within &
by the first term,

=207 [ a@hOEBe s (A45)

In order to evaluate (A.45), we consider scaling functions
@(x) having M-shifted vanishing moments, i.e., [ (x —
a)"e(x) dx = 0, where @ = [~ xo(x) dx (see, e.g., [25,
18]). We then write

| =gt ax
(A.46)
=0

=0

1 9"

- et i
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form =1, 2, ..., M and arrive at

—i) = wfs‘ = A4
(i) " 5 0| =0 (A47)
and
(e o= 1. (A48)
Expanding @(§)e™ in its Taylor series near £ = 0, we
arrive at
§M+1 (9M+1
iaE — iaé
QD(g)e (M + 1)' 6§M+] @(g)e 717 (A49)

where z lies between £ and zero.

Since u € V,, the support of (2/0(¢ + 27k)) occupies a
smaller portion of the support of &(¢ + 27k) as j, increases,
and there exists a sufficiently large j, such that the coeffi-
cients (A.45) can be computed by considering only a small
neighborhood about ¢ = 0. Therefore, substituting (A.49)
in (A.45), we arrive at

Sl—/u = D2 fi L’i(2/(1§)e—/§(l+a) df + Evau’ (ASO)

= — f; ﬁ(zjog)efif(lm)gMﬂ a§M+1 (go(f)elaf) . d§

(A.51)

is the error term that is controlled by choosing j, suffi-
ciently large.

REFERENCES

1. M. J. Ablowitz and H. Segur, Solitons and the Inverse Scattering
Transform (SIAM, Philadelphia, 1981).

2. J. Stoer and R. Burlisch, Introduction to Numerical Analysis
(Springer-Verlag, New York/Berlin, 1980).

3. G. Dahlquist and A. Bjorck, Numerical Methods (Prentice—Hall,
Englewood Cliffs, NJ, 1974).

4. A.Pazy, Semigroups of Linear Operators and Applications to Partial
Differential Equations (Springer-Verlag, New York/Berlin, 1983).

5. G. B. Whitham, Linear and Nonlinear Waves (Wiley, New York,
1974).

6. J. M. Burgers, A mathematical model illustrating the theory of turbu-
lence, Adv. Appl. Mech. 1, 171 (1948).

7. E. Hopf, The partial differential equation u, + uu, =
Pure Appl. Math. 3, 201 (1950).

8. J. D. Cole, On a quasilinear parabolic equation occurring in aerody-
namics, Quart. Appl. Math. 9, 225 (1951).

My, , Commun.

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

BEYLKIN AND KEISER

J. Bebernes and A. Lacey, Finite-time blowup for a particular para-
bolic system, SIAM J. Math. Anal. 21, 1415 (1990).

J. Bebernes and S. Bricher, Final time blowup profiles for semilinear
parabolic equations via center manifold theory, SIAM J. Math. Anal.
23, 852 (1992).
M. Berger and R. V. Kohn, A Rescaling Algorithm for the Numerical
Calculation of Blowing-up Solutions. Comm. Pure and Appl. Math.
41, 841 (1988).

W. Huang, Y. Ren, and R. Russell, Moving mesh methods based on
moving mesh partial differential equations, J. Comput. Phys. 113,
279 (1994).

K. Yosida, Functional Analysis (Springer-Verlag, New York/Ber-
lin, 1980).

P. Constantin, P. D. Lax, and A. Majda, A simple one-dimensional
model for the three-dimensional vorticity equation, Commun. Pure
Appl. Math. 38, 715 (1985).

M. D. Kruskal and N. J. Zubusky, Commun. Pure Appl. Math. 38,
715 (1965).

S. Mallat, Multiresolution approximations and wavelet orthogonal
bases of Ly(R), Trans. Amer. Math. Soc., 315, 69-88 (1989).

I. Daubechies, Orthonormal bases of compactly supported wavelets,
Commun. Pure Appl. Math. 41, 909 (1988).

1. Daubechies, Ten Lectures on Wavelets, CBMS-NSF Series in
Applied Mathematics (SIAM, Philadelphia, 1992).

B. Alpert, Sparse Representation of Smooth Linear Operators, Ph.D.
thesis, Yale University, 1990.

B. Alpert, A class of bases in L? for the sparse representation of
integral operators, SIAM J. Math. Anal. 24(1), 246 (1993).

G. Beylkin, On the representation of operators in bases of compactly
supported wavelets, SIAM J. Numer. Anal. 6(6), 1716 (1992).

G. Beylkin, Wavelets and fast numerical algorithms, Proc. Sympos.
Appl. Math. 47 (1993).

G. Beylkin, Wavelets, multiresolution analysis and fast numerical
algorithms, A draft of INRIA Lecture Notes, 1991. FTP site at amath-
ftp.colorado.edu in pub/wavelets/papers/INRIA.ps.Z.

B. Alpert, G. Beylkin, R. R. Coifman, and V. Rokhlin, Wavelet-like
bases for the fast solution of second-kind integral equations, SIAM
J. Sci. Comput. 14(1), 159 (1993).

G. Beylkin, R. R. Coifman, and V. Rokhlin, Fast wavelet transforms
and numerical algorithms I, Commun. Pure Appl. Math. 44, 141
(1991); Yale Univ. Technical Rep. YALEU/DCS/RR-696, August
1989.

G. Beylkin, R. R. Coifman and V. Rokhlin, Wavelets in numerical
analysis, in Wavelets and Their Applications, edited by M. B. Ruskai
et al. (Jones & Bartlett, Boston 1992), p. 181.

J. M. Bony, Calcul symbolique et propagation des singularités pour
les équations aux dérivées partielles non-linéaires, Ann. Sci. Ecole
Norm. Sup. 14, 209 (1981).

R. R. Coifman and Y. Meyer, Au dela des opérateurs pseudo-différ-
entiels, in Astérisque, Vol. 57 (2nd éd. revue et augmentée) (Soc.
Math. France, Paris 1978).

I. Daubechies and J. Lagarius, Two-scale difference equations. I.
Global regularity of solutions; II. Local regularity, infinite products
of matrices and fractals, SIAM J. Math. Anal. 23(4), 1031 (1992).
C. K. Chui, An Introduction to Wavelets (Academic Press, San
Diego, 1992).

Y. Meyer, Wavelets and Operators, Cambridge Stud. Adv. Math., Vol.
37 (Cambridge Univ. Press, Cambridge, 1992).



32.

33.

34.

35.

36.

37.

ADAPTIVE WAVELET-BASED SOLUTION OF NONLINEAR PDEs

Y. Meyer, Le Calcul Scientifique, les Ondelettes et les Filtres Miroirs en
Quadrature, Centre de Recherche de Mathématiques de la Décision
Report 9007.

M. V. Wickerhauser, Adapted Wavelet Analysis from Theory to Soft-
ware (Peters, Wellesley, MA, 1994).

B. Fornberg, On a Fourier method for the integration of hyperbolic
equations, SIAM J. Numer. Anal. 12, 509 (1975).

B. Fornberg and G. B. Whitham, A numerical and theoretical study
of certain nonlinear wave phenomena, Phil. Trans. R. Soc. London
289, 373 (1978).

R. L. Schult and H. W. Wyld, Using wavelets to solve the Burgers’
equation: A comparative study, Phys. Rev. A 46, 12 (1992).

J. Liandrat, V. Perrier, and Ph. Tchamitchian, Numerical Resolution
of Nonlinear Partial Differential Equations using the Wavelet Ap-
proach. Wavelets and Their Applications, edited by M. B. Ruskai, G.
Beylkin, R. Coifman, I. Daubechies, S. Mallat, Y. Meyer, and L.
Raphael (Jones & Bartlett, Boston, 1992).

38.

39.

40.

41.

42.

43.

259

L. Gagnon and J. M. Lina, Wavelets and numerical split-step method:
A global adaptive scheme, Opt. Soc. Am. B, to appear.

P. L. Sachdev, Nonlinear Diffusive Waves (Cambridge Univ. Press,
Cambridge, 1987).

G. Beylkin, On the fast algorithm for multiplication of functions
in the wavelet bases, Progress in wavelet analysis and applications,
Proceedings, International Conference ‘“Wavelets and Applications,”
Toulouse, 1992, edited by Y. Meyer and S. Roques (Editions Fron-
tieres, gif-sur-Yvette 1993).

B. Engquist, S. Osher, and S. Zhong, Fast wavelet based algorithms
for linear evolution equations, preprint, 1991.

C. Basdevant, M. Deville, P. Haldenwang, J. M. Lacroix, J. Ouzzani,
R. Peyret, P. Orlandi, and A. T. Patera, Spectral and finite difference
solutions of the Burgers equation, Comput. & Fluids 14(1), 23
(1986).

G. Beylkin, J. M. Keiser, and L. Vozovoi, A new class of stable time
discretization schemes for the solution of nonlinear PDE’s, pre-
print, 1996.



