1An Approximate Renormalizationfor the Break-up of Invariant Tori with Three FrequenciesR.S. MacKay� , J.D. Meiss�, and J. StarkCentre for Nonlinear Dynamics and ApplicationsUniversity College LondonLondon WC1E 6BTApril 5, 1994AbstractRenormalization theory provides a description of the destruction of invariant tori forHamiltonian systems of 11/2 or 2 degrees of freedom, and explains the self-similarity and theuniversality of the structures observed. A similar theory for higher dimensional Hamiltoniansystems has proved elusive. Here we construct an approximate renormalization for a Hamiltoniansystem with 21/2 degrees of freedom analogous to the lower dimensional version of Escande andDoveil. Using this operator we study the critical surface for the �spiral mean� invariant torus. Wefind that there is no universal fixed point. Instead the renormalization dynamics on the criticalsurface is a rotation with irrational winding ratio. Implications for the determination of the exactcritical surface are discussed.IntroductionThe Kolmogorov-Arnol�d-Moser (KAM) theorem implies that sufficiently incommensurateinvariant tori of integrable Hamiltonian systems or symplectic maps are preserved for small enoughperturbations. Alternatively, in many such systems one can use �converse-KAM�˚theory to showthat for certain parameter and frequency ranges there will be no invariant tori continuouslydeformable to those of the integrable case (MacKay, 1989; MacKay et al., 1989; MacKay andPercival, 1985; Mather, 1984). The set of parameters for which there exists an invariant torus of agiven Diophantine frequency with smooth conjugacy to rotation and the set for which there doesnot exist any invariant torus of that frequency are both open. The destruction of invariant torisignals the onset of chaos, and (particularly for two degrees of freedom) the loss of stability. Thusit is of great interest to develop techniques for studying this destruction.

� Mathematics Department, University of Warwick, Coventry CV4 7AL� Program in Applied Mathematics, University of Colorado, Boulder CO 80309

2In 1979 John Greene (Greene, 1979) made the remarkable discovery in embryonic formthat the phase space of an area preserving map exhibits self-similarity in the neighborhood of acritical invariant circle with golden mean winding ratio. This observation led to the construction ofrenormalization operator on the space of area preserving maps (Kadanoff, 1981; MacKay, 1983).This operator has also been extended to general winding ratios (MacKay and Stark, 1992; Stark,1992).There have been many unsuccessful attempts to find a similar self-similarity for the break-up of tori in higher dimensions (Artuso et al., 1991; Borgonovi and Shepelyansky, 1993;Guckenheimer et al., 1983; Hu and Mao, 1988; Mao and Helleman, 1989a; Mao and Helleman,1989b). In these cases the authors studied three frequency systems: either maps of the torus,volume preserving maps, or four dimensional symplectic maps.In order to discover the reason for this failure, we will construct an analytic approximationto the renormalization operator for 21/2 degrees of freedom. Our construction is analogous to thatof Escande and Doveil (Escande, 1985; Escande and Doveil, 1981) who considered the case of11/2˚degrees of freedom. Their approximate renormalization provides a simple model that hasmany of the features of the exact renormalization and yields, within a few percent, the maineigenvalues near the critical golden fixed point. It can also be used to discuss such issues as therobustness of tori with different rotation numbers and the expected rotation numbers for boundarytori (MacKay, 1988; MacKay and Stark, 1989; Stark, 1989)�though it loses accuracy forfrequencies that have large continued fraction elements.Escande and Doveil study a model corresponding to the motion of a particle in onedimension acted on by two waves with different wavenumbers (without loss of generality 1 and k)and phase velocities (without loss of generality 0 and 1):H(p,x,t) = 1/2p2 + Acos(2px) + Bcos(2pk(x—t))This Hamiltonian has three parameters and is periodic of period 1 in the configuration variables(x,y = k(x—t)). When A=B=0 there is a torus for each p with frequency vector w = (x.,y.). Therenormalization is a map R(A,B,k) = (A¢,B¢,k¢) of the parameters giving a modified Hamiltoniandescribing the system in new coordinates. These are essentially obtained by a shear in theconfiguration variables and a magnification of the momentum. The shear is arranged so that thenew configuration coordinates are more closely aligned with the frequency vector of the invarianttorus of interest. The shear is a unimodular transformation (to maintain periodicity) and itcorresponds to one step of the Farey expansion for w. The magnification focuses on a layer aroundthe position of the torus. The simplest way to obtain such a map is to perform the canonical andrescaling transformations to lowest order in the amplitudes A and B, though one can be much more

3sophisticated. The Hamiltonian in the new coordinate system takes a form identical to the originalone upon mapping the parameters.We will construct a similar operator for a system of 21/2 degrees of freedom. We alsochoose a Hamiltonian corresponding to a particle in a time dependent potential. One important newfeature is the presence of a mass matrix in the kinetic energy; we will see that the off-diagonalelements of this matrix are essential. The second new feature is the use of the Kim-Ostlundgeneralization of the Farey tree (Kim and Ostlund, 1986) to construct the shear transformation.We begin by defining the model Hamiltonian.Model HamiltonianA particle in the plane that is acted on by a potential from three electrostatic waves has theHamiltonianH = 12mp2 + φ i cos(k i⋅x –ωit)

Σi 13

Providing that none of the wavevectors k are parallel, we can choose new canonical coordinates(x,u) and (y,v) to transform H to the standard form

H =_1^2(u,v)⋅ α β β γ ⋅uv + V(x,ky, z)

V = Acos(2πx) + Bcos(2πky) + Ccos(2π z) z = t – x –y

Without loss of generality, the wavenumbers (k,

) can be taken to be positive and the energy can bescaled so that the mass matrix has unit determinant, ag-b

= 1. Thus we obtain a seven parametersystem.It is useful to think of the motion on the five dimensional extended phase space withcoordinates z = (x,y,z,u,v). The Hamiltonian is periodic with periods (1,1/k,1/

) in theconfiguration variables (x,y,z)�so the configuration space can be taken to be the three torus T

={x mod 1, y mod 1/k, z mod 1/

}. Note that one could incorporate the factors k and into thedefinitions of y and z to make the periods unity, but we did not do so. The frequency vector w isthe average direction that an orbit moves around the torus ω= lim^{Δt → ∞} 1Δt (Δx,kΔy, Δz)

if the limit exists. We care only about its direction (defined by two winding ratios), so w should beviewed as a point in the projective space RP2. The frequency is commensurate if there is a nonzerointeger vector m such that m�w = 0. Such a relation is a resonance condition. If there are noresonances for

then it is incommensurate. If there are two independent resonances for

, then

= p where p is integral (remember the length of w is unimportant). A frequency w is Diophantine if

|m⋅ω| |ω| |m⋅ω| |ω| > K |m|τK |m|τ

When A=B=C=0, the momenta (u,v) are constant in time and every orbit lies on a threetorus. If w(u,v) is incommensurate, the orbit densely covers the torus. If w is Diophantine, thenthe KAM theorem implies that there is a torus with this frequency for small values of theamplitudes. We are interested in determining the parameters for which such a torus is destroyed.

The technique is to perform a succession of canonical transformations to coordinates thatare more closely aligned with the incommensurate flow. We use the Kim-Ostlund extension of theFarey algorithm to successively construct these coordinates.Kim-Ostlund TreeEach of the three phases in V(x,y,z) corresponds to a resonance m w = 0. We begin withthe three resonances m1 = (1,0,0), m2 = (0,1,0), m3 = (0,0,1). Each resonance corresponds to aplane in R3 or a line in RP2; the set of three resonances delineates a cone (the positive octant) ortriangle, see Fig. 1. The intersection of each pair of resonances defines rational frequencies p1

[1,0,0], p2 = [0,1,0], p3 = [0,0,1]. The frequencies p also delineate the cone; it is the convex hullof the three vectors. We denote the cone by either of the matrices

M = m^1 m^2 m^3 , P = p^1, p^2,p^3

We assume is inside the cone, i.e.

‡ 0.To construct the Farey sequence for w, divide the cone using the new frequency p

= p1+p2 and corresponding resonance m

= m-mThere is now a right and a left cone P

= (p

) andPL = (p2,p3,p¢), or MR = (m3,m¢,m2)t and ML˚= (-m¢,m3,m1)t. Choose the new cone thatcontains and repeat this transformation, dividing this new cone into two. This gives a sequenceof cones that each contain w. The operations can be represented by the linear transformations

M^S = S_{–1}M

P^S = PS S = R if (m^1–m^2)⋅ω> 0

L if (m^1–m^2)⋅ω≤ 0 R = 0 1 1

0 0 1

1 0 0

, L = 0 0 1

1 0 1

0 1 0

Note that det(R) = det(L) = 1, M

= I, and det(M

) = det(P

) = 1. Repeating this transformationprovides a unique string of matrices S

˛ {R,L} for any w, so that we can think of w as thesequence S1S2S3... It is not difficult to show that if w is an integer vector (with no commonfactors) then this sequence eventually terminates when p3 = w (Baesens et al., 1991).

Figure 1. Farey Triangle Construction. Frequency ratios are denoted by [], and resonances by ().The frequency shown has the Farey sequence = LL...periodic Farey sequences. When the period is q, w is the eigenvector with the largest eigenvalue ofthe nonnegative matrix S1...Sq. This implies that the components of w are elements of a cubic field:they satisfy w = i + jl + kl2, where (i,j,k) are integers and l is the eigenvalue�it satisfies a cubic

eigenvector of L:Similarly the eigenvector of R is (s1s).w(au+bv,k(bu+gv),[1-(a+b)b+gi�wmomentum space, as shown in Fig. 2. Tori with rational frequency ratio, hence consisting entirelyof periodic orbits, occur at the intersections of the resonance lines.

transformations corresponding to the L and R Farey steps. We define a canonical transformation toeliminate one of the resonances and then transform the new Hamiltonian back to its original form.Om= (010) resonance by a near identity canonical transformation as shown in the appendix. Then,for the �L� transformation, define the new coordinates on T

In order to maintain the form z

= t-x-y the new wavenumbers must be

Upon defining new momenta corresponding to these coordinates, scaling time to t

= kt and scalingthe momenta to normalize the mass matrix, the Hamiltonian has the same form as (1) to O(e3) if weidentify the new parameters conjugate to L, R = FLF under the involution arise from the purely kinematical rescaling transformations. Consider these first.The simplest frequency vectors under renormalization correspond to the fixed points of theRLLfrequency vector is then the spiral mean (3).The wavenumber renormalization (5) is decoupled from the parameters, so we can considerit separately. The wavenumber map takes the positive quadrant to the strip {0<k, 0 <

£L51

2££1}, so the map is contracting. Thus there is a unique real fixed point where s is the spiral mean. The fixed point is a spiral focus with linearization

The eigenvalues are

The mass renormalization is a linear map. Recall that it has been constructed to preserve theag the fixed point k = s-1. This gives the eigenvalues

Therefore this map is not contracting� in general the mass matrix rotates with a rotation number ofy/2p that is very nearly 2/9. The eigenvectors are rotation about this fixed point. The general orbit of b under L is jHamiltonian.b bpoints, A=B=C = 0�the KAM fixed point, and the critical fixed point:

The KAM fixed point is stable. The stability of the critical point can be studied by taking the log ofthe amplitude map to give, in terms of a = log(A), b= log(B), c = log(C), the affine map

Thus stability is governed by the linear matrix above. This matrix has characteristic polynomial l3 l2—1 = 0 (interestingly, this polynomial is not related to the spiral mean), so thatl1l2,3d–

Thus there is a one dimensional unstable manifold, and a two dimensional, spiral stable manifold.The contraction on the stable manifold is rather slow, and the rotation number is very nearly 13/44.bdynamics is a simple rotation with rotation number y/2p.Conclusion We have found an approximate renormalization description for the boundary of existence1/2˚parameters. It is the center-stable manifold of a critical fixed point of the renormalization operatord»renormalization dynamics on the center manifold is a rotation with irrational winding ratio.

mass matrix parameters, which in turn drives an oscillation of the resonance amplitudes (A,B,C).not �self-similar� at criticality. Instead properties of the system such as the stability parameters of2/9. The amplitude of the oscillation will depend upon the system studied; in our model it depends

from the wavevectors not being perpendicular).apparently with period 9.Now the true renormalization dynamics need not look the same as our approximate model,Arbitrarily small perturbations of a rotation can make the fixed point weakly attracting or repelling,and can generate weakly attracting or repelling invariant circles around the fixed point, or chains ofisfixed point and a 2D normally hyperbolic invariant manifold containing it, with 1 unstable normaldirection, the remaining normal directions being attracting. The stable manifold of this 2D normallynormally hyperbolic manifold. We call it a codimension-3 fixed point because in our model it hasunstable manifold, and hence requires three parameters to find it.wparameter values for which the limit of all of these residues neither goes to infinity nor zero.the direct formation of full cantorus (which we know exists close enough to the anti-integrable limitfor maps (MacKay and Meiss, 1992)) or of a partial cantorus corresponding to a Cantor set cross aform the organizing center for these various bifurcations.Acknowledgementswas also partially supported by NSF grant #DMS-9305847.

Appendix-1corresponds to eliminating the m

= (0,1,0) resonance and adding the m

= (-1,1,0) resonance.To accomplish this we find coordinates to eliminate the Bcos(2pky) term in H. Supposing that theO(e2y˚”bgaccomplished by the near identity canonical transformation (x,y,u,v) fi (X,Y,U,V) generated by

(A1)so that u = S

= U +

), v = S

= V +

). This gives the Hamiltonian

(A2)y2˚O(e2O(e2Substituting for X = x +

), Y = y +

), and Z= t- X-Y, and expanding the cosine terms givesO(e2O(e2wwyw

–wof our incommensurate torus) to eliminate all of these extra terms but one, leaving H in the form

(A3)In the spirit of Chirikov we evaluate this amplitude on the (-1,1,0) resonance, thus

However, this does not determine the frequency. We choose, somewhat arbitrarily, to evaluate thefrequency at the new periodic orbit, p = [1,1,0], where 0 =

1-. This implies that

(A4)

(A5)so that

(A6)off-diagonal term. The new Hamiltonian is

(A7)¢¢-y¢¢the new mass matrix unity, and rescale H to maintain the canonical form of the equations:

kt,(u(1+k)(u¢,v¢),

1+k(A8)O(e3transformation, including the shift in origin, is

(A9)phase space in the neighborhood of the torus.

ReferencesRenormalization Dynamics for Critical Invariant Torus,� Europhys. Lett 15: 381-386.Mode-locking, Global Bifurcations and Toroidal Chaos,� Physica 49D: 387-475.Borgonovi, F. and Shepelyansky, D., 1993, �Breaking of Analyticity in 2 Coupled Frenkel-21121Escande, D. F. and Doveil, F., 1981, �Renormalization Method for Computing the Threshold ofthe Large Scale Stochastic Instability in Two Degree of Freedom Hamiltonian Systems,� J.2620

1183-1201.Incommensurate Frequencies,� unpublished Report .

Chaos47Kim, S. and Ostlund, S., 1986, �Simultaneous Rational Approximations in the Study of34MacKay, R. S., 1983, �A Renormalisation Approach to Invariant Circles in Area-Preserving7DMacKay, R. S., 1988, �Exact Results for an Approximate Renormalisation Scheme and SomePredictions for the Breakup of Invariant Tori,� Physica 33D: 240-265.MacKay, R. S., 1989, �A Criterion for Non-existence of Invariant Tori for Hamiltonian Systems,�36DMacKay, R. S. and Meiss, J. D., 1992, �Cantori for Symplectic Maps near the Anti-integrableLimit,� Nonlinearity

: 149-160.

98MacKay, R. S. and Stark, J., 1989, �Evaluation of an Approximate Renormalization Scheme for138AMacKay, R. S. and Stark, J., 1992, �Locally Most Robust Circles and Boundary Circles for AreaPreserving Maps,� Nonlinearity

: 867-888.104B4Stark, J., 1989, �Unstable Manifolds for the MacKay Approximate Renormalization,� Physica34DStark, J., 1992, �Determining the Critical Transition for Circles of Arbitrary Rotation Number,�163A