Stability of Minimal Periodic Orbits

Holger R. Dullin^y & James D. Meiss Department of Applied Mathematics, University of Colorado, Boulder, CO 80309-0529

† FON: 303-492-7566, FAX: 303-492-4066, e-mail: hdullin@colorado.edu

September 25, 1998

Abstract Symplectic twist maps are obtained from a Lagrangian variational principle. It is well known that nondegenerate minima of the action correspond to hyperbolic orbits of the map when the twist is negative definite and the map is two dimensional. We show that for more than two dimensions, periodic orbits with minimal action in symplectic twist maps with negative definite twist are not necessarily hyperbolic. In the proof we show that in the neighborhood of a minimal periodic orbit of period

n, the n^{th} iterate of the map is again a twist map. This is true even though in

general the composition of twist maps is not a twist map. PACS: 03.20.+i; 05.45.+b Keywords: Symplectic maps; Variational principle; Minimal periodic orbits; Stability;

1 Introduction

We consider a discrete Lagrangian system on the configuration space Q, of dimension d. A discrete Lagrangian, L(x, x^′), x, x^′ ∈ Q, is a generating function for a symplectic map (x^′, y^′) = F (x, y) on Q × R^d , that is implicitly defined by (for a review see [10]) y = −L_1(x, x^′), y^′ = L_2(x, x^′). (1)

The subscripts 1 and 2 denote the derivative with respect to the first or second argument, respectively. We assume that the (local) twist condition, det L_{12} ≠ 0, holds, so that x^′ can be determined, at least locally, as a function of (x, y). The dynamics can also be obtained from a variational principle: define the periodic action by W_{mn} = n−1∑ i=0 L(x_i, x_{i+1})|_{xn=x0+m} . (2)

When the configuration space is the torus, Q = T^d, we can fix the period of the torus to 1 in every dimension and choose m ∈ Z^d, otherwise we just set m = 0. It is easy to see that every critical point of W_{mn} corresponds to a periodic orbit of F with period n.

A minimal periodic orbit is a nondegenerate, local minimum of W_{mn} (we do not require it to be globally minimizing as in Aubry-Mather theory [10]). When the twist is negative definite, minimal orbits are expected to be important: for example every orbit on an invariant torus (that is a Lagrangian graph) is minimizing [9]. The purpose of this note is to establish the relation – if any – between the fact that the orbit is minimal and its stability type.

Relations between the index of a certain quadratic form (which is not the Hessian of the action) and the stability type of fixed points of symplectic mappings have been obtained in [1]. Similar results specialized to natural maps can be found in [5]. Our approach is different because we specifically look at action minimizing orbits, i.e. the index of the Hessian of the action is 0 (or maximal). In [2] it was shown that there exist Lagrangian flows for which the action minimizing equilibrium points or the minimizing periodic orbits are not hyperbolic. This is very similar to our results, but we treat the case of maps with a completely different method. Although it is known that symplectic twist maps have a corresponding time one flow [11], this requires one to treat time dependent Lagrangian flows, which was not done in [2].

Linear stability of a periodic orbit is determined by its multipliers. Let {x_1, x_2, . . . x_n} be a periodic orbit with period n, and let x_{i+n} = x_i. The linearization of the map at this orbit gives rise to an eigenvalue problem with eigenvalues that we call μ, the multipliers for the orbit. We define the residue R associated with a multiplier by R = 1 4 ( 2 − μ − 1 μ ) (3)

Since the multipliers for a symplectic map come in reciprocal pairs, μ and 1/μ, there are d residues in dimension d, and their values completely determine the stability type of the orbit. A multiplier is elliptic, denoted “E” when μ = e^{iϕ} or equivalently when 0 ≤ R ≤ 1. It is inverse hyperbolic, denoted “I”, when 1 < R and hyperbolic, denoted “H”, when R < 0. Finally a multiplier is part of a complex quartet when R is complex; we denote this case “CQ”. Of course this latter case can occur only when d ≥ 2.

With the notation D^2L(x_i, x_{i+1}) =

A^i B^i B^T_i D_i (4) for the Hessian of L at (x_i, x_{i+1}) we can express the linearized map DF directly in terms of these data as [4]

DF (x_i, y_i) = −B^{−1i} A^i −B^{−1i} B^T_i − D_iB^{−1}_i A_i −D_iB^{−1}_i . (5)

It is often more convenient to obtain the stability of period n orbits directly from the Lagrangian formulation. Using the abbreviation

P_i = A_i + D_{i−1}, (6)

the linearization of the Euler-Lagrange equations about the orbit is

B^T_{i−1}δx_{i−1} + P_iδx_i + B_iδx_{i+1} = 0. (7)

The multipliers μ are determined by solving this system subject to the condition that δx_{i+n} = μδx_i. This gives the characteristic polynomial det M_n(μ) = 0 [9, 7]. Here the matrix M takes slightly different forms for fixed points and period 2 orbits, and we distinguish these with a subscript that indicates the period:

M_1(μ) = P_1 + μB_1 + 1 μ B^T_1 (8)

M_2(μ) =

P^1 B^1 + B^{T2} /μ B^T_1 + μB_2 P_2 (9)

M_n(μ) =

P_1 B_1^1_μ B^T_n B^T_1 P_2 B_2 ... B^T_{n−2} P_{n−1} B_{n−1} μB_n B^T_{n−1} P_n

, n > 2 . (10)

The Hessian of the periodic action W_{mn} is given by M_n(1). The assumption that the periodic orbits under consideration be minimal therefore is

M_n(1) > 0. (11)

Note that if a multiplier is on the unit circle μ = e^{iϕ}, then the matrix M_n(e^{iϕ}) is Hermitian.

When d = 1, there is a simple relation between the Hessian of the periodic action W_{mn} and the residue [8]: R = − 1 4 det M_n(1) n∏ i=1 (−B_i)

(12)

where M_n(1) = D^2W_{mn} is the Hessian and B_i ≡ L_{12}(x_i, x_{i+1}).

For d > 1, there is no such simple relation, though the product of the residues can be written similarly [7]. Equation (12) implies that when d = 1 and the twist is negative definite, nondegenerate minimal orbits are hyperbolic. We will show that this is false for d > 1: the multipliers of minimal periodic orbits can become elliptic.

In section 2 we analyze minimal fixed points and establish the fact that they can be nonhyperbolic if the twist is either nonsymmetric or indefinite. For 4D maps we completely analyze the structure of minimizing fixed points in the space of three essential parameters. Then our strategy is to reduce the case of minimal periodic orbits to that of a minimal fixed point. Clearly the period n orbits of F are fixed points of the iterated map F^n. However, it is well known [10] that the iterate of a twist map is in general not a twist map. This does not preclude the possibility that the iterated map restricted to the neighborhood of a minimal periodic orbit is a twist map, which we will prove to be the case in section 3. Finally we give two examples of minimizing periodic orbits which are elliptic.

2 Fixed Points

The stability of a fixed point is determined by solutions to det M_1(μ) = 0. For a minimal orbit M_1(1) = P_1 + B_1 + B^T_1 > 0. Rewriting M_1(μ) to isolate this term gives

M_1(μ) = M_1(1) + 1 2 (μ + 1 μ − 2)(B_1 + B^T_1 ) + 1 2 (μ − 1 μ )(B_1 − B^T_1 ) . (13)

For the physically interesting case when the twist B_1 is symmetric, the last term vanishes, and the spectrum is determined by the generalized eigenvalue problem

det(M_1(1) − 4RB_1) = 0 . (14)

Since M_1(1) is positive definite, and both matrices are symmetric, they can be simultaneously diagonalized. Thus the residue is obtained as the eigenvalue of a symmetric matrix and therefore must be real, ruling out complex quadruplets of multipliers. Elliptic multipliers are possible for arbitrary symmetric B, and occur when 0 < R < 1.

However, if in addition B is negative definite, then elliptic multipliers cannot occur, because we can write

M_1(e^{iϕ}) = M_1(1) + 2(1 − cos ϕ)(−B_1) . (15)

This is positive definite since it is the sum of a positive definite matrix and a positive semidefinite matrix. Therefore, det M_1(exp(iϕ)) ≠ 0, and there are no multipliers on the unit circle. Thus for negative definite twist a nondegenerate mimimizing fixed point is hyperbolic in d dimensions.

If the twist B_1 is symmetric but indefinite it is certainly possible to have elliptic multipliers, e.g., by choosing M_1(1) and B_1 diagonal.

If the twist B_1 is not symmetric the eigenvalue problem for R cannot be derived in this simple way. Introducing the symmetric part of the twist S̃ = (B_1 + B^T_1 )/2 and its antisymmetric part Ỹ = (B_1 − B^T_1 )/2 we can rewrite det(M_1(μ)) = 0 as

det(M_1(1) − 4RS̃ − 4δỸ) = 0, (16)

where δ = (1/μ − μ)/4 = √ R(1 − R). By simultaneous diagonalization we can again simplify the problem in reducing M_1(1) to the identity and S̃ to the diagonal S. Y denotes the transformed Ỹ which is still antisymmetric, such that

det(1 − 4RS − 4δY) = 0. (17)

We know that this must be a polynomial in R, because the reflexivity of the characteristic polynomial for the multiplier μ [3] allows it to be rewritten as a polynomial of degree d in μ+1/μ, or, equivalently, in R. To see this explicitly we employ the “cumulant expansion” for an arbitrary n × n matrix A

det(1 + εA) = n∑ i=0 ε^iQ_i(A), (18)

where the cumulants (or up to a sign the coefficients of the characteristic polynomial of A) are recursively defined by

Q_0 = 1, Q_1 = tr A, (19) Q_i = 1 i i∑ k=1 (−1)^{k+1}Q_{i−k}(A) tr A^k.

We apply this formula to det(1 + ϵ(4RS + 4δY)) and eventually set ϵ = −1. For large dimensions it is quite cumbersome to obtain explicit expressions for the “characteristic polynomial” of R because in the expansion of tr A^k we must compute terms of the form

tr(RS + δY)^k = ∑ j+l=k ρ^jδ^l tr(σ(S, j, Y, l)), (20)

where σ(S, j, Y, l) stands for the sum of all (noncommutative!) products with j factors S and l factors Y in all possible orderings. Since we can cyclically permute under the trace a lot of terms can be combined. Since in general the symmetric and the antisymmetric part of the twist do not commute, these expressions contain traces of products of S and Y for k > 2. For d = 2, 3 we obtain

0 = det(1 − 4RS) − 8R(1 − R) tr(Y^2) (21) 0 = det(1 − 4RS) − 8R(1 − R) ( tr(Y^2)(1 − 4R tr S) + 8R tr(SY^2) ) = 0. (22)

Now we argue that all the terms with an odd number of Y vanish. Consider an arbitrary term with an odd number of Y in the sequence of S and Y. If reading the sequence backwards is the same sequence, then this term is antisymmetric and its trace vanishes. If reading the sequence backwards gives another sequence, then this sequence is also part of the sum, and their sum is antisymmetric, hence vanishes under the trace. Therefore Equations (16) and (17) define polynomials in R of degree d.

If μ = 1 then δ = 0 and R = 0 such that the general determinant (17) can never vanish. This means that a minimizing orbit can not undergo a saddle node bifurcation (without loosing the minimizing property). If μ = −1 then again δ = 0 but now R = 1. Therefore det(1+4S) = 0, and since S is diagonal one of its eigenvalues must be 1/4. Note that this condition for a period doubling bifurcation is independent of the antisymmetric part of the twist. In [5] a similar condition for a period doubling bifurcation of (not only minimizing) fixed points of natural maps is obtained.

For d = 2 we can perform a more detailed analysis by determining the residues in the space of three essential parameters S = diag(d_1, d_2) and a, the single entry of the antisymmetric Y. The polynomial determining ρ is given by (17) resp. (21), or more explicitly

0 = 16R^2 det S̃ + 4R tr(S̃ adj M) + det M − 4R(1 − R) tr(Ỹ^2) (23) = (4d_1R − 1)(4d_2R − 1) + 16a^2R(R − 1). (24)

adj denotes the matrix of cofactors, i.e. the inverse of the matrix times its determinant if it is nonsingular. Its roots pass through infinity if d_1d_2 + a^2 = 0; they are complex if 16a^4 + 4a^2(2(d_1 + d_2) − 1) + (d_1 − d_2)^2 < 0. As in the general case R = 0 is impossible and R = 1 corresponds to d_i = 1/4. For a = 0 the plane (d_1, d_2) is therefore divided into 9 regions by the 4 lines d_i = 0, 1/4, see Figure 1. For negative definite symmetric twist we have d_i < 0 and the negative quadrant corresponds to multipliers of type HH. The transition from HH to any region in the adjacent quadrants is not a regular bifurcation, because it induces R to pass through infinity. In a smooth system this is impossible. Basically it means that the signature of the symmetric twist is preserved under smooth parameter variation, which is by definition true in the general case. If the signature of the twist is mixed, we have HE or HI, and if it is positive, then we have II, IE or EE, the transitions taking place at d_i = 1/4. Now making a nonzero can not change EE or IE,

Figure 1: Stability of a minimizing orbit for a 4D map in the space of the three essential parameters d_1, d_2 and the square of the antisymmetry of the twist a^2.

see Figure 1. Similarly we can not change HE or HI, because this would involve driving R through infinity, i.e. making the twist singular.

The main change occurs above the HH and II region. Increasing a leads to a complex bifurcation where four real multipliers collide and turn complex, entering the region CQ. Increasing a further leads to the inverse complex bifurcation in which four complex multipliers collide on the unit circle, hence creating four elliptic multipliers. Since these elliptic multipliers are created in a complex bifurcation their Krein signatures must be different. Note that even though it looks like the two EH regions are disconnected, this is due to the ambiguity in the ordering of the eigenvalues in S. In the full parameter space they are connected and together with IH form a region bounded by det M_1(1) = 0. All the other regions are smoothly connected; only for symmetric twist the HH region is separated from the others.

The main result for d = 2 therefore is that for negative definite twist a sufficiently large antisymmetric part can turn the minimizing hyperbolic fixed point elliptic via an (inverse) Krein collision.

3 Periodic Orbits

We now turn to the calculation of stability of periodic orbits. For period two we explicitly construct M^{(2)}_1 (μ) for the iterated map F^2 and then make the connection with Schur’s complement [12] of M_2, in order to show that the product can be generated by a twist generating function of a minimal fixed point. For n > 2 we will directly work with Schur’s complement to establish this result. Recall that the Schur complement (M|D) of M with respect to D is defined by the following factorization

M = A B C D = (M|D) BD^{−1} 0 1 1 0 C D , (25)

such that (M|D) = A − BD^{−1}C. (26)

A and D are square matrices; if they have different dimensions then B and C are not square matrices. The factorization of M gives a factorization of its determinant,

det M = det(M|D) det D. (27)

We will need the fact [12] that the Schur complement of a symmetric positive definite matrix is symmetric and positive definite. This is easily seen because transforming the quadratic form corresponding to M with

T = 1 0 −D^{−1}B^t 1 gives T^tMT = diag((M|D), D). (28)

For a periodic orbit of period n = 2 we could multiply DF (x_2, y_2) and DF (x_1, y_1), and identify the resulting matrix to be of the form (5). It is simpler to consider the 2nd difference equation for the period 2 orbit,

B^T_1 δx_1 + P_2δx_2 + μB_2δx_1 = 0 (29) 1 μ B^T_2 δx_2 + P_1δx_1 + B_1δx_2 = 0. (30)

Solving the first equation for δx_2 and eliminating it in the second directly gives M^{(2)}_1 . The superscript 2 denotes that the matrix is that of a fixed point corresponding to a period 2 orbit. By comparsion with (8) we find

B^{(2)}_1 = −B_1P^{−1}_2 B_2 (31) P^{(2)}_1 = P_1 − B^T_2 P^{−1}_2 B_2 − B_1P^{−1}_2 B^T_1 . (32)

B^{(2)}_1 and P^{(2)}_1 = A^{(2)}_1 + D^{(2)}_1 define a generating function by (4) for the iterated map. The splitting of P^{(2)}_1 into A^{(2)}_1 and D^{(2)}_1 is arbitrary for our purposes; only P^{(2)}_1 enters the stability formulae.

Our task is to show that the fact that the periodic orbit is minimal, M_2(1) > 0, implies that the new twist B^{(2)}_1 is nonsingular and that M^{(2)}_1 (1) > 0. det B^{(2)}_1 ≠ 0 because det B_i ≠ 0 by assumption and det P_2 ≠ 0 is implied by M_2(1) > 0, because P_2 is a principal subblock^1 of M_2.

1By principal subblock we mean a block that is centered on the diagonal.

To show that M^{(2)}_1 (1) > 0 we note that

M^{(2)}_1 (1) = P^{(2)}_1 + B^{(2)}_1 + (B^{(2)}_1 )^T (33) = P_1 − (B_1 + B^T_2 )P^{−1}_2 (B^T_1 + B_2) (34) = (M_2(1) | P_2) . (35)

Now the desired statement immediately follows because the Schur complement of a symmetric positive definite matrix is again symmetric positive definite.

Instead of repeating this calculation for the general case of period n we directly use Schur’s complement on the matrix M_n(μ) to recursively reduce dimension by d in each step. The final result after n − 1 steps is M^{(n)}_1 (μ) where the superscript is an iteration index. From this we can identify the twist B^{(n)}_1 of the generating function for the nth iterate of the map in the neighborhood of the minimal period n orbit via (8). The proof proceeds by induction. The initial matrix gets the iteration index 1, M_n(μ) ≡ M^{(1)}n (μ). The iteration rule is M^{(i+1)}_{k−1} (μ) = ( M^{(i)}_k (μ) | P^{(i)}_k ) , (36) or more explicitly

P^{(i+1)}_1 = P^{(i)}_1 − (B^{(i)}_k )^T (P^{(i)}_k )^{−1}B^{(i)}_k (37) P^{(i+1)}_{k−1} = P^{(i)}_{k−1} − B^{(i)}_{k−1}(P^{(i)}_k )^{−1}(B^{(i)}_{k−1})^T (38) B^{(i+1)}_{k−1} = −B^{(i)}_{k−1}(P^{(i)}_k )^{−1}B^{(i)}_k (39) B^{(i+1)}_j = B^{(i)}_j , j = 1, . . . , k − 2 (40) P^{(i+1)}_j = P^{(i)}_j , j = 2, . . . , k − 2 (41)

The last two lines merely state that these entries do not change, while the matrices P^{(i)}_k and B^{(i)}_k are discarded in reducing the dimension by d. Note that for k = 2 these formulas collapse to (31). Parts of this iteration formula are identical to those reported in [9] and [6]. The formulation we have choosen here allows us to reduce minimal periodic orbits of twist maps to fixed points of twist maps. This fact has not been realized before, and we are now going to prove it.

Since we start with a positive definite matrix M^{(1)}n (1) > 0, the next iterate constructed by Schur’s complement is also positive definite. By induction all M^{(i+1)}_{n−i} (1) > 0. By assumption B^{(1)}n and B^{(1)}_{n−1} in M^{(1)}n are nonsingular, and since P^{(1)}n is a principal subblock of the positive definite matrix M^{(1)}n it is positive definite, and therefore also nonsingular. In the iteration step from i to i + 1, k = n − i + 1, one of the relevant twist matrices is not changed, B^{(i+1)}_{k−2} = B^{(i)}_{k−2}, the other one obtained from (39) is also nonsingular because by assumption 1) the two matrices on the right hand side of (39) are nonsingular, and 2) the matrix P^{(i)}_k in the same equation is nonsingular because it is a principal subblock of a positive definite matrix. In conclusion we have shown that the twist stays nonsingular and that the matrices M^{(i+1)}_{n−i} (1) stay positive definite.

Although in general the composition of twist maps does not give a twist map we have shown that in the neighborhood of a minimal period n orbit there exists a local generating function with nonsingular twist for the n times iterated map. The essential observation concerning stability of minimal periodic orbits is that the property of having symmetric negative definite twist is not stable under this iteration. The final twist is given by

B^{(n)}_1 = B_1 n∏ i=2 (P^{(n−i+1)} i )^{−1}(−B_i). (42)

So even in the case of higher dimensional standard maps L(x, x^′) = (x^′ − x)^2/2 − U(x) which have constant symmetric negative definite twist B_i = −1, for n > 2 we obtain the product of n−1 symmetric positive definite matrices which is in general neither symmetric nor positive definite. However, if the matrices P^{(n−i+1)}_i commute with each other then their product is symmetric and positive definite. This can be achieved if the Hessian of the potential U(x) is diagonal for all x; then these matrices are diagonal and therefore commute. But this is true only if the potential separates, such that we are back to the case d = 1.

Note that if we apply the determinant formula for Schur’s complement (27) to the iteration rule (36) we obtain

det M^{(i+1)}_{k−1} (μ) = det ( M^{(i)}_k (μ) | P^{(i)}_k ) det P^{(i)}_k . (43)

In each step the last factor is nonzero, such that we can ignore all of them and find

0 = det M^{(1)}_n (μ) ⇐⇒ 0 = det M^{(n)}_1 (μ), (44) where on the left we have the determinant of an nd × nd matrix, while on the right it is only a d × d matrix. This therefore gives an efficient way to calculate the multipliers of a minimal periodic orbit from the Hessian of the periodic action.

Finally we give two examples of minimizing periodic orbits that are not hyperbolic. The first example is a little artificial since it involves a nonconstant twist. The second, however, shows that in 4D natural maps [5] minimizing period three orbits can be elliptic. The first example in d = 2 dimensions and for period n = 2 is given by

P_1 = diag(5/3, 3/4), P_2 = diag(2/3, 3/2) (45) and B_1 = −1/2 b b −1/2 , B_2 = −1/2 −b −b −1/2 , (46) which are symmetric negative definite twist matrices as long as |b| < 1/2. The resulting matrix M_2(1) is positive definite. However, the resulting multipliers can be either HH, CQ, EE, or EH depending on the value of b. In particular for b = 1/3 the eigenvalues of M_2(1) are given by (9λ^2 − 21λ + 1)(8λ^2 − 18λ + 1) = 0, (47) which are all positive, while the multipliers are given by

(5μ^2 + 2μ + 5)(10μ^2 − 17μ + 10) = 0, (48)

which all have modulus one. Let’s now turn to the case of 4D natural maps. Note that by the above we have shown that their minimal period 2 orbits are hyperbolic, because in this case (42) contains only one term. To construct an example with elliptic eigenvalues for B_i = diag(−1, −1) we have to go to period 3, e.g. by choosing

P_1 = 6.2 −1.1 −1.1 1.7 , P_2 = 0.4 0 0 1.8

, P_3 = 7.2 2 2 3.8

(49)

Since the eigenvalues of some P_i have to be quite different in magnitude in order to produce this effect, we have not been able to find a minimizing period three orbit of the Froeschlé map that shows this phenomenon. But obviously one can construct a potential of a natural 4D map which supports the above period 3 orbit.

4 Discussion

We have shown that periodic orbits with minimal action of a twist map with negative definite twist can be elliptic. This result was obtained in three stages. First we showed that a non-degenerate fixed point with minimal action of a twist map with negative definite symmetric twist is hyperbolic in any number of dimensions. For application to the case of periodic orbits we noted that if the twist is not definite or not symmetric then this is not true. Arnaud [1] showed that there exist twist maps that have no hyperbolic fixed points. This implies that there exist maps with minimizing fixed points that are not hyperbolic, provided the Lagrangian is bounded from below. Our main point was to show that there exist maps whose minimal fixed points are hyperbolic, but nevertheless the minimal periodic orbits are not.

In order to show this, we first derived the interesting result that in the neighborhood of a minimal periodic orbit the iteration of a twist map is again a twist map, which is not always true globaly. The key to this observation was the use of Schurs complement to recursively reduce the dimension of the Hessian of the periodic action. Starting with an nd × nd dimensional Hessian of a period n orbit of a d dimensional map the final result is a d × d matrix, which can be interpreted as the Hessian of the fixed point of a Lagrangian map.

This reduction in the neighborhood of a minimal periodic orbit allowed us to show that these periodic orbits can be non-hyperbolic. The main point is that in the reduction process the property to have symmetric negative definite twist can be destroyed, and therefore the orbit can be non-hyperbolic. Arnaud’s results [2] gives a similar statement for flows: there exist autonomous Lagrangian flows for which the minimizing orbits are not hyperbolic. Our result for maps complements her result for autonomous flows because it amounts to treating Lagrangians with explicit time dependence.

References

[1] M.-C. Arnaud. Type of critical points of Hamiltonian functions and of fixed points of symplectic diffeomorphisms. Nonlinearity, 7:1281–1290, 1994.

[2] M.-C. Arnaud. On the type of certain periodic orbits minimizing the Lagrangian action. Nonlinearity, 11:143–150, 1998.

[3] V. I. Arnold. Mathematical Methods of Classical Mechanics. Springer, Berlin, 1978. [4] T. J. Bridges and J. E. Furter. Singularity Theory and Equivariant Symplectic Maps.

Springer, Berlin, 1993.

[5] J. E. Howard and H. R. Dullin. Linear stability of natural symplectic maps. Phys.

Lett. A, 1998.

[6] H. Kook and J. D. Meiss. Application of Newton’s method to Lagrangian mappings.

Physica D, 36:317–326, 1989.

[7] H. Kook and J. D. Meiss. Periodic orbits for reversible, symplectic mappings. Physica, 35D:65–86, 1989.

[8] R. S. MacKay and J. D. Meiss. Linear stability of periodic orbits in Lagrangian systems. Phys. Lett. A, 98:92–94, 1983.

[9] R. S. MacKay, J. D. Meiss, and J. Stark. Converse KAM theory for symplectic twist maps. Nonlinearity, 2:555–570, 1989.

[10] J. D. Meiss. Symplectic maps, variational principles and transport. Rev. Mod. Phys., 64:795–848, 1992.

[11] J. Moser. Monotone twist mappings and the calculus of variations. Ergodic Theory Dynam. Systems, 6:401–413, 1986.

[12] V. V. Prasolov. Problems and Theorems in Linear Algebra. American Mathematical Society, Providence, RI, 1994.