WEIGHTED-NORM FIRST-ORDER SYSTEM LEAST SQUARES
(FOSLS) FOR PROBLEMS WITH CORNER SINGULARITIES

E. LEE*, T. A. MANTEUFFEL*!, AND C. R. WESTPHAL'$

Abstract.

A weighted-norm least-squares method is considered for the numerical approximation of solutions
that have singularities at the boundary. While many methods suffer from a global loss of accuracy
due to boundary singularities, the least-squares method can be particularly sensitive to a loss of
regularity. The method we describe here requires only a rough lower bound on the power of the
singularity and can be applied to a wide range of elliptic equations. Optimal order discretization
accuracy is acheived in weighted H', and functional norms and L? accuracy is retained for boundary
vaule problems with a dominant div-curl operator. Our analysis, including interpolation bounds
and several Poincaré type inequalities, are carried out in appropriately weighted Sobolev spaces.
Numerical results confirm the error bounds predicted in the anaylsis.

1. Introduction. Many elliptic boundary value problems have the fortunate
property of a guaranteed smooth solution as long as the data and domain are smooth.
However, many problems of interest are posed in nonsmooth domains and, as a con-
sequence, lose this property at a finite number of points on the boundary in two
dimensions or along curves on the boundary in three dimensions. In this paper, we
study problems that have nonsmooth solutions at irregular boundary points, that is,
points that are corners of polygonal domains, locations of changing boundary condi-
tion type, or both.

Standard solution techniques applied to such boundary value problems suffer
from a global loss of accuracy due to the reduced smoothness of the solution. Several
approaches are used to combat this so-called pollution effect. The most common of
these in practice is systematic local mesh refinement near the singularities. But even
local refinement of finite element subspaces of H! fails to converge to a solution that
is not in H'.

If a basis for the singular functions is known, it can be incorporated directly
into the finite element space. In [10,11], this approach is shown to restore optimal
convergence throughout the domain. For some two-dimensional problems, the singular
basis functions are known and can be included in the finite element space. For the
other problems, or in three dimensions, the exact character of the singular functions
is less well understood.

Least-squares methods based on inverse norms can be effective for problems with
discontinuous coefficients and data in H~!. For example, in [8,12,17,20-22], the
functional is posed in terms of H~! norms rather than L? norms, resulting in optimal
L? approximations to the solution. A more recent approach, called FOSLL*, uses an
inverse norm induced by the equations, and is shown in [14, 19] to be more efficient
than the H ! norm methods. Other methods for alleviating the pollution effect can
be found in [2,6, 7,13, 18].
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We investigate a technique within the first-order system least-squares framework
that requires only the power of the singularity (not the actual singular solution),
recovers optimal order accuracy in the weighted H', L? and functional norms, and
retains L? convergence even near the singularity. In practice, this method can be used
with only a rough estimate of the power of the singularity, which can be adaptively
determined if unknown. In [3] a weighted norm is used in a least-squares functional
in conjunction with a sequence of graded meshes to alleviate the pollution effect. The
method we use in this paper is similar, but our analysis allows for more aggressive
weighting within a wider class of problems. In addition, we prove several Poincaré
type inequalities in weighted Sobolev spaces under different boundary conditions that,
in addition to being necessary for our main result, may be of independent interest.

The basic FOSLS approach is to recast the original system as an appropriate
first-order system and apply an L? minimization principle over the residual of the
equations. If possible, this reformulation is done by minimizing a functional whose
quadratic part is equivalent to the product H' norm, indicating that the process is
similar to solving a weakly coupled system of Poisson-like equations. This equivalence
also guarantees optimal H! accuracy for standard discretizations. For problems with
singular solutions, the L? based functional fails to be H' equivalent and, as a conse-
quence, standard discretizations suffer from the pollution effect. The method tries to
approximate a singular solution by minimizing the error in the H! norm (which it is
not able to do) at the expense of accuracy in the entire domain. The weighted-norm
least-squares method replaces the L? norms in the FOSLS functional with locally
weighted L? norms, making the functional norm equivalent to a weighted H' norm.
With an appropriate weighting function, we then achieve optimal accuracy in this
weighted H' space and convergence in the L? measure.

We use Poisson’s equation on a domain with a reentrant corner as a model prob-
lem and as the formal setting for analysis. The resulting div-curl system is a basic
component of the FOSLS formulation of many elliptic problems. The analysis in
this paper is restricted to two dimensions. However, the approach suggests a natural
generalization to three dimensions.

2. Singular solutions and preliminaries. For vector function u = (uy,uz)?,
let the divergence and curl of u be defined in the standard way: V - u = 0,u1 + Oyu»
and V x u = 9,u2 — Oyui. Further, define the formal adjoint of the curl operator by

9yq

Vig=|( "¥% ).

¢ (—83;(]

We use standard notation for Sobolev spaces H*(2)4, corresponding inner product
(-, )k,0, and norm || - || o, for £ > 0. We drop subscript Q and superscript d when the
domain and dimension are clear by context. Since H°(Q) coincides with L?(Q) we

often denote || - ||op by || - ||. Define the subspaces of L?(Q2) induced by the divergence
and curl of u by

H(div) = {u € L*(Q) : |V - u|| < oo},
H(curl) = {u e L*(Q) : |V x u|| < oo}.

We also make use of the following general inequalities for nonnegative a and b:

laf? + [b]* < fa +b* < 2(Jaf® + [b]*). (2.1)
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Consider the function f(r,0) = r® in two dimensional polar coordinates. Assume
that the origin lies on the boundary of domain

Qy={(r,0):0<r <R, 0<0<w< 27},

as pictured in figure 2.1. By a direct computation it is clear that f € H*(2) only for
k<a-+1.

Fic. 2.1. Simple wedge-shaped domain, Q.

Now, consider Poisson’s equation on a domain in R? with a corner of interior angle
w. It is well known that, for the case of Dirichlet or Neumann boundary conditions,
the solutions of this boundary value problem may include those with radial part of
the form p ~ 7% in a local polar coordinate system centered at the corner. Thus, for
the case of reentrant corners, w > 7, the solution fails to be in H2(Q2) and we say that
the problem has a singularity (or singular solution). For problems with Dirichlet and
Neumann boundary conditions meeting at the corner, solutions may have components
of the form p ~ P, Thus, for mixed boundary conditions, singularities may occur
at corners with w > 7/2. We now explore this issue in more detail.

Define the power of the singularity to be a = 7/w for Dirichlet or Neumann
boundary conditions and o = 7/(2w) for mixed boundary conditions. The solution
to Poisson’s equation may be written as

p(’r‘, 0) = pO(Ta 0) + S(T’ 9)3

where po(r,0) € H*(Q) and s(r,0) € H*™(Q) for m < a. The singular part of the
solution has the form

s(r,0) = r* (k1 sin(af) + ka cos(ah)),

where the values of k1 and k2 depend on boundary conditions (see [4, 5]).
For the FOSLS formulation of this problem, we may similarly decompose unknown
u=Vpas

ll(?”', 0) = Uo (T, 9) + VS(’I”’, 0))
where Vs(r, 6) has the form

Vs(r,0) = aro—! (m sin(a — 1)6 + kg cos(a — 1)0)

k1 cos(a — 1)0 — ko sin(a — 1)0

Thus, the unknown u(r, 8) is in H*(Q) only for k < a.
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For example, consider Poisson’s equation posed on the simple domain in fig-
ure 2.1. Let the solution to this boundary value problem in polar coordinates be
p = x(r)r? sin(20/3), where x(r) is a smooth transition function that is 1 on a plat-
form near the origin and vanishes at the boundaries not adjacent to the origin. Then,
p =0 on 9 and

1 1
Ap = ;8,«(7’87-]3) + —839;9
— (1"3 "(r) + r = 1")) sin(26/3),

and, thus, it is clear that Ap € L*(Q), but p ¢ H?(Q). We say this problem fails to
provide full lifting of the data (from L?(Q) to H?(f2) e.g.). The solution, u = Vp, is,
thus, not in H(Q).

3. Weighted-norm least squares. As before, let 2 be a domain with a corner
of interior angle w at the origin, and we may, without loss of generality, further assume

diam(Q) < 1. For f € L*(Q), let p satisfy
_Ap = fv in Q?
p=0, on I'p, (3.1)
n-Vp=0, on Iy,
where n is the outward unit normal to Q and 09 = I'p UT'x. When this problem
is H? regular, the normal FOSLS methodology is to introduce the new unknown,
u = Vp, and rewrite system (3.1) as
u—Vp=0, in
-V-u=f, in Q
Vxu=0, in Q
T-u=0, on I'p, (3.2)
n-u=0, on I'y,

p= 07 on FD7

n-Vp=0, on I'y.

Here, 7 is the counter-clockwise unit tangental vector to 2. Since this system can be
posed completely in terms of u, we may decouple the equations in (3.2), solve for u
first, and then recover p from u. To this end, define the two L2-norm functionals,

G(u; f) = |V -u+ fl* + |V x ulf?,
Ga(p;u) = [lu— Vplf?,
and the spaces,
V={veH'(Q): 7-v=0o0onTp, n-v=0 on I'y},
W={qe H(Q): ¢=0 on I'p}.

Thus, the two-stage solution process is to minimize G(u; f) over V and then, given
the approximation to u, minimize G5 over W:

(1) Gu;f)= Inf G(v; f),

(2) Ga(piw) = inf Ga(gw). (33)
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The goal of the FOSLS methodology is, generally, to formulate functionals whose
quadratic part is equivalent to the H! norm whenever possible. The second stage
functional is H' equivalent and the solution we seek is always in H'. The first stage
functional, however, is not always H! equivalent. For domains with reentrant corners,
there is no H' sequence of functions that converges to the solution in the H(div) N
H(curl) norm. To illustrate, consider the example above where p = x(r)r? sin(26/3)
and u = Vp. A simple computation reveals that V-u, Vxu € L%(Q), but u ¢ H*(9Q).
Define the weighted functional by

Gu(u; f) = [[w(V-u+ f)* + [[wV x ul?, (34)
where the weight function has the form w = r? for some 3 > 0.
Define the weighted Sobolev norm, || - ||z, on € in terms of the standard L?
norm, || - ||o, by
lallk,s = (D Ir°~*+7D7q|3)", (3.5)
l7I<k

where D7 is the standard distributional derivative of order j. Similarly, define the
weighted seminorm by

lalk,s = (D P~ * DIq|5)" (3.6)
lil=k
and the associated weighted Sobolev space by

HE(Q) = {q: [lqllns < o0} (3.7)

Define the div-curl operator, L, and vector f by L = (Vx> and f = <f> - e

may now write the weighted functional from (3.4) as
Guw(u; f) = |[Lu— ng,ﬁ-

The weighted-norm least-squares minimization problem for the first-stage solution is
then: find u € V such that

Gu(u; f) ZVig}Gw(V;f)-

The second-stage solution for p remains as described above. We seek values of 3 that
make H'(Q) dense in H(div) N H(curl) in the weighted functional norm and result
in the most accurate discretizations possible.

For the discrete problem, we may choose any finite dimensional subset of H! over
which to minimize the weighted functional. Let P" denote the space of C° piecewise
polynomial (or tensor product) elements on triangles (or quadrilaterals) of meshsize
h and V" the subspace of P" that satisfies the appropriate boundary conditions on
Q:

Vih={vhePh: 7.v" =0 on Tp, n-v" =0 on I'y}.

The discrete weighted-norm least-squares minimization problem is, then, to minimize
the discrete functional: find u” € V" such that

Gu(u”; f) = min Gy, (v"; f). (3.8)

vheph



6 LEE, MANTEUFFEL, AND WESTPHAL

By unweighting the equations near the singularity, the functional is freed from
trying to approximate the solution (which is not in H'()) in the H' sense near
the singularity. But, away from the singularity, the weighted functional retains the
same character as the normal non-weighted functional. We now consider the choice
of weight parameter 8 and its relation to weighted and nonweighted a priori error
bounds on the approximated solution.

4. Theory and error bounds. In this section, we establish several theoretical
results in weighted Sobolev spaces and error bounds for the weighted-norm method.

Here, we establish several Poincaré bounds in the domain ,,. We first prove
a result for the scalar pure Neumann and pure Dirichlet problems, and then for the
scalar mixed boundary condition problem. These results lead to a Poincaré inequality
for the vector case.

Lemma 4.1 Take Q= Q,, andlet 3 >0, e >0 andy = F—3/2—¢. Further, assume
that v # —2. If q is a scalar function in §) that can be chosen to satisfy

// q(r,0)rdrdo =0, (4.1)

lallo.s—1 < C(e)[[Vallo,s—e, (4.2)

where C(€) depends on €, 3, and  and C(e) — oo as e — 0.

then

Proof. For any two points (r,6) and (rg, 6p) in Q, write ¢(r,0) as

3 " 9q(7,0) /9 dq(ro,0)
q(r,e)—q(ro,ﬁo)jt/m o7 dr + M db.

Multiply both sides of the equation by r{ 1 and integrate with respect to r¢ and 6
over (),

R"2w
v+ 2

/// V“aq ) 4 dr0d00+/// 7-+194(r0, )d0drod00
o Jo 0 Jo, 00

// 7+18qr9 dr dA_w// 7+18qrt9)d 3

9q(ro, 0 A 10q(ro ) i
+ r7+173d9 df dr f/// rﬂriﬂdﬁ do dr
/0/0/00 Y R Y PR PR Y B

v+2 R Z
_ w "'Y+2 aq(T 9) dT’ C"'JR / aQ(TZ 9) df
v+ 2 or y+2 J, or

R jw 7 R jw )
+/ / érf{“M db drg —w/ / rgﬂw dé dry.
o Jo 00 o Jo 00

q(r,0)
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By the triangle inequality we have that

R 2w
o q(r, 9)’
R N R R
vy+2 J, or v+2 J, or

af](To, é) db dro
79A .

R w
+ Zw/ / rgH
o Jo

Now, squaring each side and using (a + b+ ¢)? < 3(a® + b* + ¢*) we get,

) 3 Rﬂw2mwﬁ)dA2 N ’
i OF < e {f, 77T | ) ) [Tar |

12 (v +2)? +1
T R2(v+2) (/ / 0 d@dm)

Multiply each side of (4.3) by r?~1 and integrate with respect to r and 6 over Q. We
consider each of the terms on the resulting right-hand side separately. First,

w R
L1 ()
0 0 0
w rR rR
R / / / T2B71 7';2'y+4

_ RQﬂ-‘rl/ / A2’y+3 aq( 9)
or

R2 +1

<
- 28

(4.3)
6q TO) )

Jq(7,

7

2
)‘ df) dr do

@@@rﬁmw

IN

7 drdo

19412, -

We now consider the second term in (4.3). Since by the Schwarz inequality,

(/R
:(/AkWH1W2
R R
L/w*ﬁ/A—

Re aq(f,f))r 0
A T}
€ or

2
dq(7,0)| .
ST ’ dr)

dq(r, )‘df>2
o

7

2
dr

IN

dq(7,0)
or

T
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we can bound the second term:

w R R
L
0 0 r
Re / /R /erl
€ Jo Jo Jr
€ w R TA‘
R / / / 261 1
— / / A2[3 € 8q 9)
265

7’,:

2
8‘];’0)' df) dr df

IN

9q(7,0) |’ df dr df
o

94(7,9) r dr df df
o

7 dr df

2 5
Re
||VCIHoa 2

IN

The third term can be bounded similarly:

w prR R jw 8(](7“ é) R 2
/ / r2A-1 / / ry T dfdrg | drde
o Jo o Jo 0
R jw w pR A |2
0 ~
< (/ / r20=1 qr d&) Rw/ / rott? M‘i’) dro df
26412 1
_ R / / 2'7+3 GQ(Tan) o d?"o d9
00
R25+1w2 )
= THVQHO,Wg
Putting the three terms together and substituting v = 5 — 3/2 — € we may now write
the bound
w R
/ / 2872 q(r, 9)|2 r drdf
o Jo
- 3R N 3Re  6(8+ 5 —€)?R>W?
- 20 2ep 15}
and the lemma follows by taking the square root of both sides. |

In what follows, let x be a smooth function of r where x =1 for r < and x =0
for r > 2n. We take 1 to be sufficiently small to ensure that supp(x) C Q.

Lemma 4.2 Take 0 = Q,, and let g be a scalar function in Hé(Q), where 3 > 0.
The following bound holds for x as defined above:

1
Ixallo,g-1 < SV (xa)llo,5- (4.4)

Proof. Hardy’s inequality for f(¢) defined for ¢t > 0 with %111(1) f(t) = 0 gives (see [9]):

s t<4/0°o|f’|2 dt. (4.5)

o 2
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The lemma follows after a change of variables, t = r =27, a substitution f(r) = xq(r, 0)
for fixed 0, and an integration on both sides with respect to 6.

Lemma 4.3 Take Q = Q,, and let either q € Hé(Q) with ¢ = 0 on 00 or q €
HE(Q)/R withn-Vq =0 on Q. Then

lallo.s—1 < ClIVdllo,s (4.6)
for 8 > 0 where C depends only on 2, and 3.

Proof. First, if ¢ =0 on 09, write ¢ = ¢(r,0) as

% dq(r,0)
.0 :/ L7 dh.
q(r,0) o

Square both sides and multiply by r2%~1:

P g(r,0))* = r?7

2
/ Oq(r,0) 0) &
0

o6
w
< r%“w/
0

Integrate both sides with respect to r and 6 over :

~ 12
10q(r.0)| .

T 90

L2
w rR w  rRo w1 ~
/ / T26_2|Q(7"’9)‘2 Tdrd@Sw/ / 7“25“/ —M df drdf
o Jo o Jo o |7 0f
2
Ro ~
<w / / 13‘1 %a(r0)| | 4 ar.

The lemma follows since the right side is bounded by C|[Vq||§ 5.
Now, if ¢ € Hj(Q)/R then it may be chosen to satisfy

// rYgqrdrdf =0 (4.7
Q

for v chosen as in lemma 4.1. By the triangle inequality and lemma 4.2 we get

lallo.s—1 < lIxallo,s—1 + I(1 = x)qllo,p—1

w R 2
< CIVxdllos + </ / <%> r28-2(1 — X)2q2rdrd9>
0 Jn

<C(IV(9) )

Apply lemma 4.1 with € = 1 to the ||g[lo,s term on the right side and the lemma
follows. |

For the problem with mixed boundary conditions, consider €2,, partioned into
subdomains Qp = {(r,0) : 7 < 1R;,0 < 6 < w} and Q; = Q\Qo, as shown in
figure 4.1.

2
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Fic. 4.1. Wedge-shaped domain, Q.,, partioned into subdomains Qo and .

Lemma 4.4 Consider domain Q = Q,, as pictured in figure 4.1, and let q € Hé(Q)
vanish on the line segment of Q) corresponding to 0 = 0 and r < Ry. Then, there is
a constant, C, dependent only on 0, B, and Ry, such that

lallo,s—1 < ClIVallos (4.8)

for 3> 0.

Proof. For points (r,0) in g we may derive the bound,

gllo,5-1,00 < ClIVallo,5.00, (4.9)

completely analogous to the proof of lemma 4.3. Now, consider points (r,6) in ;.
We may write ¢ = ¢(r, 0) as

" 9q(7,0 " 9q(r,0) -
g(r,0) = / 7‘1;’; L /0 7";’5 ) 4,

where the point (7,0) is on the part of 92y where ¢ vanishes. By the Schwarz in-
equality, the triangle inequality and inequality (2.1) we have the bound

2 0
df+2w/
0

We now expand the limits in the integrals, multiply each side by r2°~1, integrate with
respect to r over (1 Ry, R), integrate with respect to 6 over (0,w), and integrate with
respect to 7 over (5Ro, Ro):

2
dq(7,0)

0q(7,0)

T do. (4.10)

2 1 "
ar ) < 2R = 5Ro) [

1 w R
(3 R0) / / P25 q(r,0)]? drd
0 J1Rg

1 Ro pw pRo R dq(7,0) |
<2(R— = 2811200 df dr dO dF
<ot [ [0 PO iy
~ 12
Ro pw R [0 = A
+2w/ // / 04| 16 ar do ar.
1RJo J1Ry Jo 00
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We use the inequalities,

Ry <7< Ry, 7<7<r<R,

DN | =

to derive the following simple bounds:

27 2R 2R
< [ = < |=7 < (=7 .
1(R0>, r<R0>r, T(R())T (4.12)

By applying the bounds in (4.12) we may now write (4.11) as

1 w R
GRo) [ [ 0P ar o
0 1Ro

1 w RN roR\ ! dq(7,0) |*
< 4L 2 &r <h 228—1 |94\, 0) .
<(R 2R0) Ro/o /éRo <R0> (R()) 7 - ’ dr do
~ 12
1 Ro o roRp\ 207! aq(7,0)|
+2w?(R— =R / / (—) A= L) dh di
(R —5Ro) o \ T 5

1 w R ~ 2
< 2271 (R — - Ry)*Ry*’R* / / 72 ’LJ(T: N5 aiao
2 0 JiRe "

0

1 RN\ R e agr o)
+92282(R — = Ry) <—) / / 720 2209 5 a4
2 Ry 1Ry JO r 00
which directly implies
lgllo.s—1.0, < ClVallosa (4.13)
where
28+1 1 28-1 p—26—-1 1 w?
Cc=2 (R— -Ro)R**7"R, 2(R— zRo)+ = |-
2 2 Ry
Combining inequalities (4.9) and (4.13) completes the lemma. |

We now consider a similar Poincaré inequality for the vector case. Again, consider
Q = Q,,, where 0f is partioned into Dirichlet and Neumann boundaries, I'p and I' i
respectively. The following lemma is valid for the pure Dirichlet and Neumann cases
and for the mixed boundary condition cases when I'p includes a part of the boundary
adjacent to the origin and w # 37”

Lemma 4.5 Take Q = Q,, and let u € H}B(Q)2 satisfyr-u=0onTp andn-u=20
on T'n. Assume that for the mized boundary condition case that w # 3mw/2. Then
there is a constant, C, dependent only on 2, B and the length of the segments of I'p
and I' 5y adjacent to the origin, such that

[ullo,s-1 < C[[Vullo,s (4.14)

for B> 0.
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Proof. First, consider the case when 7 -u = 0 on 9. Denote the part of 02
aligned with 6 = 0 as I'; and the part of 02 aligned with 6 = w as I'y. Thus, u; =0
on I'y and 7,u1 + Tyus = 0 on I'y. Since u; and 7,u; + Tyus satisfy the conditions in
lemma 4.4, we may use

[urllo,p—1 < Cl[Vuallo,s

and

|Tzur + Tyuzllo,p—1 < OV (Tpur + yuz)lo,s-

Further, take 7, # 0, since 7, = 0 corresponds to either w = , for which the result
holds trivially since the boundary is smooth, or w = 27, which we do not consider.
Now,

lalld 5-1 = lluall§ g1 + luzllg 51

2 1 2
= Hu1||0,571 + ﬁ”Tzul - TgU1 + Ty“2|‘0,ﬁ71
Y

2
T2 2
< @42 D)l o1+ Sl +7yusllf o
Ty Ty

< CIVullg g + IV (raur + myu2)l[5 5)
< C[Vullg 5.

The case when n-u = 0 on 912 is analogous since us = 0 on I'; and nzu; +nyus = 0 on
I'y. Also, when w # 7, 37”, the case for mixed boundary conditions follows similarly
using the result of lemma 4.4. The case for mixed boundary conditions when w = /2,
follows from appealing to symmetry in the the pure Dirichlet problem for w = 7. W

Remark 4.6 Lemma 4.5 can be directly extended to more generally shaped domains.
The proof of the scalar Poincaré bounds in lemmas 4.1, 4.2, 4.3 and 4.4 are simplified
when the domain has the shape of Q. with only one irregular boundary point. Since
we are primarily interested in a local result, proving lemma 4.5 in the simple domain
is sufficient for our purposes.

Let 7" = UY ,7; be a quasi-uniform tesselation of polygonal domain €. Let Z"
represent standard interpolation onto a piecewise polynomial finite element space of
degree k. From finite element theory, we have the following interpolation bounds.

Lemma 4.7 Let 2 be a polygonal domain. There exists a constant, C, independent
of v, such that, for allv e H™(Q),

o — "5 < Ch™ *|v]m (4.15)

for 0 < s < m. When 1; are triangles, I" denotes interpolation by a piecewise
polynomial of degree k, and m < k + 1. When 7; are quadrilaterals, m < 2 and I"
denotes bilinear interpolation.

Proof. See [1]. [ |
We now consider a weighted interpolation bound for functions on domains with
a polygonal corner at the origin. Define the modified interpolation operator, Z», by

Thul, = Ih:;b =>" oula;)¢; , if T does not intersect the origin,
0 D i u(ai)di if 7 intersects the origin,
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where I" is a standard polynomial interpolation operator, ¢; are basis functions
corresponding to the n 4+ 1 nodal points, a;, and ag is the origin, (0,0). Thus, the
modified interpolation has a value of zero at the origin and resembles Z" away from
the origin.

Lemma 4.8 Let Q2 be a polygonal domain. There exists a constant, C, independent
of u, such that, for all w € Hj' () satisfying equation (4.8),

lu = Zyulls,s < CR™ ™ lullm,p, (4.16)

for1 <m < k+1 and 3 > 0, where Il' is the modified interpolation operator onto
piecewise polynomials of degree k defined above.

Proof. We rewrite

lu—Toullt s = Y lu—Tgulis,
T€T)

and consider ||u — I{}u”%ﬁ’r on each element 7. Define Ko = {7 | 7N (0,0) # 0}
as the set of elements adjacent to the origin. On Th\KO, we have h < rpm <

r =22+ Y2 < Timaz < Tmin + V2h with 70, = inf{r|(z,y) € 7} and rpqe
sup{r|(z,y) € 7} in 7, and

lu —Zgul

%,6,7' = ||’lL - Zhu”iﬁﬂ'

:/r2ﬁ|V(u—Ihu)\2+r2(ﬁfl)|u—1hu|2d7

T

< T?r,?ax/|v(u71hu)|2d7—+r%ﬁaxr;§n/ ‘U,Ihu|2d7—
T T

26 2(m—1) 2 20 —2 12m|, |2
S Crmaa:h |u|m70,‘r + Crmawrminh’ |u|m,0,7

= CT26 h2(m71)(1 + T_Q h2)|u‘$n,0,‘r S Crrznﬁaxh2(m71)|u|12n,077'

mazx min

< Op2m=1),.26 rigﬁ/r25|Dmu|2dT

max’ min

28
< Cp2m=1) <7"m4m + ﬁh) / 28| D) dr

T'min T

< cp*m=l / r*%| D™ | dr.

We now consider the case for which 7 € Ky. Let § € C*° be a cut-off function
defined by

1, if r<h/3,
o(r) = { 0, if r>2h/3,

with [§(™)| < ch™™, where 6™ is the m!"* derivative of . By the triangle inequality,

lu = Zull1,5.r < (16w =I5 (6u) 15,7 + [I(1 = 8)u = Z§ (1 = 6)u)

Il,ﬁ,'P (4'17)
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By the definition of § we have ZP'((1 — §)u) = Z"((1 — 6)u) and Z#(6u) = 0. For the
second term in (4.17), we apply lemmas 4.4 and 4.7, and the properties in ¢ to obtain

11 = 8)u = Z3((1 = Du)llF 5 = (1 = 6)u = T"((1 = )u)||% 5.,
<OV = 0)u =T = 8)u)lg 5. < Chw/ V(1 = 6)u—T"((1 = 6)u))2dr

gch%h?(mﬂ/wm((ua) )|2dr < Cp2BHm=1) /Z|Dm I(1 = 6)D’ul?dr

T 7=0

Ppmol ()
< Cp2Btm=1) // > |h3_’”D3u|2dT+// |(1 = 8)D™ul*dr
5 j=0 5
@
<Ch2(ﬂ+m 1) Z // -2 2([3+j 77L)|Dju| dr _~_// 2[3r2[3|Dmu|2dT

— Cp2(m=1) Z / p2BHI=m)| Diy|2dr = Chz(m71)||u“$n,ﬁ,f'

Using the properties of ¢ results in a similar bound for the first term in (4.17):

16w = I ()13 5. = l16ull} 5~ = /T”\V(M)\2 + 207D sufPdr

T

<c/ (175 - uf2 + [5Vul2) + 125~V |5ul2dr

<C// r20h =2 y)? d¢+c// | Vul® + 2P VjuPdr

2h

<c// r2= Dyl d¢+c// r?8|Vu? + 2P~V dr

< c/r (m=D) (2Bt D |7y 4 200 2)dr < Ch2 D |ull?, 5

Thus we have

lu—Zhulf 5= > llu—Tull} 5, < CR2™DN " ul2, 5. < CRA D |ull?, 4,
€T T7€Th
and the lemma follows. |

Lemma 4.9 Assume equation (4.14) holds in Q. Then, for all u® € V*,
lu"{lo,s < Ch™"u"lo,54x (4.18)
for any real B and any n > 0.
Proof. Using lemma 4.5 and an inverse inequality, we may write

[u"[lo.s < ClIVu" o541 < Ch™H 0" [lo 541,
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which establishes (4.18) for = 1. Repeated application of this inequality thus
validates (4.18) for any positive integer. Now consider

[u"|2 5 = (Pul rPul) = (rF=V2ah Pl

< Ju < Ch™H[u"|?

Ju 0,8+Va

h h
HO.ﬂ—l/z ||O,ﬁ+1/2

Taking the square root establishes (4.18) for n = 1/2. Repeating these steps leads
to (4.18) for all n = n, = k,/2% for any nonnegative integers k, and /,. For any
n > 0, choose a monotonically decreasing sequence, {n,}, such that 7, > n and
limy —oo|n — 0| = 0. Now, g, = (r®T™u”)? is a monotonically increasing function
that converges to g = (r#+7u")? pointwise everywhere. Thus, by the Lebesgue mono-
tone convergence theorem, we have

051 = [ 9o =t [ gde = tim [0 5.,

and, therefore,
[u"{lo,5 = lim [[u"lo,5
< Uim Ch™"™ [u"{|o,544,,
n
= (tim Ch=")(tim " o 5,

— Ch

0,8+m>

which completes the proof. |
Consider the following scalar Poisson problem in €2,,:

Ap=f, in
p=0, on I'p, (4.19)
n-Vp=0, on ['y.

We refer to system (4.19) as the pure Dirichlet problem when 99 = T'p; the
pure Neumann problem when 92 = I' y; and the mixed boundary condition problem
when I'p includes the part of 9Q coinciding with one of either § = 0 or § = w, and
PN = 8Q\FD with FN 75 (Z)

The following regularity results can be found in [16] and [15].

Lemma 4.10 Assume |1—(| < w/w for the pure Dirichlet problem, 0 < |[1—f| < w/w
for the pure Neumann problem and |1 — 3| < w/2w for the mized boundary condition
problem. Then, for every f € Hg(Q), there exists a unique solution to (4.19), p €
Hé (Q) for the pure Dirichlet and mized boundary condition cases and p € HE(Q)/R
for the pure Neumann problem. Moreover, there exists a constant, C, independent of
p, such that

IPll2,6 < Cllfllo,s- (4.20)
Proof. See Chapter 1 of [16] for the Dirichlet and Neumann problems and Chapter
2 of [15] for the mixed boundary problem. |

Define the subspace of functions in H é(Q) satisfying the appropriate boundary
conditions by

Vs={veHsN): 7-v=0onTp, n-v=0 on I'y}.
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We now prove a regularity result for functions in Vg. Recall that the power of the
singularity is defined as o = w/w for Dirichlet or Neumann boundary conditions and
a = 7/(2w) for mixed boundary conditions.

Lemma 4.11 Consider domain 2 = Q,,. Then there is a positive constant, C, inde-
pendent of u, such that, for |1 — | < «, the following bound holds for all u € Vg:

a1, < Cl[Lullo,5- (4.21)
Proof. From lemmma 4.10 we know that any u € V3 has the decomposition
u=Veo+ Viy, (4.22)

where ¢, € H3(9Q) satisfy

Ap =V -u, in Q,
¢ (4.23)
¢ =0, on 09,
and
A=V X u, in 0,
4 woon (4.24)
n-Vy =0, on O
Then, by applying lemma 4.10 to problems (4.23) and (4.24) we have
lullis = IVo + V4l < IVEll1s + IV 9ll,s
< ¢ll2p + [[¥ll2,8 < CUIV - ullo,s + [V x ullo,5) < C|Lulfo,s,
which completes the proof. |

Define an irregular boundary point of polygonal domain 2 to be a point on 0f2
where interior angle w satisfies w > m when Dirichlet or Neumann boundary conditions
are applied on both sides of the point or w > 7/2 when one Dirichlet boundary and
a Neumann boundary meet at the corner. We now present error bounds for the
numerical solution in weighted and unweighted norms.

Theorem 4.12 Let Q be a polygonal domain with one irregular boundary point of
interior angle w and let f € L*(Q)). Suppose u € V satisfies Lu = f. If uh € V" is
chosen to minimize the weighted functional,

Gw(uh; f) = ||Luh - ngﬁ = ngelf].}h HLVh - f”g,ﬁ’

for |1 — B| < a, then the approzimation error, u — u", satisfies the following bounds:

Ju— w5 < CH ulagps, (4.25)
Gl —u"50)" < Ch™ P ullosp s, (4.26)
Ju—uo < O (Jula + [ullasps + ula-siozs), (4.27)

for a4+ B < k+ 1, where k is the degree of the piecewise polynomial elements in V.
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Proof. By lemmas 4.11 and 4.8, we have
lu — w15 < CllL(u~u")]os < C||L(u ~ Zgu) o,
< Cllu=Tgullip < Ch* 7Y |ullastg,p,
which establishes both (4.25) and (4.26) since we may write
IL(a —u")lo,s = Guw(u —u"0)".

Note that lemmas 4.11 and lemma 4.8 are satisfied for |1 — 3| < a and o+ 5 < 2. We
also have

lu" = Zgul1s < [lu—u[ls + [[u = Z3ulis < O ullass,s. (4.28)
We now consider the bound on [[u — u”[|y. Let Ko = {7 | 7N (0,0) # 0} and
K; = T"\Ky. We may write
lu—u"g= " llu—u"5o,+ > lu—u"[5e.
TEKo TEK1

When 7 € K, we have Z!' = I" and, for 3 > 1, we apply the triangle inequality
and lemmas 4.7, 4.9 and 4.5 to get

lu—u"floo,r < llu—T"uloo,r + " — T"ullo0,
< C(h*ula,r + BP0 = T"ullo p-1,7) (4.29)
< C(hula,r + R P lu — Tu|1 5.1).

Similarly, if § < 1 we have
lu—u"{fo,0.r < lu—Z"ullo0r + [[u" — Z"ullo0.-
< C(h*[ula0.r + 17" =T ullo1-p.-) (4.30)

< C(h*[ulao0,r + WP Hu" — TMul|y 2o p,,).

When 7 € Ky, we have r < Ch and for § > 1 we apply the triangle inequality
and lemmas 4.9 and 4.5 to get

0,0, + [u" = ZHuallo0.r
< C(W Mu—Zfulloy—pr + b Pl = Tullos-1,-) (4.31)
<O u=Tullia-pr + ' Pl — |1 ,)

[ —u"flo0,r < [lu—Zgul

Similarly, if 8 < 1 we have

0.0, + [u" = ZHuallo0.r
< C(hPlu—Tgullos-1. + - u" = Tulosp.-) (4.32)
< C(' Plla—Tfull g + 70" = Thullio-p.-)

[ —u"flo0,r < |lu—Zgul

Now, considering the cases above for § > 1, we combine inequalities (4.29), (4.31),
(4.28) and (4.25) to get

lu—u"llo < C(h*ula + 277 u = Zgul1o-p + h' 7|l — Tull p)
< C(h°lufa + h77 WP [ullago—p2—p + PR ullass,5)

< Ch*(|ufa + ulla+2-p.2-p + [ullats,s)-
(4.33)
The case when 3 < 1 follows analogously which establishes the lemma. |
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Remark 4.13 For the optimal finite element convergence of O(h) with respect to the
weighted functional and H' norms, we select f = 2—a. But theorem 4.12 also requires
that 8 < 1+ «. Thus, when « € [1/2,1), we may use a weighting with f =2 — « and
expect optimal rates, but when o € (0,1/2), our theory only guarantees at best O(2a)
convergence using 0 = 1 + «. Numerical results, however, indicate that values of (8
larger than the theory allows can be used to recover optimal rates. We explore this in
the next section.

5. Computational results. In this section, we present some numerical exam-
ples of the weighted-norm procedure to validate the error bounds in the previous
section.

As a test problem, we minimize the weighted functional on the following L-shaped
domain: Q = (—0.5,0.5)2 \ [0,0.5) x (—0.5, 0], which yields o = 7 /w = 2/3. Function
f is chosen so that the solution of this test problem is u = V(x(r)r sin(26/3)), where
x(r) =1forr < 1/8, x(r) =0 for r > 3/8, and x(r) is C? smooth. Again, note that
feL?(Q) but u¢ HY(Q).

Define the following measures of the accuracy of the computed solution, u”:

nonweighted functional norm G = (IV-u" = ]2+ ||V xu"|2)",

nonweighted L? norm of the error e = |lu—u"|o,
nonweighted H' seminorm of the error ¢! = |u — u”;,
weighted functional norm G2 = Gyu(u )",
weighted L? norm of the error € = [lu—u"os,
weighted H' seminorm of the error er, = [u—u"[; 5.

Since o = 2/3, we choose the optimal weight parameter, 8 = 2 — o = 4/3, for
our computations. Table 5.1 summarizes discretization error and convergence rates
for g =4/3.

Asymptotic convergence rates in Q are found to be approximately O(h) for GZ;“
and €, O(h?) for € and O(h%) for €g. The approximation does not converge in
either the €; or G> measures since u ¢ H' ().

To distinguish between behavior near to and away from the singularity, we con-
sider the error of the solution above on a partitioning of €. Define Qo = QN (2, 2)?
and Q7 = Q\Qp; see figure 5.1.

Table 5.2 summarizes the asymptotic discretization accuracy obtained at the finest
mesh size in subdomains ¢ and ;. Away from the singularity we observe optimal
accuracy in all measures. As expected, near the singularity, the solution fails to
converge in the nonweighted functional and H' norms. The nonweighted L? error
achieves accuracy of approximately O(hg) near the singularity.

Figure 5.2 shows the first component of the exact solution, u;, and the standard
FOSLS approximation u?. Figure 5.3 shows the error of the first component of the
approximated solution for the standard FOSLS and the weighted-norm FOSLS meth-
ods. We see that the error in the approximation in standard FOSLS is highest near the
singularity, but remains large even away from the corner point. In the weighted-norm
FOSLS implementation, the error remains large near the singularity, as we expect,
but is now concentrated only near the corner point. The pollution effect is removed
by the weighting procedure.
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h G? Ratio | Rate el Ratio | Rate
81! 5.52 3.81
1671 4.34 1.27 | 0.35 1.47 259 | 1.37
3271 2.34 1.85 | 0.89 || 6.66e-01 | 2.21 | 1.14
641 1.19 1.97 | 0.98 || 2.97e-01 | 2.24 1.16
12871 || 5.98¢-01 | 1.99 | 0.99 | 1.41e-01 | 2.11 | 1.08
25671 || 3.00e-01 | 1.99 | 0.99 || 6.74e-02 | 2.09 | 1.06

51271 || 1.50e-01 | 2.00 | 1.00 || 3.31e-02 | 2.04 1.03

h € Ratio | Rate € Ratio | Rate
81! 3.08e-01 3.72e-01
1671 || 1.35e-01 | 2.28 | 1.19 || 1.93e-01 | 1.93 | 0.95
3271 || 4.07e-02 | 3.32 | 1.73 | 8.93e-02 | 2.16 | 1.11
64=1 || 1.11e-02 | 3.67 | 1.88 || 4.93¢-02 | 1.81 | 0.86
12871 || 2.98¢-03 | 3.72 | 1.90 || 3.00e-02 | 1.64 | 0.71
25671 || 7.84e-04 | 3.80 | 1.93 || 1.87¢-02 | 1.60 | 0.68

51271 || 2.06e-04 | 3.81 1.93 || 1.18e-02 | 1.58 0.66
TABLE 5.1
Convergence of discretization error for weighted-norm FOSLS.

9

F\Q

0

Fic. 5.1. L-shaped domain 2 and subdomains Q2o and €.

G| G” el et € e’
Q, | O(h) | O(R) | O(h) | O(h) | O(h2) | O(h?)
Qo | O(h) | O(1) | O(h) | O1) | O(h?) | O(h3)
Q | Oh) | O1) | O(h) | O1) | Oh?) | O(h3)

TABLE 5.2
Accuracy in Qq, Q1, and Q with 8 =2 — a.

There are many boundary value problems not directly covered by the theory
presented here that are of interest. For example, Poisson’s equation with mixed
boundary conditions on the domain used above has a value of a = 1/3. To recover
optimal convergence for this problem, the weighted-norm method requires a value of 3
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(a) Exact component u;. (b) Component u/ computed by stan-

dard FOSLS.

FiGc. 5.2. Ezact solution component w1 and solution component u? approximated by standard
FOSLS on the h = 32~ ! mesh.
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(a) Standard FOSLS. (b) Weighted-norm FOSLS, 8 =2 — a.
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Fic. 5.3. Reduction of the pollution effect by the weighted-norm procedure. FEach plot is the
error of solution component u}f on the h = 3271 mesh.

larger than theorem 4.12 allows. In other elliptic equations (e.g., Stokes or the linear
elasticity equations), the value of « is generally smaller than for Poisson’s equation
for the same domain and boundary condition type. In each of these cases, a larger §
value is necessary for optimal convergence. This leads us to consider using larger
than the theory allows.

Consider the same example problem as above on uniform mesh sizes of h =
1/8,1/16,...,1/512, and values of 8 ranging from 1/3 to 23/6.

Figure 5.4 plots the convergence rate at the finest level for: the weighted functional
norm, G;/f; the weighted L? norm, €2; and the L? norm, €. While the functional

w?
norm retains optimal accuracy for large values of 3, the solution fails to converge in
the weighted and nonweighted L? measures for 4 > 3. This indicates that, although

the weighted-norm approach seems to be more robust than the theory allows, large



FOSLS FOR PROBLEMS WITH SINGULARITIES 21

Convergence Rates vs. 3

2 L
wei ghted L? error
wei ghted functional norm

1t .

0.67 -
L? error
O L
0 0.33 1 1.66 3 4
B

Fic. 5.4. Convergence rates versus (3. The shaded region indicates values of B for which the

assumptions of theorem 4.12 are satisfied.

values of 3 should still be used with caution.

The method presented here is applicable to a wide range of problems and provides

an efficient alternative to more specialized techinques for treating singularities in
boundary value problems. Further numerical results for other problems including
systems and in three dimensions can be seen in a companion paper.
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